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Abstract

The notion ofarrow by Hughes is an axiomatization of the algebraic structure possessed by
structured computations in general. We claim that the same axiomatization of arrow also serves
as a basiccomponent calculusfor composing state-based systems as components—in fact, it
is a categorifiedversion of arrow that does so. In this paper, following the first author’s pre-
vious work with Heunen, Jacobs and Sokolova, we prove that a certain coalgebraic modeling
of components—which generalizes Barbosa’s—indeed carries such arrow structure. Our coal-
gebraic modeling of components is parametrized by an arrowA that specifies computational
structure exhibited by components; it turns out that it is this arrow structure ofA that is lifted
and realizes the (categorified) arrow structure on components. The lifting is described using
the second author’s recent characterization of an arrow as an internal strong monad inProf , the
bicategory of small categories andprofunctors.
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1. Introduction

1.1. Arrow for Computation

In functional programming, the wordcomputationoften refers to a procedure which is not
necessarilypurely functional, typically involving someside-effectsuch as I/O, global state, non-
termination and non-determinism. The most common way to organize such computations is
by means of a(strong) monad[2], as is standard in Haskell. However side-effect—“structured
output”—is not the only cause for the failure of pure functionality. A comonadcan be used to
encapsulate “structured input” [3]; the combination of a monad and a comonad via a distributive
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law can be used for input and output that are both structured.There are much more additional
structure that a functional programmer would like to think of as “computations”; Hughes’ notion
of arrow [4] is a general axiomatization of such.2

Let C be a Cartesian category of types and pure functions, in a functional programming
sense. The notion of arrow overC is an algebraic one: it axiomatizes those operators which the
set of computations should be equipped with, and those equations which those operators should
satisfy. More specifically, an arrowA is

• carried by a family of sets{A(J,K)}J,K for eachJ,K ∈ C, an elementa ∈ A(J,K) of which
is anA-computationfrom J to K;

• equipped with the following three families of operatorsarr, >>> andfirst:

arr f ∈ A(J,K) for each morphismf : J→ K in C,

A(J,K) × A(K, L)
>>>J,K,L
−→ A(J, L) for eachJ,K, L ∈ C,

A(J,K)
firstJ,K,L
−→ A(J × L,K × L) for eachJ,K, L ∈ C;

(1)

• that are subject to several equational axioms: among them is

(a >>>J,K,L b) >>>J,L,M c = a >>>J,K,M (b >>>K,L,M c)

for eacha ∈ A(J,K),b ∈ A(K, L), c ∈ A(L,M).
(>>>-Assoc)

The other axioms are presented later in Def. 3.1.

The intuitions are clear: presenting anA-computation fromJ to K by a box
J K , the three

operators ensure that we can combine computations in the following ways.

• (Embedding of pure functions)
J arr f K

• (Sequential composition)
(

J a K , K
b

L
)

>>>J,K,L
7−→ J a K

b
L

• (Sideline) J a K
firstJ,K,L
7−→

















J a K

L L

















The (>>>-Assoc) axiom in the above, for example, ensures that the followingcompositions of
three consecutiveA-computations are identical.

J a K
b

L c M
=

J a K
b

L c M (2)

Arrows generalize monads. In fact, a strong monadT onC induces an arrowAT by

AT(J,K) = C(J,T K) = Kℓ(T)(J,K) . (3)

2The word “arrow” is reserved for Hughes’ notion throughout the paper. An “arrow” in a category will be called a
morphism or a 1-cell.
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HereKℓ(T) denotes the Kleisli category (see e.g. Moggi [2]). Prior toarrows, the notion of
Freyd categoryis devised as another axiomatization of algebraic properties that are expected
from “computations” [5, 6]. The latter notion of Freyd category comes with a stronger categorical
flavor; in Jacobs et al. [7] it is shown to be equivalent to the notion of arrow.

Remark 1.1. What has been said is true as long as we think of an arrow as carried by sets, i.e.
with A(J,K) being a set. This is our setting. However this is not an entirely satisfactory view
in functional programming where one seesA as a type constructor—A(J,K) should rather be an
object ofC. In this case one can think of several variants of arrow and Freyd category. See
Atkey [8]. The discussion later in§5.1 is also relevant.

1.2. Arrow as Component Calculus

The current paper’s goal is to settlecomponentsascategorificationof computations, via (the
algebraic theory of) arrows. Let us elaborate on this slogan.

A component here is in the sense ofcomponent calculi. Components are systems which,
combined with one another by some component calculus, yielda bigger, more complicated sys-
tem. This “divide-and-conquer” strategy brings order to design processes of large-scale systems
that are otherwise messed up due to the very scale and complexity of the systems to be designed.

We follow the monad-based coalgebraic modeling of components in Barbosa [9]—which
is also used in Hasuo et al. [10]—and extend it later to an arrow-based modeling. In [9] a
component is modeled as a coalgebra of the following type:

c : X −→
(

T(X × K)
)J in Sets. (4)

HereJ is the set of possible input to the component;K is that of possible output;X is the set of
(internal) states of the component which is a state-based machine; andT is a monad onSetsthat
models the computational effect exhibited by the system. Overall, a coalgebraic component is a
state-based system with specified input and output ports; itcan be drawn asJ c K .

A crucial observation here is as follows. The notion of arrowin §1.1 axiomatizes algebraic

operators on computations as boxes—such as sequential composition J a K
b

L . Then, by

regarding such boxes as components rather than as computations, we can employ the same ax-
iomatization of arrow as algebraic structure on components—acomponent calculus—with which
one can compose components. The calculus is a basic one that allows embedding of pure func-
tions, sequential composition and sideline. In fact in the first author’s previous work [10] with
Heunen, Jacobs and Sokolova, such algebraic operators on coalgebraic components (4) are de-
fined and shown to satisfy the equational axioms.

1.3. Categorifying Computations into Components

Despite the similarity between computations and components that we have just described,
there is one level gap between them: fromsetsto categories. LetA(J,K) denote the collection
of coalgebraic components like in (4), with input-typeJ, output-typeK and fixed effectT, but
with varying state spacesX. Then it is just natural to include morphisms between coalgebras
in the overall picture, as behavior-preserving maps (see e.g. Rutten [11]) between components.
HenceA(J,K) is now acategory, specifically that of

(

T( × K)
)J-coalgebras. In contrast, with

respect to computations there is no general notion of morphism between them, so the collection
A(J,K) of A-computations is aset.
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This step ofcategorification[12] is not just for fun but in fact indispensable when we consider

equational axioms. Later on we will concretely define the sequential compositionJ c K
d

L

of coalgebraic components; at this point we note that the state space of the composite is the
productX × Y of the state spaceX of c andY of d. Now let us turn to the axiom

(c>>> d) >>> e = c>>> (d >>> e) . (>>>-Assoc)

Denotinge’s state space byU, the state space of the left-hand side is (X × Y) × U while that of
the right-hand side isX × (Y × U). These are, as sets, not identical. Therefore the axiom can
be at best satisfied up-to an isomorphism between componentsas coalgebras (and it is the case,
see [10]). We note that this phenomenon—the notion of satisfaction of equational axioms gets
relaxed, from up-to equality to up-to an isomorphism—is typical with categorification [12].

This additional structure obtained through categorification, namely morphisms between com-
ponents, has been further exploited in [10]. There it is shown that final coalgebras—the notion
that makes sense only in presence of morphisms between coalgebras—form an arrow that is in-
ternal to the “arrow” of components, realizing an instance of the microcosm principle[13, 14].
An application of such nested algebraic structure (namely that of arrows) is acompositional-
ity result: the behavior of composed components can be computed from the behavior of each
component.

We shall refer to the categorified notion of arrow—carried by components—ascategorical
arrow. The table below summarizes the overall picture.

arrowA categorical arrowA

carrier {A(J,K)}J,K∈C, a family of sets {A(J,K)}J,K∈C, a family of categories
a ∈ A(J,K): a computation a ∈ A(J,K): a component

equations satisfied up-to equality up-to isomorphisms
example A(J,K) = Kℓ(T)(J,K) A(J,K) = Coalg

(

T( × K)
)J

with T: a monad with T: a monad

1.4. Lifting of Arrow Structure via Profunctors

In short: computations carry algebraic structure of an arrow; components carry a categorified
version of it. The technical contribution of the current paper is to make the relationship between
computations and components more direct. This is by developing the following scenario:

• given an arrowA,

• we define the notion of(arrow-based) A-componentwhich generalizes Barbosa’s monad-
based modeling (4),

• and we show that theseA-components carry categorical arrow structure that is in fact a
lifting of the original arrow structure ofA.

Therefore: we categorifyA-computations toA-components.
A weaker version of this scenario has been already presentedin [10]. However the last lifting

part of the scenario was obscured in details of direct calculations. What is novel in this paper is to
work in Prof , the bicategory of profunctors. In fact, it is one theme of this paper to demonstrate
use of calculations inProf .

The starting point for this profunctor approach is [7]. There thearr, >>>-fragment of arrow
(without first) is identified with a monoid in the category [C

op × C,Sets] of bifunctors, where
4



the latter is equipped with suitable monoidal structure. This means—in terms of profunctors that
will be described in§2—that an arrowA (without first) is amonadin Prof , in an internal sense
like in Street [15].

What really makes our profunctor approach feasible is a further observation by the second
author [16]. There the remainingfirst operator—whose mathematical nature was buried away
in its dinaturality—is identified with a certain 2-cell inProf . In fact, this 2-cell is astrength
in an internal sense. Therefore an arrow (with its full set ofoperators,arr, >>> and first) is
a strong monadin Prof . This observation pleasantly parallels the informal view of arrows as
generalization of strong monads.

1.5. Organization of the Paper

In §2 we will introduce the necessary notions of dinatural transformation, (co)end and pro-
functor, in a rather leisurely pace. The two forms of the Yoneda lemma—the end- and coend-
forms—are basic there. The materials there are essentially extracted from Kelly [17], which is
a useful reference also in the current non-enriched (i.e.Sets-enriched) setting. In§3 we fol-
low [16, 7] and identify an arrow with an internal strong monad in Prof , settingProf as our
universe of discourse. In§4 we generalize Barbosa’s coalgebraic components into arrow-based
components. The main result—arrow-based components form a categorical arrow—is stated
there. Its actual proof is in the subsequent§5 which is devoted to manipulation of 2-cells in
Prof .

The current version departs from the previous workshop version [1] most notably in§5.
The manipulation of 2-cells is now described in a much more structural manner, using a novel
bicategoryStProf. The details that have been omitted in [1] are presented as much as the space
allows. We also explicitly settle the problem of size (§5.1); in the previous version [1] we only
hinted possible solutions.

2. Categorical Preliminaries

2.1. End and Coend

In the sequel we shall often encounter a functor of the typeF : C
op × C → D, where a

categoryC occurs twice with different variance. Given two suchF,G : C
op×C→ D, adinatural

transformationϕ : F ⇒ G consists of a family of morphisms inD

ϕX : F(X,X) −→ G(X,X) for eachX ∈ C

which isdinatural: for each morphismf : X→ X′ the following diagram commutes.

F (X,X)
ϕX

G (X,X) G(X, f )

F (X′,X)
F( f ,X)

F(X′, f )

G (X,X′)
F (X′,X′)

ϕX′
G (X′,X′) G( f ,X′)

(5)

Note the difference from anatural transformationψ : F ⇒ G. The latter consists of a greater
number of morphisms inD; that is,ψX,Y : F(X,Y)→ G(X,Y) for eachX,Y ∈ C.

Two successive dinatural transformationsϕ1 : F1⇒ F2 andϕ2 : F2⇒ F3 do not necessarily
compose: dinaturality of each does not guarantee dinaturality of the obvious candidate of the
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composition (ϕ2 ◦ ϕ1)X = (ϕ2)X ◦ (ϕ1)X. This makes it a tricky business to organize dinat-
ural transformations in a categorical manner. Nevertheless, working with arrows, examples of
dinaturality abound.

Dinaturality subsumes naturality: a natural transformation ψ : F ⇒ G : C → D can be
thought of as a dinatural transformation, by presenting it asψ : F ◦ π2⇒ G ◦ π2 : Cop×C→ D.
Hereπ2 : C

op × C→ C is a projection.
(Co)endis the notion that is obtained by replacing naturality (for (co)cones) by dinaturality,

in the definition of (co)limit. Precisely:

Definition 2.1 (End and coend).Let C,D be categories andF : C
op × C→ D be a functor.

• An endof F consists of an object
∫

X∈C
F (X,X) in D together withprojections

πX :
(

∫

X∈C
F (X,X)

)

−→ F (X,X) for eachX ∈ C

such that, for each morphismf : X→ X′ in C, the following diagram commutes.

F(X′,X′) F( f ,X′)
∫

X
F (X,X)

πX′

πX

F(X,X′)
F(X,X) F(X, f )

In other words: the family{πX}X∈C forms a dinatural transformation from the constant
functor∆(

∫

X
F(X,X)) to the functorF. An end is defined to be a universal one among such

data: given an objectY ∈ D and a dinatural transformationϕ : ∆Y⇒ F, there is a unique
morphismf : Y→

∫

X
F (X,X) such thatπX ◦ f = ϕX for eachX ∈ C.

• A coendof F is a dual notion of an end. It consists of an object
∫ X∈C

F (X,X) in D together

with coprojectionsιX : F (X,X) →
∫ X

F (X,X) for eachX ∈ C. Its universality, together
with that of an end, can be written as follows.

f : Y −→
∫

X
F (X,X)

ϕX : Y→ F (X,X) , dinatural inX

f :
∫ X

F (X,X) −→ Y

ϕX : F (X,X)→ Y, dinatural inX

(Co)ends need not exist; they do exist for example whenC is small andD is (co)complete. See
below.

The reader is referred to Mac Lane [18, Chap. IX] for more on (co)ends. Described there is
the way to transform a functorF : C

op × C → D into F§ : C
§ → D, in such a way that the

(co)end ofF coincides with the (co)limit ofF§. Therefore existence of (co)ends depends on the
(co)completeness property ofD. In fact (co)end subsumes (co)limit, just as dinaturality subsumes
naturality. Therefore a useful notational convention is todenote (co)limits also as (co)ends: for
example ColimXFX as

∫ X
FX.

Recalling the construction of any limit by a product and an equalizer [18,§V.2], an intuition
about an end

∫

X
F(X,X) is as follows: it is the product

∏

X F(X,X) which is “cut down” so as to

satisfy dinaturality. Dually, a coend
∫ X

F(X,X) is the coproduct
∐

X F(X,X) quotiented modulo
dinaturality.
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2.2. Two Forms of the Yoneda Lemma

A typical example of an end arises as a set of (di)natural transformations. Given a small
categoryC and functorsF,G : C

op × C→ Sets, we obtain a bifunctor

[F(+,−),G(−,+)] : C
op × C −→ Sets , (X,Y) 7−→ [F(Y,X),G(X,Y)] . (6)

Here [S,T] denotes the set of functions fromS to T, i.e. an exponential inSets. Note the
variance: since [−,+] is contravariant in its first argument, the variance of arguments ofF is
opposed in (6). Taking this functor (6) asF in Def. 2.1, we define an end

∫

X
[F(X,X),G(X,X)].

Such an end does exist whenC is a small category, becauseSetshas small limits (hence small
ends).

Proposition 2.2. Let us denote the set of dinatural transformations from F to Gby Dinat(F,G).
We have a canonical isomorphism inSets:

Dinat(F,G)
�

−→
∫

X
[F(X,X),G(X,X)] .

Proof. It is due to the following correspondences.

1→
∫

X
[F (X,X) ,G (X,X)]

1→ [F (X,X) ,G (X,X)] , dinatural inX
(†)

F (X,X)→ G (X,X) , dinatural inX
(‡)

Here (†) is by Def. 2.1; dinaturality is preserved along (‡) because of the naturality of Currying.
2

The composite Dinat(F,G)
�

→
∫

X
[F(X,X),G(X,X)]

πX
−→ [F(X,X),G(X,X)] carries a dinatural

transformationϕ to its X-componentϕX.
Since dinaturality subsumes naturality (§2.1), we have an immediate corollary:

Corollary 2.3. Let C be a small category and F,G : C → Sets. ByNat(F,G) we denote the set
of natural transformations F⇒ G. We have

Nat(F,G)
�

−→
∫

X
[FX,GX] . 2

The celebratedYoneda lemmareduces the set Nat(C(X, ), F) of natural transformations into
FX (see e.g. [18, 19]). Interpreted via Cor. 2.3, it yields:

Lemma 2.4 (The Yoneda lemma, end-form).Given a small categoryC and a functor F: C→

Sets, we have a canonical isomorphism

∫

X′∈C
[C (X,X′) , FX′]

�

−→ FX . 2

The lemma becomes useful in the calculations below: it meansan end on the left-hand side
“cancels” with a hom-functor occurring in it.

From the end-form, we obtain the following coend-form. Its proof is straightforward but
illuminating. It allows us to “cancel” a coend with a hom-functor inside it.
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Lemma 2.5 (The Yoneda lemma, coend-form).Given a small categoryC and a functor F :
C→ Sets, we have a canonical isomorphism

∫ X′∈C
FX′ × C(X′,X)

�

−→ FX .

Proof. We have the following canonical isomorphisms, for eachS ∈ Sets.

[

∫ X′
FX′ × C(X′,X) , S

]

�→
∫

X′
[

FX′ × C(X′,X) , S
]

(†)
�→
∫

X′
[

C(X′,X) , [FX′,S]
]

Currying
�→ [FX,S] the Yoneda lemma, end-form.

Here (†) is because the hom-functor [,S] turns a colimit into a limit [18,§V.4], hence a coend
into an end. Obviously the composite isomorphism is naturalin S; therefore we have shown that

y
(

∫ X′
C(X′,X) × FX′

) �

−→ y(FX) : C −→ Sets , (7)

wherey : Cop → [C,Sets] is the (contravariant) Yoneda embedding. By the Yoneda lemma the
functory is full and faithful; therefore it reflects isomorphisms. Hence (7) proves the claim.2

2.3. Profunctor
Definition 2.6 (Profunctor). Let C andD be small categories. Aprofunctor Pfrom C to D is a
functorP : D

op × C→ Sets. It is denoted byP : C p→ D. That is,

C p−→ D, a profunctor

D
op × C −→ Sets, a functor

The notion of profunctor is also calleddistributor, bimoduleor module. For more detailed treat-
ment of profunctors see e.g. Benabou [20] and Borceux [21].

There are two principal ways to understand profunctors. Oneis as “generalized relations”:
profunctors are to functors what relations are to functions. The differences between a profunctor
P : C p→ D and a relationR : S p→ T are as follows.

• A relation is two-valued: for each elements ∈ S and t ∈ T, R(s, t) is either empty (i.e.
(s, t) < R) or filled (i.e. (s, t) ∈ R). In contrast, a profunctor is valued with arbitrary sets,
that is,P(Y,X) ∈ Sets.

• The functoriality of a profunctorP inducesaction of morphisms inC and D. For il-

lustration let us depict an elementp ∈ P(Y,X) by a box Y p X . Given two mor-
phismsg : Y′ → Y in D and f : X → X′ in C, functoriality of P yields an element
P(g, f )(p) ∈ P(Y′,X′) (note the variance); the latter element is best depicted asfollows.

Y′ g Y p X f X′ (8)

The last point (“C-D-action”) motivates another way of looking at profunctors:as generalized
modulesas in the theory of rings. These generalized modules are carried by a family of sets
{P(Y,X)}X∈C,Y∈D, with left-action ofC-arrows and right-action ofD-arrows. Also notice the
similarity between (8) and the diagrams in§1 for computations/components. It is indeed this
similarity that allows us to formalize arrows as certain profunctors (§3).
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Definition 2.7 (Composition of profunctors). Given two successive profunctorsP : C p→ D

andQ : D p→ E, theircomposition Q◦ P : C p→ E is defined by the following coend. ForU ∈ E

andX ∈ C,
(Q ◦ P)(U,X) =

∫ Y∈D
Q(U,Y) × P(Y,X) .

When profunctors are seen as generalized relations, this composition operation corresponds to
relational composition: (S ◦ R) (x, z) if and only if ∃y.

(

R(x, y) ∧ S (y, z)
)

. When seen as gen-
eralized modules, it corresponds totensor productof modules over rings. In any case, recall
from §2.1 that the coend in Def. 2.7 is a coproduct

∐

Y Q(U,Y) × P(Y,X)—a bunch of pairs

(
U q Y

,
Y p X ), with varyingY—quotiented modulo a certain equivalence≃. This equiv-

alence≃ (dictated by dinaturality) intuitively says: the choice ofintermediateY ∈ D does not
matter. Specifically, the equivalence≃ is generated by the following relation; heref : Y→ Y′ is
a morphism inD.

( U q Y f Y′
,

Y′ q X )

≃
( U q Y

,
Y f Y′ p X )

.

An appropriate notion ofmorphismbetween parallel profunctorsP,Q : C p→ D is provided
by a natural transformationψ : P ⇒ Q, whereP and Q are thought of as functorsP,Q :
D

op × C→ Sets. All these data can be organized in the following “2-categorical” manner.

C

P

Q

ψ D

A problem now is that (horizontal) composition of 1-cells (i.e. profunctors) is not strictly asso-
ciative: due to Def. 2.7 of composition by coends and products, associativity can be only ensured
up-to coherent isomorphisms. The same goes for unitality; therefore profunctors form abicate-
gory (see [21]) instead of a 2-category.

Definition 2.8 (The bicategory Prof). The bicategoryProf has small categories as 0-cells, pro-
functors as 1-cells and natural transformations between them as 2-cells. The identity 1-cell
C p→ C is given by the hom-functor Hom :Cop × C → Sets; it is the unit for composition
because of the Yoneda lemma, coend-form (Lem. 2.5).

2.4. Some Properties ofProf

Here we describe some structural properties ofProf that will be exploited later, namely
the direct image of a functor and tensor products inProf . For the former, [20] is a principal
reference; Fiore’s notes [22] are not specifically on profunctors but provide useful insights into
relevant mathematical concepts.

A function f : S → T induces thedirect imagerelation f∗ : S p→ T, defined by: f∗(s, t) if
and only ift = f (s). There is an analogous construction from functors to profunctors.

Definition 2.9. Let F : C→ D be a functor between small categories. It gives rise to

thedirect imageprofunctor F∗ : C p−→ D by F∗(Y,X) = D(Y, FX) .

9



The mapping ( )∗ also applies to natural transformations in an obvious way; this determines a
pseudo functor(see e.g. [21]) ( )∗ : Cat→ Prof that embedsCat in Prof .

Notations 2.10. Throughout the rest of the paper, the direct imageF∗ of a functorF shall be
simply denoted byF. The identity profunctor id :C p→ C—that is the hom-functor—will be
often denoted byC : C p→ C.

The Cartesian product operator× in Cat lifts Prof : given profunctorsF : C p→ C
′ and

G : D p→ D
′, we define

F ×G : C × D p→ C
′ × D

′ by (F ×G)(X′,Y′,X,Y) = F(X′,X) ×G(Y′,Y) . (9)

The symbol× occurring in the last denotes the Cartesian product inSets. The lifted operator× in
Prof makes it a “monoidal bicategory,” a notion whose precise definition involves delicate han-
dling of coherence. We shall not do that in this paper. Nevertheless, we will need the following
property.

Lemma 2.11. The operation× onProf is bifunctorial: that is, given four profunctorsC
P
p→ D

Q
p→

E andC
′

P′

p→ D
′

Q′

p→ E
′ we have(Q ◦ P) × (Q′ ◦ P′) �→ (Q× Q′) ◦ (P× P′).

Proof. This is due to the Fubini theorem for coends. See [18,§IX.8] 2

It is obvious that the operator× acts also on 2-cells (that are natural transformations).

3. Arrows as Profunctors

We review the results in [7, 16] that identify Hughes’ notionof arrow with a profunctor with
additional algebraic structure.

First we present the precise definition of arrow. Usually it is defined over a Cartesian category
C. However, since it is rather the monoidal structure ofC that is essential, we shall work with a
monoidal category.

Definition 3.1 (Arrow [4]). Given a monoidal categoryC = (C,⊗, I ), anarrow overC consists
of carrier sets{A(J,K)}J,K∈C and operatorsarr, >>> andfirst as described in (1). The operators
must satisfy the following equational axioms.

(a>>> b) >>> c = a>>> (b>>> c) (>>>-Assoc)
arr (g ◦ f ) = arr f >>> arr g (arr-Func1)

arr idJ >>>J,J,K a = a = a>>>J,K,K arr idK (arr-Func2)
firstJ,K,I a >>> arr ρK = arr ρK >>> a (ρ-Nat)

firstJ,K,L a >>> arr(idK ⊗ f ) = arr(idJ ⊗ f ) >>> firstJ,K,M a (arr-Centr)
(arrαJ,L,M) >>> (firstJ,K,L⊗M a) = first(first a) >>> (arrαK,L,M) (α-Nat)

firstJ,K,L(arr f ) = arr( f ⊗ idL) (arr-Premon)
firstJ,L,M(a>>> b) = (firstJ,K,M a) >>> (firstK,L,M b) (first-Func)

Here some subscripts are suppressed. The morphismρK : K ⊗ I �→ K is the right unitality
isomorphism;αK,L,M : (K ⊗ L)⊗M �→ K ⊗ (L⊗M) is the associativity isomorphism. The names
of the axioms hint their correspondence to the (premonoidal) structure ofFreyd categories[5, 6].
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Next we introduce the corresponding construct inProf , which we shall tentatively call a
Prof -arrow.

Definition 3.2 (Prof-arrow). Let C = (C,⊗, I ) be a small monoidal category. AProf -arrow
overC is:

• a profunctorA : C p→ C,

• equipped with natural transformationsarr, >>>, first of the following types:

C

C

A

⇓ arr C ,
C

A

A

⇓>>>

C
A

C
,

C
2 A×C

⊗ ⇓ first
C

2

⊗

C
A

C

,

where all the diagrams are inProf ,

• subject to the equalities in Table 1. Recall Notations 2.10;for example the profunctor
〈C, I〉 in (first-ρ) is the functor〈C, I〉 : C → C

2, X 7→ (X, I ), embedded inProf by taking
its direct image.

The notion ofProf -arrow is in fact a familiar one: it is astrong monadin Prof , defined
internally in the sense of [15]. This means the following. When one draws the same 2-cells
in Cat instead of inProf—replacingA by T, arr by ηT , >>> by µT andfirst by str′—the defi-
nition coincides with that of strong monad [23, 2].3 More specifically, the first two axioms in
Table 1 are for the monad laws; and the remaining axioms asserts compatibility of strength with
monoidal and monad structure. For example, the axiom (first->>>) interpreted inCat is read as
the commutativity of the following diagram.

T2X ⊗ Y
str′

µT⊗Y

T(T X⊗ Y) Tstr′
T2(X ⊗ Y)

µT

T X⊗ Y
str′

T(X ⊗ Y)

(Internal) strong monads can be defined in any bicategory with suitable monoidal structure. Later
in §5 we introduce a bicategoryStProf; strong monads therein play an important role.

Proposition 3.3 ([16]). For a monoidal categoryC that is small, the notion of arrow (Def. 3.1)
and that ofProf -arrow (Def. 3.2) are equivalent.

Proof. While the reader is referred to [16] for a detailed proof, we present a few highlights in the
correspondence between the two notions. We shall writearr′, >>>′ andfirst′ (with primes) for the
three operators of aProf -arrow (Def. 3.2), to distinguish them from the corresponding operators
of an arrow (Def. 3.1).

3The corresponding strength operatorstr′ is of the typestr′ : T X⊗Y→ T(X⊗Y), which is slightly different from the
usual strength operator that isstr : X⊗TY→ T(X⊗Y). These two are equivalent when the base categoryC is symmetric
monoidal.
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C

C

arr

A

A

>>>
C

A
C = C

A

A

id C = C
A

A

>>>
C

C

arr

A
C (Unit)

C
A

A

⇓>>>

C
A

A

>>>
C

A
C

=

C
A

A

⇓>>>
A

>>>
C

A
C

A
C

(Assoc)

C
3 A×C×C

⊗×C

C×⊗
⇓ first×C

C
3

⊗×C

C
2

⊗

⇐
�

α C
2

⊗
A×C

⇓ first

C
2

⊗

C
A

C

=

C
3 A×C×C

C×⊗

C
3

C×⊗
⊗×C

C
2

⊗
A×C

⇓ first

C
2

⊗

⇐
�

α C
2

⊗

C
A

C

(first-α)

C
〈C,I〉

C

ρ ⇓�
C

2 A×C

⊗ ⇓ first

C
2

⊗

C
A

C

=

C
〈C,I〉

A

C
2 A×C

C
2

⊗

C
C

ρ ⇓�

〈C,I〉

C

(first-ρ)

C
2

C×C

arr×C

A×C

⊗ ⇓ first

C
2

⊗

C
A

C

= C2 ⊗
C

C

A

arr C (first-arr)

C
2 A×C

⇓ first⊗

C
2 A×C

⇓ first⊗

C
2

⊗

C
A

A

>>>
C

A
C =

C
2 A×C

A×C

>>>×C

⊗

C
2 A×C

C
2

⊗

C
A

⇓ first

C

(first->>>)

Table 1: Equational axioms forProf -arrow
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Let us first observe that a 2-cellfirst′ in Prof gives rise to thefirst operator in Def. 3.1. The
former is an element of the left-hand side below, where◦ denotes composition of profunctors
(Def. 2.7).

Nat
(

(⊗ ◦ (A× C))(−,+1,+2) , (A ◦ ⊗)(−,+1,+2)
)

�
∫

X,K,Y∈C

[

(⊗ ◦ (A× C))(X,K,Y) , (A ◦ ⊗)(X,K,Y)
]

by Cor. 2.3

�
∫

X,K,Y

[

∫ J,L
C(X, J ⊗ L) × A(J,K) × C(L,Y) ,

∫ U
A(X,U) × C(U,K ⊗ Y)

]

by Def. 2.7, Def. 2.9 and (9)

�
∫

X,K,Y,J,L

[

C(X, J ⊗ L) × A(J,K) × C(L,Y) ,
∫ U

A(X,U) × C(U,K ⊗ Y)
]

since a hom-functor [−,S] turns a coend into an end

�
∫

X,K,Y,J,L

[

C(X, J ⊗ L),
[

A(J,K),
[

C(L,Y) ,
∫ U

A(X,U) × C(U,K ⊗ Y)
]]]

by Currying

�
∫

J,K,L

[

A(J,K), A(J ⊗ L,K ⊗ L)
]

by cancelingX,Y by Lem. 2.4 andU by Lem. 2.5

� NatJ,KDinatL
(

A(J,K), A(J ⊗ L,K ⊗ L)
)

by Prop. 2.2 and Cor. 2.3.

Therefore a 2-cellfirst′ in Prof gives rise to a family of functionsA(J,K)→ A(J⊗ L,K ⊗ L) that
is natural inJ,K and dinatural inL. This is precisely the type of thefirst operator in Def. 3.1. The
equational axioms of an arrow are indeed satisfied due to those of aProf -arrow. We note that the
axiom (arr-Centr) is satisfied not because of any specific axiom of aProf -arrow, but because of
the dinaturality offirst′ as a 2-cell inProf .

For the opposite direction where an arrow induces aProf -arrow, we have to equip the carrier
{A(J,K)}J,K of an arrow with action of morphisms inC, renderingA into a functorCop × C →

Sets. This is done with the help of arrow operators. Specifically,A(g, f )(a) := arr f >>>a>>>arrg,
that is:

Y′
f

Y
a

X g X′ := Y′
arr f

Y
a

X arrg X′ .

Each of the arrow operators yields its correspondingProf -arrow operator; the latter’s (di)naturality
is derived from the arrow axioms. So are the equational axioms for aProf -arrow. 2

Prop. 3.3 offers a novel mathematical understanding of the notion of arrow. It endows the seem-
ingly complicated original axiomatization (Def. 3.1) withcategorical canonicity. Its treatment of
first as a strength also seems simpler than that in Freyd categories: the latter involves technical-
ities like premonoidal categories and central morphisms. It is this simplicity that is exploited in
the rest of the paper.

Remark 3.4. A size issue about Prop. 3.3 should be noted. While the original definition of arrow
(Def. 3.1) makes sense for any base categoryC without size restriction, its characterization in
Prof (Def. 3.2) requiresC be small. Without the restriction the compositionA ◦ A—the domain
of the 2-cell>>> in Prof—is not necessarily well-defined:A ◦ A is defined via coends inSets
(Def. 2.7) andSetsis only small-complete. This becomes a real obstacle later where we consider
an arrowA overC = Setswhich is not small. We shall fix this problem by “upgrading” the size
of profunctors; see§5.1.

When the base monoidal categoryC is symmetric—which is our setting in the sequel—we
can obtain another sideline operatorsecond.
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Definition 3.5. Let A be an arrow over a small symmetric monoidal category (SMC)C. We
define an extra operatorsecond as the following 2-cell inProf .

C
2 C×A

⊗ ⇓ second
C

2

⊗

C
A

C

:=

C
2 C×A

〈π2,π1〉

⊗
�
⇐
σ−1

C
2

〈π2,π1〉

⊗
�
⇐
σC

2 A×C

⊗ ⇓ first
C

2

⊗

C
A

C

(10)

Here the profunctor〈π2, π1〉 is the direct image of the functor〈π2, π1〉 : C
2→ C

2, mapping (X,Y)
to (Y,X) (cf. Notations 2.10). The 2-cellσ is the symmetry isomorphismσX,Y : X ⊗ Y �→ Y⊗ X.

Notations 3.6. In the above diagrams as well as elsewhere, there appear two different classes of
iso 2-cells inProf . One class is due to the unitality/associativity/symmetry of⊗ on a monoidal
base categoryC; they are iso 2-cells inCat embedded inProf via direct image (§2.4). Such iso
2-cells shall be filled explicitly with the� sign, like the two on the right-hand side in (10).

The other class is due to the properties of the operation× onProf , typically Lem. 2.11. Such
iso 2-cells will be denoted by empty polygons, like the top one on the right-hand side in (10).

Some calculations like in the proof of Prop. 3.3 reveal that this new operator realizes a class

of functionsA(J,K)
secondJ,K,L
−→ A(L × J, L × K), that is graphically

J a K
secondJ,K,L
7−→

















L L

J
a

K

















:=

















J a K

L L

















.

Lemma 3.7. Regarding thesecond operator, the equalities in Table 2 hold.

Proof. Use (first-α), (first-arr), (first-ρ), (first->>>) in Table 1 and the coherence for an SMCC.
2

4. Arrow-Based Components

4.1. Main Contribution
In this section we develop the scenario in§1.4 in technical terms. First we introduce an

arrow-based coalgebraic modeling of components.

Definition 4.1 (A-component). Let A be an arrow overSets, andJ,K ∈ Sets. An (arrow-based)
A-componentwith input-typeJ, output-typeK and computational structureA is a coalgebra for
the functorA(J, × K) : Sets→ Sets. That is,

J c K as
A(J,X × K)

X
c .

Here an arrowA is in the sense of Def. 3.1. In Def. 3.1 the base categoryC of an arrow need not
be small; thus we choose (Sets,×,1) asC. Our modeling specializes to Barbosa’s (4) when we
take asA a monad-based arrowAT in (3). Our modeling not only generalizes Barbosa’s but also
brings conceptual clarity to the subsequent technical development.

Our goal is to lift the arrow structure ofA to the categorical arrow structure ofA-components.
Let us state this goal precisely.
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C
3 C×A×C

⊗×C
C×⊗

⇓ second×C

C
3

⊗×C

C
2

⊗

⇐
�

α C
2 A×C

⊗ ⇓ first
C

2

⊗

C
A

C

=

C
3 C×A×C

C×⊗ ⇓C×first

C
3

C×⊗
⊗×C

C
2 C×A

⊗ ⇓ second
C

2

⊗

⇐
�

α C
2

⊗

C
A

C

(first-second)

C
3 C

2×A

⊗×C
C×⊗

C
3

⊗×C

C
2

⊗

⇐
�

α C
2 C×A

⊗ ⇓ second
C

2

⊗

C
A

C

=

C
3 C

2×A

C×⊗ ⇓C×second

C
3

C×⊗
⊗×C

C
2 C×A

⊗ ⇓ second
C

2

⊗

⇐
�

α C
2

⊗

C
A

C

(second-α)

C
〈I ,C〉

C

λ ⇓�
C

2 C×A

⊗ ⇓ second

C
2

⊗

C
A

C

=

C
〈I ,C〉

A

C2 C×A
C2

⊗

C
C

λ ⇓�

〈I ,C〉

C

(second-λ)

C
2

C×C

C×arr

C×A
⊗ ⇓ second

C
2

⊗

C
A

C

= C
2 ⊗

C

C

A

arr C (second-arr)

C
2 C×A

⇓ second⊗

C
2 C×A

⇓ second⊗

C
2

⊗

C
A

A

>>>
C

A
C =

C
2 C×A

C×A

C×>>>

⊗

C
2 C×A

C
2

⊗

C
A

⇓ second

C

(second->>>)

Table 2: Equalities that hold for thesecond operator
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Definition 4.2 (Categorical arrow). A categorical arrowconsists of

• a family {A(J,K)}J,K of carrier categories, one for eachJ,K ∈ Sets;

• (interpretation of) arrow operatorsarr, >>> andfirst (cf. Def. 3.1), namely functors

1
arr f
−→ A(J,K) for each functionf : J→ K in Sets,

A(J,K) ×A(K, L)
>>>J,K,L
−→ A(J, L) for eachJ,K, L ∈ Sets,

A(J,K)
firstJ,K,L
−→ A(J × L,K × L) for eachJ,K, L ∈ Sets.

Here the category1 is the one-object and one-arrow (i.e. terminal) category; and

• the operators are subject to the arrow axioms in Def. 3.1, up-to isomorphisms. For exam-
ple, as to the axiom (>>>-Assoc), the following diagram must commute up-to an isomor-
phism.

A(J,K) ×A(K, L) ×A(L,M)
>>>J,K,L×id

id×>>>K,L,M ⇓�

A(J, L) ×A(L,M)
>>>J,L,M

A(J,K) ×A(K,M)
>>>J,K,M

A(J,M)
(11)

The graphical understanding of a categorical arrow is the same as that of an arrow; see§1.1.
In §1.3 we described why it is natural and necessary to require the axioms be satisfied only up-to
isomorphisms.

Remark 4.3. Satisfaction up-to isomorphisms raises acoherenceissue. The precise coherence
condition for categorical arrows is described in [10], in a more general form of coherence for
categorical models of FP-theories. Although we shall not further discuss the coherence issue, the
calculations later in§5 provide us a much better grip on it than the direct calculations in [10] do.

The notion of categorical arrow in Def. 4.2 could be formalized on any monoidal categoryC
other thanSets. We do not need such additional generality.

The main contribution of this paper is the following result as well as its proof presented in
the rest of the paper.

Theorem 4.4 (Main result). Let A be an arrow overSets. The categories{Coalg(A(J, × K) )}J,K
of A-components carry a categorical arrow.

One use of the theorem is as follows. We can appeal to the formalization [14, 10] of themicro-
cosm principle[13] to obtain the followingcompositionality result.

Corollary 4.5 (Compositionality). In the setting of Thm. 4.4, assume further that for each
J,K ∈ Setsthe functor A(J, × K) has a final coalgebraζJ,K : ZJ,K

�→ A(J,ZJ,K × K).

1. The family{ZJ,K}J,K of sets carries canonical arrow structure. This gives us e.g. “compo-
sition of behaviors”

ZJ,K × ZK,L
>>>Z

−→ ZJ,L .
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2. Behaviors by coinduction are compositional with respect toarrow operators. For example,
with respect to the operator>>>, this means the following. Given two A-components c:
X→ A(J,X × K) and d: Y→ A(K,Y× L) with matching I/O types, the triangle(∗) below
commutes.

A(J, (X × Y) × L) A(J,ZJ,L × L)

X × Y
c>>>d

behc>>>d

(∗)
behc×behd

ZJ,L

� final

ZJ,K × ZK,L

>>>Z

Here c>>> d is “composition of components” using the categorical arrow structure in
Thm. 4.4;>>>Z is “composition of behaviors” derived above in the item 1; and behc>>>d is
the behavior map for the composed components induced by coinduction (the square on the
top). 2

Similar microcosm arguments are employed in [24] for deriving traced monoidal structure of the
categoryT-Resof T-resumptions. This is done all at once for a variety of computational effects,
modeled by a monadT. T-resumptions are identified withT-strategies(see [25]); by applying
the Int-construction [26] we obtain the category Int(T-Res) of T-games.

4.2. Lax Arrow Functor

In [14, 10] it is shown that algebraic structure carried by the categories of coalgebras—like
the one in Thm 4.4—can be obtained by:

• the same structure on the base categories, and

• the lax compatibilityof the signature functors with the relevant algebraic structure.

In this case the algebraic structure on the base categories lifts to the categories of coalgebras. We
shall follow this path in proving our main theorem (Thm. 4.4). Restricting the general definitions
and results in [14, 10] to the current setting, we obtain the following.

Definition 4.6 (Lax arrow functor). Let {FJ,K : Sets→ Sets}J,K be a family of endofunctors,
indexed byJ,K ∈ Sets. It is said to be alax arrow functorif:

• it is equipped with the following natural transformations:

Farr f : 1 −→ FJ,K1 for eachf : J→ K in Sets;
F>>>J,K,L : FJ,KX × FK,LY −→ FJ,L(X × Y) natural inX,Y, for eachJ,K, L ∈ Sets;
FfirstJ,K,L : FJ,KX −→ FJ×L,K×LX natural inX, for eachJ,K, L ∈ Sets;

• that are subject to the equations in Table 3, that are parallel to those in Def. 3.1. The
diagrams there are all inSets; obvious subscripts are suppressed.

A lax arrow functor therefore looks like an arrow (think ofFJ,K(X) in place ofA(J,K)), but it
carries an extra parameter (likeX,Y or X × Y) around.

Proposition 4.7. If {FJ,K}J,K is a lax arrow functor, then{Coalg(FJ,K)}J,K is canonically a cate-
gorical arrow.
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FJ,K X × FK,LY× FL,MU

(>>>-Assoc)
id×F>>>

F>>>×id

FJ,K X × FK,M(Y× U)

F>>>FJ,L(X × Y) × FL,MU
F>>>

FJ,M((X × Y) × U) � FJ,M(X × (Y× U))

1

(arr-Func1)

Farr(g◦ f )
〈Farr f ,Farrg〉

FJ,K1× FK,L1
F>>>

FJ,L(1× 1) � FJ,L1

FJ,K X

(arr-Func2)
〈id,Farr idK

〉

〈Farr idJ
,id〉

id

FJ,K X × FK,K1
F>>>

FJ,J1× FJ,K X
F>>>

FJ,K(X × 1)
�

FJ,L(1× X) � FJ,K X

FJ,K X

(ρ-Nat)
〈Farr π1 ,id〉

Ffirst

FJ×1,J1× FJ,K X
F>>>

FJ×1,K×1X
〈id,Farr π1 〉

FJ×1,K(1× X)

�FJ×1,K×1X × FK×1,K1
F>>>

FJ×1,K(X × 1) � FJ×1,K X

FJ,K X

(arr-Centr)
Ffirst

Ffirst

FJ×L′ ,K×L′X

〈Farr(J× f ) ,id〉

FJ×L,K×LX

〈id,Farr(K× f )〉

FJ×L,J×L′1
×FJ×L′ ,K×L′X

F>>>

FJ×L,K×LX
×FK×L,K×L′1

F>>>

FJ×L,K×L′ (1× X)

�FJ×L,K×L′ (X × 1)

�

FJ×L,K×L′X

FJ,K X

(α-Nat)
Ffirst

Ffirst

FJ×L,K×LX
Ffirst

FJ×(L×M),K×(L×M)X
〈id,Farrα〉

F(J×L)×M,(K×L)×MX
〈Farrα ,id〉

FJ×(L×M),K×(L×M)X
×FK×(L×M),(K×L)×M1

F>>>

FJ×(L×M),(J×L)×M1
×F(J×L)×M,(K×L)×MX

F>>>

FJ×(L×M),(K×L)×M(1× X)
�

FJ×(L×M),(K×L)×M(X × 1) � FJ×(L×M),(K×L)×MX

1

(arr-Premon)
Farr f

Farr( f×L)

FJ,K1
Ffirst

FJ×L,K×L1

FJ,K X × FK,LY

(first-Func)
Ffirst×Ffirst

F>>>

FJ×M,K×MX × FK×M,L×MY
F>>>

FJ,L(X × Y)
Ffirst

FJ×M,L×M(X × Y)

Table 3: Equational axioms for lax arrow functors
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Proof. This follows from a general result like [10, Thm. 4.6]. Herewe briefly illustrate what the
categorical arrow structure of{Coalg(FJ,K)}J,K looks like, by describing the sequential compo-
sition>>> : Coalg(FJ,K) × Coalg(FK,L) −→ Coalg(FJ,L). UsingF>>> in Def. 4.6 it is defined as
follows.





















FJ,KX

X
c ,

FK,LY

Y
d





















>>>
7−→

FJ,L(X × Y)

FJ,KX × FK,LY
F>>>

X × Y
c×d

The definitions are similar for the other arrow operators. The arrow axioms are satisfied due to
the corresponding equational condition on the lax arrow functor. 2

This proposition reduces Thm. 4.4 to the fact that the family{A(J, × K)}J,K is a lax arrow
functor. This is what will be shown in the next section, through manipulation of 2-cells inProf .

5. Calculations in Prof

5.1. The Size Issue

There is one technical problem—of a bookkeeping kind—lying infront of us: the size issue.
It has been briefly discussed in Rem. 3.4. The 0-cells ofProf aresmallcategories; the smallness
restriction is necessary for composition of profunctors tobe well-defined (Def. 2.7). However,
with Setsnot being small, the arrowA in Def. 4.1 cannot be a 1-cell inProf . At the same time
we need the arrowA to be based onSetsso thatA(J, × K) is an endofunctorSets→ Sets.
There are two possible ways round.

• We upgrade the size of profunctors. We use the categoryEnsof sets and classes of certain
sizes, so thatEns hasSets-indexed colimits/coends. A profunctorP : C p→ D is then
defined to be a bifunctorDop × C → Ens. This upgrade is purely for the sake of abstract
arguments: we will still require the arrowA to be “Sets-valued” (Def. 5.3).

• We replaceSetsby some small cocomplete category defined internally in a suitable topos [27].
In other words, we develop our theory on top of a certain type theory which is modeled by
such a topos.

We take the first path.

Definition 5.1 (The category Ens).We fix Ens to be the category of (small) sets and (large)
classes whose sizes are within a suitable limit. We assume the following properties ofEns:

• Ens has colimits ofSets-sized diagrams. In particular, it hasSets-indexed coends.

• Ens is Cartesian closed.

Using suchEns, we override the previous definitions. This upgrade is in effect throughout the
rest of the paper.

Definition 5.2. • Let C and D be categories. Aprofunctor P : C p→ D is a bifunctor
P : D

op × C→ Ens.

• The bicategoryProf is such that:
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– a 0-cell is a locally small categoryC whose collection of objects is not bigger than
that ofSets, that is,|Obj(C)| ≤ |Obj(Sets)|;

– a 1-cellP : C p→ D is a profunctor (Ens-valued, as defined above); and

– a 2-cell is a natural transformation, much like in the previous definition ofProf .

An identity 1-cellC p→ C is given by the bifunctorCop × C
Hom
→ Sets֒→ Ens; note that a

0-cellC ∈ Prof is locally small. Composition of 1-cells (cf. Def. 2.7)

(Q ◦ P)(U,X) =
∫ Y∈D

Q(U,Y) × P(Y,X) givenC
P
p→ D

Q
p→ E

is now well-defined for a non-smallD ∈ Prof , due to the extended cocompleteness prop-
erty ofEns.

We note that the size upgrade does not affect validity of the Yoneda lemma.
In Prop. 3.3 an arrow oversmallC is characterized as a certain profunctor. Under the current

size upgrade, the categoryC = Setsalso falls within the range.

Definition 5.3 (Prof-arrow). Let C be a monoidal category which belongs toProf : that is,C
is locally small and has at most as many objects asSetsdoes. AProf -arrow over C is an
internal strong monadA : C p→ C in Prof (cf. Def. 5.3), which isSets-valued: the bifunctor
A : C

op × C→ Ens must factor as follows.

Cop × C
A

Ens

Sets

Proposition 5.4. Let C be a monoidal category subject to the size restriction in Def. 5.3. The
notion of arrow overC (Def. 3.1) is equivalent to that ofProf -arrow (Def. 5.3). 2

5.2. Lifting an Arrow to a Categorical Arrow

Our main result (Thm. 4.4) is about lifting

• an arrowA of computations

• to a categorical arrow{Coalg(A(J, × K) )}J,K of components.

The following lemma proves it, when combined with Prop. 4.7.

Lemma 5.5. Let A be an arrow overSets. The family{A(J, × K)}J,K of endofunctors is a lax
arrow functor (Def. 4.6).

We aim at proving the lemma, in such a way that the arrow structure of A is reflected in the
structure of the endofunctors{A(J, × K)}J,K as directly as possible. We take the following two
steps.

• (Def. 5.6, Lem. 5.7) We introduce a new bicategoryStProf of stateful profunctors; and
then show that an internal strong monad inProf (identified with an arrowA by Prop. 5.4)
induces the same structure inStProf, in a canonical manner.

• (Lem. 5.9) We then show that an internal strong monad inStProf canonically induces a
lax arrow functor.
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This separation of steps offers a more structured view of the calculations in the earlierversion [1]
of the paper. For instance, the equalities in [1, Table 3] cannow be systematically understood
as the axioms for an internal strong monad inStProf, translated into 2-cells inProf . For the
record we shall present as many technical details as the space allows. The details may seem
overwhelming; nevertheless, as is often the case with 2-categorical/bicategorical arguments, the
underlying intuition is simple.

Definition 5.6 (The bicategory StProf). The bicategoryStProf is defined as follows.

• A 0-cell of StProf is the same as that ofProf : it is a locally small category of a suitable
size (Def. 5.2).

• A 1-cell C
(n,P)
◦−→ D of StProf is a pair of a natural numbern ∈ N and a profunctorSetsn ×

C
P
p−→ D. That is,

C
(n,P)
◦−→ D in StProf

Setsn × C p−→ D in Prof
Dop × Setsn × C −→ Ens , a functor

• A 2-cell C
◦

(n,P)

◦
(m,Q)

⇓ ( f ,ϕ) D in StProf is a pair (f , ϕ) of a function4 f : n → m and a

2-cell

Setsn × C
P

⇓ ϕ∏

f ×C

D

Setsm × C

Q
in Prof .

Here the functor
∏

f : Setsn→ Setsm is defined by

∏

f : (X1, . . . ,Xn) 7−→
(

∏

i∈ f −1(1)

Xi , . . . ,
∏

i∈ f −1(m)

Xi
)

;

where, to be precise, the set
∏

i∈ f −1( j) Xi is defined to beXi1 × (· · · × (Xik−1 × Xik) · · · ), with
i1 < . . . < ik is the increasing enumeration of the setf −1( j) = {i1, . . . , ik}. In other words,
the componentϕ above is a natural transformation

P(D,X1, . . . ,Xn,C)
ϕD,X1,...,Xn,C

−→ Q(D,
∏

i∈ f −1(1)

Xi , . . . ,
∏

i∈ f −1(m)

Xi ,C) , natural inD,X1, . . . ,Xn,C.

• Composition of 1-cells: given successiveC
(n,P)
◦−→ D

(m,Q)
◦−→ E, its composition is defined to be

C
(m+n,Q⊚P)
◦−→ E, where the profunctorQ ⊚ P : Setsm+n ×C p→ E is the following composite

Q ⊚ P :=
(

Setsm+n × C
Setsm×P

p−→ Setsm × D
Q
p−→ E
)

, (12)

that is,

(Q ⊚ P)(E,X1, . . . ,Xm,X
′
1, . . . ,X

′
n,C) =

∫ D

Q(E,X1, . . . ,Xm,D) × P(D,X′1, . . . ,X
′
n,C) .

4Here the natural numbern is identified with then-element set{1,2, . . . ,n}.
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• Identity 1-cells: givenC ∈ StProf, the identity 1-cell onC is defined to be (0,Hom) :
C ◦−→ C, using the hom-functor.

• Horizontal composition of 2-cells: given 2-cellsC
◦

(n,P)

◦
(n′,P′)

⇓ ( f ,ϕ) D
◦

(m,Q)

◦
(m′,Q′)

⇓ (g,ψ) E

in StProf, their horizontal composition is defined to beC
◦

(m+n,Q⊚P)

◦
(m′+n′,Q′⊚P′)

⇓ (g+ f ,ψ⊚ϕ) E . Here the

functiong+ f : m+ n→ m′ + n′ is the obvious one:

(g+ f )(i) =















g(i) if i ≤ m,

m′ + f (i −m) if i > m;
(13)

and the natural transformationψ⊚ ϕ is defined as follows.

(ψ⊚ ϕ)E,~X,~Y,C :=
∫ D∈D

ψE,~X,D × ϕD,~Y,C :

∫ D

Q(E,X1, . . . ,Xm,D) × P(D,Y1, . . . ,Yn,C)

−→

∫ D

Q′(E,
∏

i∈g−1(1)

Xi , . . . ,
∏

i∈g−1(m′)

Xi ,D) × P′(D,
∏

j∈ f −1(1)

Yj , . . . ,
∏

j∈ f −1(n′)

Yj ,C) .

That is, using a diagram inProf ,

ψ⊚ ϕ :=

Setsm+n × C
Setsm×P

∏

g ×Setsn×C

∏

g+ f ×C

(†)

(∗)

Setsm × D
Q

⇓ ψ∏

g ×D

E

Setsm
′+n × C

Setsm
′
×P

⇓ Setsm
′
×ϕ

Setsm
′
×
∏

f ×C

Setsm
′

× D

Q′

Setsm
′+n′ × C

Setsm
′
×P′

(14)

where (∗) commutes up-to an isomorphism because of the bifunctoriality of × (Lem. 2.11);
and (†) commutes due to the definition of

∏

g+ f .

• Vertical composition of 2-cells: given 2-cellsC
◦

(n,P)

◦
(m,Q) ⇓ ( f ,ϕ)

⇓ (g,ψ)
◦

(k,R)

D in StProf, their

vertical composition is defined to beC
◦

(n,P)

◦
(k,R)

⇓ (g◦ f ,ψ⊙ϕ) D . Here the natural transforma-

tion ψ ⊙ ϕ is defined by the following composite.

P(D,X1, . . . ,Xn,C)

(ψ⊙ϕ)D,~X,C

ϕD,X1,...,Xn,C Q(D,
∏

i∈ f −1(1)

Xi , . . . ,
∏

i∈ f −1(m)

Xi ,C)

ψD,
∏

Xi ,...,
∏

Xi ,C

R(D,
∏

i∈(g◦ f )−1(1)

Xi , . . . ,
∏

i∈(g◦ f )−1(k)

Xi ,C) R(D,
∏

j∈g−1(1)

∏

i∈ f −1( j)

Xi , . . . ,
∏

j∈g−1(k)

∏

i∈ f −1( j)

Xi ,C)
�
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The isomorphism on the bottom row arises from the canonical isomorphisms
∏

j∈g−1(1)

∏

i∈ f −1( j)

Xi
�

−→
∏

i∈(g◦ f )−1(1)

Xi , . . . ,
∏

j∈g−1(k)

∏

i∈ f −1( j)

Xi
�

−→
∏

i∈(g◦ f )−1(k)

Xi (15)

in a symmetric monoidal category (Sets,×,1); note that we have (g ◦ f )−1(l) =
∐

j∈g−1(l)

f −1( j).

Using a diagram inProf , the above definition amounts to

ψ ⊙ ϕ :=

Setsn × C P
∏

f ×C

∏

g◦ f ×C

�
⇐
β

Setsm × C
Q

⇓ ψ

⇓ ϕ

∏

g ×C

D

Setsk × C R

, (16)

where the isomorphismβ is the canonical ones like in (15), bundled up together. We shall
refer to suchβ as anormalizing isomorphism.

It is straightforward to verify that the above data togetherform a bicategory.

As we did forProf (see (9)), we also extend the operation× of taking product categories to a

“tensor” inStProf. GivenC
(n,F)
◦−→ D andC

′
(n′,F′)
◦−→ D

′, we define the 1-cellC×C
′

(n,F)×(n′,F′)
◦−→ D×D

′

to be the pair (n+ n′, F × F′) : C×C
′ ◦−→ D×D

′, whereF × F′ is the profunctor defined in (9).

Lemma 5.7. Let A be an arrow overSets. The 1-cell

(1,A) : Sets ◦−→ Sets in StProf,

where a profunctorA is defined by

A : Setsop × Sets× Sets−→ Sets −֒→ Ens , (J,X,K) 7−→ A(J,X × K) ,

is canonically an internal strong monad inStProf.

Notations 5.8. In what follows we often denote the categorySetsby S, for the sole purpose of
saving space. The operation× : Sets× Sets→ Setsof taking products of sets is often denoted
by ⊠ instead, to distinguish it from product of categories and the “tensors” onProf andStProf.

Recall that we denote a functorF : C → D, embedded inProf by taking its direct image
F∗, also byF (Notations 2.10). We shall extend this convention toStProf. Namely, given a
functor F : C → D, we denote its embedding (0, F∗) : C ◦→ D also byF. Recall also that we
often denote the identity 1-cell idC : C p→ C in Prof by C (Notations 2.10); we shall use this
convention forStProf, too.

Proof. (Of Lem. 5.7) What we need to do is

• to equip the 1-cell (1,A) with the following “operator” 2-cells, all of them inStProf:

S
◦

S= (0,Hom)

◦

(1,A)

⇓ arr S ,
S ◦

(1,A)

◦

(1,A)

⇓>>>

S ◦
(1,A)

S
,

S2 ◦
(1,A)×S= (1,A×S)

◦⊠= (0,⊠) ⇓ first

S2

◦ (0,⊠)

S ◦

(1,A)
S

;
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• and to prove that these 2-cells satisfy the same equational axioms as in Table 1.

A 2-cell of the type ofarr above is the same thing as a 2-cell

1× S
1×S

S

⇓
S

S× S A=A(−,+1⊠+2)
, hence

1× S
1×S

π2

⇓

S

S× S
⊠

S
A ;

here we used the equality

A =
(

S2
⊠

p−→ S
A
p−→ S
)

(17)

that follows from the Yoneda lemma (Lem. 2.5).
We construct a 2-cell of the last type as follows, usingA’s arrow structure (specifically itsarr

operator). The iso 2-cellλ therein is the left unitalityλX : 1 ⊠ X �→ X, embedded inProf .

arr :=
S

〈1,S〉

S

� ⇓ λ−1

S

S2
⊠

S
S ⇒

arr A (18)

Similarly, a 2-cell of the type of>>> is identified with S2 × S
⊠×S

A⊚A

⇓
S

S× S A

; using the defini-

tion (12) of⊚ and also (17), this is further identified with the 2-cell
S3

⊠×S

S×⊠

⇓

S2 S×A
S2 ⊠

S
A

S

S2
⊠

S
A

in Prof . Such a 2-cell can be constructed as follows.

>>> :=
S3

⊠×S

S×⊠

� ⇓α−1

S2 S×A

⊠

S2 ⊠

⇓ second
S

A

S2
⊠

S
A

A

⇓>>>

S
(19)

Hereα is the associativity isomorphism (X⊠Y)⊠Z �→ X⊠ (Y⊠Z); second is a derived operator
of the arrowA (Def. 3.5); and>>> is an arrow operator ofA.

A 2-cell of the type offirst is identified with S× S2

S×S2

⊠⊚(A×S)

⇓
S× S2

S× S A⊚⊠

in Prof , by the defi-

nition of StProf. Again expanding⊚ and A using (12) and (17), it is identified with a 2-cell

S3 ⊠×S

S×⊠
S2 A×S

⇓

S2

⊠

S2
⊠

S
A

S
in Prof . We define

first :=
S3 ⊠×S

S×⊠ � ⇓α

S2 A×S

⊠ ⇓ first
S2

⊠

S2
⊠

S
A

S
. (20)
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It remains to verify the equational axioms. Take the axiom (Unit):

S

◦
S

arr
◦

(1,A)

◦
(1,A)

>>>
S ◦

(1,A)
S = S

◦
(1,A)

◦
(1,A)

id S = S ◦
(1,A)

◦
(1,A)

>>>
S

◦
S

arr
◦

(1,A)
S (21)

Using (14) and (16), the composed 2-cell on the left-hand side is the same thing as the following
2-cell inProf . Recall thatβ is the normalizing isomorphism in (16).

S2

〈π1,1,π2〉

S2

⇓ arr

S2

�

⇐
β

S2 A
S

S3 S×A

⊠×S

S2

A

⇓>>>

=

S2

〈π1,1,π2〉

S2

⇓ S×λ−1

S2

�

⇐
β

S2 ⊠
S

A
A

S3
S×⊠

⊠×S

S2

S2 S×AS×arr
⇒

⊠

second
⇒

S2
⊠

⇓α
S

A
A>>>

⇒

by def. ofarr, >>>

=

S2

〈π1,1,π2〉

S2

⇓ S×λ−1

S2

�

⇐
β S3

S×⊠
⊠×S

S2

⇓ second

S2

S×arr

S×A
⊠

S2

⊠

S2
⊠

⇓α
S

A

A

⇓ >>>
S

A
S

by reorganizing 2-cells

=

S2

〈π1,1,π2〉

S2

⇓ S×λ−1

S2

�

⇐
β S3

S×⊠
⊠×S

S2

⊠

S2
⊠

⇓α
S

A

A

⇓ >>>

S

arr

S
A

S

by (second-arr) in Lem. 3.7

=

S2

〈π1,1,π2〉

S2

⇓ S×λ−1

S2

�

⇐
β S3

S×⊠
⊠×S

S2

⊠

S2
⊠

⇓α
S

A
S

by (Unit) for A

= idA◦⊠ by coherence, note thatα, β, λ are all canonical isomorphisms in an SMC.
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Similarly, the composed 2-cell on the right-hand side of (21) is the following 2-cell inProf .

S2

〈1,π1,π2〉

AS2

�

⇐
β

S
S

⇓ arr
〈1,S〉

S

S3
S×A

⊠×S

S2 A

S2
A

⇓>>>

=

S2

〈1,π1,π2〉

⊠S2

�

⇐
β

S
A

S
S

⇓ λ−1

〈1,S〉

S3
S×⊠

⊠×S ⇓ α−1

S2
S×A

⊠ ⇓ second

S2

⊠

S2
⊠

S
A

A

⇓ >>>
S

A

S

⇓ arr S

by def. ofarr, >>>

=

S2

〈1,π1,π2〉

⊠S2

�

⇐
β

S
A

S
S

�

⇐
λ−1

〈1,S〉

S3
S×⊠

⊠×S ⇓ α−1

S2
S×A

⊠ ⇓ second

S2

⊠

S2
⊠

S
A

S

by (Unit) for A

=

S2

〈1,π1,π2〉

⊠S2

�

⇐
β

S
〈1,S〉

S
�

⇐
λ−1S3

S×⊠
⊠×S ⇓ α−1

S2

⊠

S2
⊠

S
A

S

by (second-λ) in Lem. 3.7

= idA◦⊠ by coherence for (S,⊠,1).

Similar straightforward calculations verify the other axioms for (1,A) in StProf. In its course
we use (14), (16), the axioms forA (Table 1) and the equalities in Table 2. We present the proofs
for the axioms (Assoc) and (first->>>). Recall that 1-cells denoted by◦→ means the diagram is in
StProf; 1-cells denoted byp→ means it is inProf .

For the axiom (Assoc),

S ◦
(1,A)

◦

(1,A)

⇓>>>

S ◦
(1,A)

◦
(1,A)

>>>
S ◦

(1,A)
S

=

S4

⊠×S2

S2×⊠(⊠×S)◦(S×⊠×S)

�

⇐
β

S3

⊠×S

S2×A
S3

⊠×S

S×⊠

⇓ α−1

S2

⊠

S×A

⇓ second

S2

⊠

S3
S×⊠

⊠×S ⇓ α−1

S2
S×A

⊠

S2
⊠

S
A

A

⇓ >>>
S

A
S

S2
⊠

S
A⇓ second

A

⇓ >>>
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=

S4 S2×⊠

S×⊠×S ⇓ S×α−1

S3 S2×A

S×⊠
⊠×S

S3
⊠×S

S×⊠

S3
S×⊠

⊠×S ⇓ α−1

S2

⊠

α
⇐ S2

S×A

⊠
⇓ second

S2

⊠

α−1
⇐S2

⊠
S×A

⇓ second

S2

⊠

S2
⊠

S
A

A

⇓ >>>

S
A

A

⇓ >>>
S

A
S

by coherence for (S,⊠,1)

=

S4 S2×⊠

S×⊠×S ⇓ S×α−1

S3 S2×A

S×⊠ ⇓ S×second

S3

S×⊠

S3
S×⊠

⊠×S ⇓ α−1

S2
S×A

⊠ ⇓ second

S2

⊠
S×A

⇓ second

S2

⊠

S2
⊠

S
A

A

⇓ >>>

S
A

A

⇓ >>>
S

A
S

by (second-α)

=

S4 S2×⊠

S×⊠×S ⇓ S×α−1

S3 S2×A

S×⊠ ⇓ S×second

S3

S×⊠

S3
S×⊠

⊠×S ⇓ α−1

S2
S×A

⊠ ⇓ second

S2

⊠
S×A

⇓ second

S2

⊠

S2
⊠

S
A

A

⇓ >>>A

⇓ >>>
S

A
S

A
S

by (Assoc)

=

S4 S2×⊠

S×⊠×S ⇓ S×α−1

S3 S2×A

S×⊠ ⇓ S×second

S3

S×⊠

S3
S×⊠

⊠×S ⇓ α−1

S2
S×A

⊠
S×A

⇓ S×>>>
S2

S×A S2

⊠

S2
⊠

S

A

⇓ >>>A

⇓ second
S

A
S

by (second->>>)

=

S ◦
(1,A)

◦

(1,A)

⇓>>>

◦
(1,A)

>>>
S ◦

(1,A)
S ◦

(1,A)
S

.
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For the axiom (first->>>),

S2 ◦
(1,A)×S

⇓ first◦⊠

S2 ◦
(1,A)×S

⇓ first◦⊠

S2

◦⊠

S ◦
(1,A)

(1,A)

>>>
S ◦

(1,A)
S

=

S4 S×⊠×S

S2×⊠ ⇓ S×α
S3

S×⊠

S×A×S

⇓ S×first

S3

S×⊠

⊠×S

⇓ α

S2

⊠

A×S

⇓ first

S2

⊠

S3
S×⊠

⊠×S
⇓ α−1

S2
S×A

⊠

S2
⊠

⇓ second

S
A

S

S2
⊠

S
A

A

⇓ >>>

=

S4 S×⊠×S

S2×⊠

S3

⊠×S

S×A×S

⇓ second×S
S3

⊠×S

S3

⊠×S

�

⇐ S2
A×S

⊠ ⇓ first

S2
A×S

⊠ ⇓ first

S2

⊠

S2
⊠

S
A

A

⇓ >>>
S

A
S

by (first-second) in Lem. 3.7

=

S4 S×⊠×S

S2×⊠

S3

⊠×S

S×A×S

⇓ second×S
S3

⊠×S

S3

⊠×S

�

⇐ S2
A×S

⊠
A×S

⇓ >>>×C
S2

A×S S2

⊠

S2
⊠

S

A

⇓ first
S

by (first->>>)

=

S2 ◦
(1,A)×S

(1,A)×S

>>>×S

◦⊠

S2 ◦
(1,A)×S

S2

◦⊠

S ◦

(1,A)

⇓ first

S

.

This concludes the proof. 2

Lemma 5.9. Let S
(1,P)
◦−→ S be an internal strong monad inStProf, equipped with “operator”

2-cellsarr, >>> andfirst. Assume that P isSets-valued: that is,

for each J,X,K ∈ Sets, the collection P(J,X,K) ∈ Ens is small and hence belongs
to the categorySets.

Then the family{FJ,K}J,K∈Setsof functors, defined by

FJ,K := P(J, ,K) : Sets−→ Sets

is canonically a lax arrow functor (Def. 4.6).
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Proof. What we have to do is to define three “operators”Farr f , F>>> andFfirst and show that they
satisfy the equalities in Table 3.

Given a functionf : J → K in Sets, to defineFarr f : 1 −→ FJ,K1 = P(J,1,K) we use

the “operator” S
◦

(0,S)

◦
(1,P)

arr S . By Def. 5.6, the latter 2-cell inStProf is identified with a natural

transformationarrJ,K : S(J,K) −→ P(J,1,K), natural inJ,K. We set

Farr f := (arrJ,K)( f ) . (22)

Similarly by Def. 5.6, the operator>>> is identified with a natural transformation

>>>J,X,Y,L :
∫ K∈S

P(J,X,K) × P(K,Y, L) −→ P(J,X × Y, L) , natural inJ,X,Y, L.

We set (F>>>J,K,L )X,Y to be the composite

(F>>>J,K,L )X,Y :=
(

P(J,X,K)×P(K,Y, L)
ιK
−→

∫ K∈S

P(J,X,K)×P(K,Y, L)
>>>J,X,Y,L
−→ P(J,X×Y, L)

)

.

(23)
HereιK denotes a coprojection into a coend.

To defineFfirst, note the following bijective correspondence

ΦJ,X,K,L,Y,M :
[

P(J,X,K),P(L,Y,M)
] �

−→ Nat
(

[ , L] × P(J,X,K) , P( ,Y,M)
)

; (24)

where [−,+] denotes the function space, i.e. the hom-set functor forS. We denote the correspon-
dence byΦ. The correspondence is derived from the Yoneda lemma (Lem. 2.4, see also Cor. 2.3)
as well as from the adjunctionS × ⊣ [S, ]; due to the naturality of the both ingredients, the
correspondenceΦ in (24) is obviously natural inJ,X,K, L,Y,M.

By Def. 5.6, the operator
S2 ◦

(1,P)×S= (1,P×S)

◦⊠= (0,⊠) ⇓ first

S2

◦ (0,⊠)

S ◦
(1,P)

S
is a natural transformation

firstU,X,K,L :
∫ J,V∈S

[U, J × V] × P(J,X,K) × [V, L] −→
∫ W∈S

P(U,X,W) × [W,K × L] ;

using this and (24), we defineFfirst as follows.

(FfirstJ,K,L )X := Φ−1
J,X,K,J×L,X,K×L







































































[ , J × L] × P(J,X,K)
�

Yoneda

∫ V
[ , J × V] × P(J,X,K) × [V, L]

ιJ ∫ J,V
[ , J × V] × P(J,X,K) × [V, L]

first ,X,K,L ∫ W
P( ,X,W) × [W,K × L]

�

Yoneda
P( ,X,K × L)







































































. (25)
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It remains to verify the equalities in Table 3. For (>>>-Assoc), we use the axiom (Assoc) (see

Table 1) for the strong monadS
(1,P)
◦−→ S. Namely,

S ◦
(1,P)

◦
(1,P)

⇓>>>

S ◦
(1,P)

◦
(1,P)

>>>
S ◦

(1,P)
S

=

S ◦
(1,P)

◦
(1,P)

⇓>>>

◦
(1,P)

>>>
S ◦

(1,P)
S ◦

(1,P)
S

.

On each side of the equation is a natural transformation between functors of the typeSop × S3 ×

S−→ Ens. We take theJ,X,Y,U,M-component and obtain the following equality.





















































∫ K,L
P(J,X,K) × P(K,Y, L) × P(L,U,M)

∫ L
>>>J,X,Y,L×P(L,U,M)∫ L

P(J,X × Y, L) × P(L,U,M)
>>>J,(X×Y),U,M

P(J, (X × Y) × U,M)
�

β
P(J,X × (Y× U),M)





















































=



































∫ K,L
P(J,X,K) × P(K,Y, L) × P(L,U,M)

∫ K
P(J,X,K)×>>>K,Y,U,M∫ L

P(J,X,K) × P(K,Y× U,M)
>>>J,X,Y×U,M

P(J,X × (Y× U),M)



































By pre-composing the coprojectionιK,L to each side and using the definition (23), we obtain the
commutativity of the following diagram, which is what we aimed to prove.

P(J,X,K) × P(K,Y, L) × P(L,U,M)
id×F>>>

F>>>×id

P(J,X,K) × P(K,Y× U,M)

F>>>P(J,X × Y, L) × P(L,U,M)
F>>>

P(J, (X × Y) × U,M) �

β
P(J,X × (Y× U),M)

For (arr-Func1), we use the following equality obtained by using (Unit) in Table 1 twice:

S ◦
(1,P)

◦
(1,P)

⇓>>>

(0,S)

arr
S ◦

(1,P)

(0,S)

arr
S =

S ◦
(0,S)

◦
(0,S)

⇓ arr

◦
(1,P)

S ◦
(0,S)

S

By taking theJ, L-component of each side and pre-composing the coprojectionιK , we obtain the
diagram of (arr-Func1). The axiom (arr-Func2) can be verified in the same manner.

In verifying the other axioms (i.e. those which involveFfirst), the correspondenceΦ in (24) is
crucial. We will also be using the following fact.
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Sublemma 5.10.Let f : K → K′ and g: J′ → J be functions, i.e. morphisms inSets. We have



















































P(J,X,K)
〈Farrg,id,Farr f 〉

P(J′,1, J) × P(J,X,K) × P(K,1,K′)
F>>>×P(K,1,K′)

P(J′,1× X,K) × P(K,1,K′)
F>>>

P(J′, (1× X) × 1,K′)
�

P(J′,X,K′)



















































=















P(J,X,K)
P(g,X, f )

P(J′,X,K′)















;

that is, the composite on the left can be reduced to the functoriality of P.

Proof. (Of the sublemma) The proof is similar to the above verification of the axiom (arr-Func1).
Therein it is crucial that the Yoneda correspondence (cf. Lem. 2.5)

∫ J

[J′, J] × P(J,X,K)
�

−→ P(J′,X,K)

is concretely given by the functoriality ofP, carrying an element (g, p) of the left-hand side to
P(g,X,K)(p). 2

Let us turn to (ρ-Nat) in Table 3. Sublem. 5.10 reduces the axiom to the commutativity of
the following diagram.

P(J,X,K)
�

P(ρJ,X,K)

(FfirstJ,K,1 )X

P(J × 1,X,K × 1) �

P(J×1,X,ρK )
P(J × 1,X,K)

SinceΦ in (24) is bijective, it suffices to showΦ(P(J × 1,X, ρK) ◦ (FfirstJ,K,1)X) = Φ(P(ρJ,X,K)).

Φ
(

P(J × 1,X, ρK) ◦ (FfirstJ,K,1)X
)

= P( ,X, ρK) ◦ Φ((FfirstJ,K,1)X) by naturality ofΦ

=









































































[ , J × 1] × P(J,X,K)
�

Yoneda

∫ V
[ , J × V] × P(J,X,K) × [V,1]

ιJ ∫ J,V
[ , J × V] × P(J,X,K) × [V,1]

first ,X,K,1 ∫ W
P( ,X,W) × [W,K × 1]

�

Yoneda
P( ,X,K × 1)

P( ,X,ρK )
P( ,X,K)









































































by def. ofFfirst (25)

=



























[ , J × 1] × P(J,X,K)
[ ,ρJ]×P(J,X,K)

[ , J] × P(J,X,K)
�

Yoneda
P( ,X,K)



























by (first-ρ) in Table 1

= Φ(P(ρJ,X,K)) .

The other axioms are verified in a similar manner. This concludes the proof of Lem. 5.9. 2

Lem. 5.7 and 5.9 proves Lem. 5.5, which in combination with Prop. 4.7 proves our main result,
Thm. 4.4.
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6. Conclusions and Future Work

Inspired by the common graphical understanding (boxes connected by typed wires), we have
elaborated on a connection between computations and components; more specifically, algebraic
structure possessed by these. The algebraic structure of computations has been axiomatized by
the notion of arrow—by Hughes [4]—which is equivalent to that of Freyd category [5, 6]. We
have demonstrated that the arrow structure is also carried by components. Its operators (arr, >>>
andfirst) serve asconnectorsbetween components, hence as a basiccomponent calculus. The
latter “component-arrow” turns out to be acategorified[12] notion of arrow, whose satisfaction
of axioms only up-to isomorphisms is exemplary.

Our technical contribution is as follows. Arrow-basedA-components—described as coal-
gebras, withA representing the machines’ computation effect—carry canonical (categorified)
arrow structure, which is in fact a lifting of the arrow structure of A itself. The “lifting” is best
presented inProf , the bicategory of categories and profunctors. There we rely on the second
author’s observation [16] that an arrowA is the same thing as an internal strong monad inProf .
When compared to the previous workshop version [1], the current version presents the lifting
process in a more structural manner, using a novel bicategory StProf.

The notion of categorical arrow, as a component calculus, isvery basic. In fact for the notion
of arrow (composing computations) some extensions have been proposed. Notable among them
is an extension with a feedback/loop operator [28, 29]. Its categorified version—that is, the
corresponding (extended) component calculus—has been studied in [24]. However, unlike the
current work, the calculations in [24] are all direct and do not happen inProf . Much like the
characterization in [16], the current authors have formulated an arrow with loop as a monad in
Prof with suitable additional structure. Unfortunately we havenot yet found its good use.

Acknowledgments.Thanks are due to Paul-André Melliès for advocating use of profunctors; to
Marcelo Fiore, Bart Jacobs, Bartek Klin and Paul Blain Levy for helpful discussions; and to the
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