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Approximate Bisimulation
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Incremental Stability (δ-GUAS)
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Incrementally Globally Uniformly Asymptotically Stable
Def. A dynamics is said to be �-GAS if

9 KL function � s.t.

��
x(x, t)� x(y, t)

��  �

�
kx� yk, t

�

where x(x,�) is the trajectory starting at x.
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• increasing in kx� yk

– 0 if kx� yk = 0

– ! 1 if kx� yk ! 1
• decreasing in t

– ! 0 if t ! 1
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Def. For a dynamics ẋ = f(x) in Rn
, a smooth function

V : Rn ⇥ Rn ! R+
is a common �-GAS Lyapunov function if

there exist K1 functions ↵, ↵ and  > 0 such that

↵(kx � yk)  V (x, y)  ↵(kx � yk)

@V

@x

(x, y)f(x) +
@V

@y

(x, y)f(y)  �V (x, y)
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• increasing in kx� yk

– 0 if kx� yk = 0

– ! 1 if kx� yk ! 1
• decreasing in t

– ! 0 if t ! 1
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Switched extension: δ-GUAS, common Lyapunov func.  
[Girard, Pola, Tabuada, IEEE TAC ’10]
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Discrete Abstraction via Incremental Stability
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[Girard, Pola, Tabuada, IEEE TAC ’10]

For a switched dynamics                       …ẋ = fp(x)
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For a switched dynamics                       …ẋ = fp(x)
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Theorem 4.1. Consider a switched system ⌃ = (Rn, P,P, F ) with P = S(R+
0 , P ), time and state

space sampling parameters ⌧
s

, ⌘ 2 R+
and a desired precision " 2 R+

. Let us assume that there exists

V : Rn ⇥ Rn ! R+
0 which is a common �-GAS Lyapunov function for subsystems ⌃1, . . . ,⌃m

and

such that equation (2.8) holds for some K1 function �. If

(4.1) ⌘  min
�
��1

�
(1� e�⌧

s)↵(")
�
,↵�1 (↵("))

 

then, the transition systems T
⌧

s

(⌃) and T
⌧

s

,⌘

(⌃) are approximately bisimilar with precision ".

Proof. We start by showing that the relation R ✓ Q1 ⇥ Q2 defined by (x, q) 2 R, if and only
if V (x, q)  ↵("), is an "-approximate bisimulation relation. Let (x, q) 2 R, then we have that
kx � qk  ↵�1 (V (x, q))  ". Thus, the first condition of Definition 3.2 holds. Let x

p

1
- x0, then

x0 = x(⌧
s

, x, p). There exists q0 2 [Rn]
⌘

such that kx(⌧
s

, q, p)� q0k  ⌘. Then, we have q
p

2
- q0. Let

us check that (x0, q0) 2 R. From equation (2.8),

|V (x0, q0)� V (x0,x(⌧
s

, q, p))|  �(kq0 � x(⌧
s

, q, p))k)  �(⌘).

It follows that

V (x0, q0)  V (x0,x(⌧
s

, q, p)) + �(⌘) = V (x(⌧
s

, x, p),x(⌧
s

, q, p)) + �(⌘)
 e�⌧

sV (x, q) + �(⌘)(4.2)

because V is a �-GAS Lyapunov function for subsystem ⌃
p

. Then, from equation (4.1) and since �
is a K1 function,

V (x0, q0)  e�⌧

s↵(") + �(⌘)  ↵(").

Hence, (x0, q0) 2 R. In a similar way, we can prove that, for all q
p

2
- q0, there is x

p

1
- x0 such

that (x0, q0) 2 R. Hence R is an "-approximate bisimulation relation between T
⌧

(⌃) and T
⌧,⌘

(⌃).

By definition of I2 = [Rn]
⌘

, for all x 2 I1 = Rn, there exists q 2 I2 such that kx� qk  ⌘. Then,

V (x, q)  ↵(kx� qk)  ↵(⌘)  ↵(")

because of equation (4.1) and ↵ is a K1 function. Hence, (x, q) 2 R. Conversely, for all q 2 I2,
x = q 2 Rn = I1, then V (x, q) = 0 and (x, q) 2 R. Therefore, T

⌧

s

(⌃) and T
⌧

s

,⌘

(⌃) are approximately
bisimilar with precision ". ⇤
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Theorem 4.1. Consider a switched system ⌃ = (Rn, P,P, F ) with P = S(R+
0 , P ), time and state

space sampling parameters ⌧
s

, ⌘ 2 R+
and a desired precision " 2 R+

. Let us assume that there exists

V : Rn ⇥ Rn ! R+
0 which is a common �-GAS Lyapunov function for subsystems ⌃1, . . . ,⌃m

and

such that equation (2.8) holds for some K1 function �. If

(4.1) ⌘  min
�
��1

�
(1� e�⌧

s)↵(")
�
,↵�1 (↵("))

 

then, the transition systems T
⌧

s

(⌃) and T
⌧

s

,⌘

(⌃) are approximately bisimilar with precision ".

Proof. We start by showing that the relation R ✓ Q1 ⇥ Q2 defined by (x, q) 2 R, if and only
if V (x, q)  ↵("), is an "-approximate bisimulation relation. Let (x, q) 2 R, then we have that
kx � qk  ↵�1 (V (x, q))  ". Thus, the first condition of Definition 3.2 holds. Let x

p

1
- x0, then

x0 = x(⌧
s

, x, p). There exists q0 2 [Rn]
⌘

such that kx(⌧
s

, q, p)� q0k  ⌘. Then, we have q
p

2
- q0. Let

us check that (x0, q0) 2 R. From equation (2.8),

|V (x0, q0)� V (x0,x(⌧
s

, q, p))|  �(kq0 � x(⌧
s

, q, p))k)  �(⌘).

It follows that

V (x0, q0)  V (x0,x(⌧
s

, q, p)) + �(⌘) = V (x(⌧
s

, x, p),x(⌧
s

, q, p)) + �(⌘)
 e�⌧

sV (x, q) + �(⌘)(4.2)

because V is a �-GAS Lyapunov function for subsystem ⌃
p

. Then, from equation (4.1) and since �
is a K1 function,

V (x0, q0)  e�⌧

s↵(") + �(⌘)  ↵(").

Hence, (x0, q0) 2 R. In a similar way, we can prove that, for all q
p

2
- q0, there is x

p

1
- x0 such

that (x0, q0) 2 R. Hence R is an "-approximate bisimulation relation between T
⌧

(⌃) and T
⌧,⌘

(⌃).

By definition of I2 = [Rn]
⌘

, for all x 2 I1 = Rn, there exists q 2 I2 such that kx� qk  ⌘. Then,

V (x, q)  ↵(kx� qk)  ↵(⌘)  ↵(")

because of equation (4.1) and ↵ is a K1 function. Hence, (x, q) 2 R. Conversely, for all q 2 I2,
x = q 2 Rn = I1, then V (x, q) = 0 and (x, q) 2 R. Therefore, T

⌧

s

(⌃) and T
⌧

s

,⌘

(⌃) are approximately
bisimilar with precision ". ⇤

Discrete verification, 
synthesis, supervisory control, 

…
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Outline
The approximate bisimulation workflow
Our use: delays in switched systems

Simper setting ➜ applicability
Technical contributions
Two-step synthesis, via state-space 
discretization
Case study
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Time Delays in Control
Networked control, IoT, …
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Time Delays in Control
Networked control, IoT, …

Cloud control
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Switched System
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Def. 
 A switched system is a quadruple                   

•    : state space 
•                     : finite set of modes 
•                  : the set of switching signals 

    (piecewise constant functions that are  
    continuous from the right and non-Zeno) 

•                         : a set of functions 
(                  for each mode p )

Rn

P ✓ R+ ! P

F = {f1, · · · , fm}
fp : Rn ! Rn

(Rn, P,P, F )

P = {1, · · · ,m}

Notation 

   : mode 
   : switching signal
p

p

ẋ = fp(x)
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Trajectory of Switched Systems
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Given a switching signal   , 

•              behaves according to                     

while             . 

•              is continuous even at switching

x(t) 2 Rn

x(t) 2 Rn

ẋ(t) = fp(x(t))

p

p(t) = p
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Periodic Switched Systems
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cf. [Al Khatib et al., HSCC’16]

Periodic: k-th switching occurs at 
t = k⌧ (k 2 N)

Nearly periodic: k-th switching occurs at 

Our assumption: 
Switching delays do not accumulate

t

kτ (k+1)τ (k+2)τ

≤δ0≤δ0≤δ0

t 2 [k⌧, k⌧ + �0] (k 2 N)
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Periodic Switched Systems
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cf. [Al Khatib et al., HSCC’16]

Periodic: k-th switching occurs at 
t = k⌧ (k 2 N)

Nearly periodic: k-th switching occurs at 

Our assumption: 
Switching delays do not accumulate

t

kτ (k+1)τ (k+2)τ

≤δ0≤δ0≤δ0

t 2 [k⌧, k⌧ + �0] (k 2 N)

Controller

Plant

sensoractuator

exactly kτ≤δ0
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Switched System with Actuation Delays
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t

ẋ = f2(x)

ẋ = f1(x)

τ 2τ 3τ 4τ

≤δ0 ≤δ0 ≤δ0 ≤δ0 Ideal, without delay

Actual, with delay
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ẋ = f2(x)

ẋ = f1(x)

tτ 2τ 3τ 4τ

≤δ0 ≤δ0 ≤δ0 ≤δ0
Ideal, without delay

Actual, with delay
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ẋ = f2(x)

ẋ = f1(x)

tτ 2τ 3τ 4τ

≤δ0 ≤δ0 ≤δ0 ≤δ0
Ideal, without delay

Actual, with delay

Thm.  If the switched system has a common δ-GAS 
Lyapunov function V, then the gap (L∞ dist.,    ) is bounded by 
 
 
 
Here α, κ, ν are param’s of the dynamics and  V.

↵�1

✓
⌫�0

1 � e�(⌧��0)

◆
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ẋ = f2(x)

ẋ = f1(x)

tτ 2τ 3τ 4τ

≤δ0 ≤δ0 ≤δ0 ≤δ0
Ideal, without delay

Actual, with delay

Thm.  If the switched system has a common δ-GAS 
Lyapunov function V, then the gap (L∞ dist.,    ) is bounded by 
 
 
 
Here α, κ, ν are param’s of the dynamics and  V.

↵�1

✓
⌫�0

1 � e�(⌧��0)

◆
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No accumulation  
of 
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Ti = (Qi, L,��!
i

, O,Hi) for i = 1, 2

(O equipped with a metric d)

                   is an ε-
approximate bisimulation 

relation between     and     if 
for all                 ,

Def.

d(H1(q1), H2(q2))  ✏

8q1
l�!
1

q01, 9q2
l�!
2

q02, s.t. (q01, q
0
2) 2 R

T1 T2

•   

•   

•

(q1, q2) 2 R"

T1 T2

l l

 [Girard & Pappas, IEEE Transactions on Automatic Control’07]

8q2
l�!
2

q02, 9q1
l�!
1

q01, s.t. (q01, q
0
2) 2 R

R" ✓ Q1 ⇥Q2

"

"

R"

R"
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Ti = (Qi, L,��!
i

, O,Hi) for i = 1, 2

(O equipped with a metric d)

                   is an ε-
approximate bisimulation 

relation between     and     if 
for all                 ,

Def.

d(H1(q1), H2(q2))  ✏

8q1
l�!
1

q01, 9q2
l�!
2

q02, s.t. (q01, q
0
2) 2 R

T1 T2

•   

•   

•

(q1, q2) 2 R"

T1 T2

l l

 [Girard & Pappas, IEEE Transactions on Automatic Control’07]

8q2
l�!
2

q02, 9q1
l�!
1

q01, s.t. (q01, q
0
2) 2 R

R" ✓ Q1 ⇥Q2

"

"

R"

R"

Our proof is by approximate 
bisimulation…

Key: what are states q1, q2?
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Transition Systems for Switched Systems

T (⌃⌧,�0)

R✏

R✏

delayed system delay-free model

p p

T (⌃⌧ )
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Transition Systems for Switched Systems

T (⌃⌧,�0)

R✏

R✏

delayed system delay-free model

p p

T (⌃⌧ )

(x0
, k⌧, p)

(x(⌧, x0
, p), (k + 1)⌧, p0)

L = P
O = Rn ⇥ R+ ⇥ P
H : canonical embedding
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Transition Systems for Switched Systems

T (⌃⌧,�0)

R✏

R✏

delayed system delay-free model

p p

T (⌃⌧ )

(x0
, k⌧, p)

(x(⌧, x0
, p), (k + 1)⌧, p0)

L = P
O = Rn ⇥ R+ ⇥ P
H : canonical embedding

States are switching 
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After rescaling, a common Lyapunov func. is found  
[GirardPT’10]

Now with  
we use our main theorem to derive the error bound  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Actual system T (⌃
⌧,�0)

A continuous-space switched sys-
tem with nearly periodic switch-
ing, with delays within �

0

> 0

⇠

"1
approximately bisimilar

(this work)

A switching signal
for ⌃

⌧,�0 with preci-
sion "

1

+ "
2

Delay-free abstraction T (⌃
⌧

)
A continuous-space switched
system with periodic switching
signals, with no switching delays

⇠

"2 approximately bisimilar

A switching signal
for ⌃

⌧

with preci-
sion "

2

Symbolic abstraction T symb

⌧

A discrete-space transition sys-
tem built as an abstraction of ⌃

⌧

discrete
synthesis

//
A switching signal
for T symb

⌧

Fig. 1. A two-step control synthesis workflow for switched
systems with delays. We separate two concerns: time
delays and state-space discretization. The same sta-
bility assumption on ⌃

⌧

can be used once for all, for
establishing both ⇠

"1 and ⇠

"2 .

that witnesses proximity of their behaviors. The approxi-
mate bisimulation is derived from an incremental stability
assumption of the dynamics of the system ⌃

⌧,�0 (namely
�-GUAS ). More specifically, we present a construction
that turns a Lyapunov-type witness for �-GUAS into an
approximate bisimulation.

Our workflow just described resembles those in existing
works about the use of approximate bisimulation. That is,

• starting from an incrementally stable system T , one
devises an abstraction T abst of the system,

• establishing an approximate bisimulation between T
and T abst out of a Lyapunov-like witness of stability.

• Then the outcome of analysis of T abst (verification,
control synthesis, etc.) can be carried over to the
original system T , modulo the error bounded by the
approximate bisimulation.

One novelty of the current work is that, unlike most
of the existing works that aim at a symbolic (discrete)
abstraction of a state space, our abstraction T abst = ⌃

⌧

is
a temporally idealized system without switching delays.

Lyapunov-like witnesses of stability, for the purpose of
bounding errors caused by time delays, have already been
used in the works by Pola et al. (2010a,b). Compared
to these existing works, the current work is distinguished
in that we rely only on a standard and relatively simple
notion of stability, that does not refer to time delays per
se. Indeed, what we rely on is �-GUAS—the same stability
notion used for state-space discretization in many existing
works. 1 The abundance of analyses of �-GUAS in the
literature (e.g. Girard (2010); Girard et al. (2010); Pola
et al. (2008)) suggests that our use of it is an advantage
when it comes to application to various concrete systems.
See §8 for further discussions on related work.

1 We also identify some additional technical constraints besides �-
GUAS (such as Assumption 5.1) that are unique to the current
setting.

Two-Step Control Synthesis for Switched Systems with De-
lays Even better, our reliance on the standard notion of
�-GUAS enables the following two-step synthesis workflow,
where we combine the current results and those in Girard
et al. (2010). See Fig. 1. Our current results are used to
derive the first error bound "

1

between (the transition
system T (⌃

⌧,�0) derived from) the original system ⌃
⌧,�0 ,

and (the transition system T (⌃
⌧

) derived from) the delay-
free abstraction ⌃

⌧

. The latter system ⌃
⌧

is a delay-free
periodic switched system, to which we can apply the state-
space discretization technique in Girard et al. (2010). We
thus construct a discretized symbolic model T symb

⌧

and es-
tablish the second approximate bisimulation ⇠

"2 in Fig. 1.
The fact that our construction relies on the same stability
assumptions used in Girard et al. (2010) means the follow-
ing: for establishing both of the approximate bisimulations
⇠

"1 and⇠

"2 , we can reuse the same ingredient (namely a �-
GUAS Lyapunov function), instead of finding two di↵erent
Lyapunov functions.

Once we obtain a symbolic model, we can apply to it
various discrete techniques, such as automata-theoretic
synthesis (as in Vardi (1995)), supervisory control of
discrete event systems (as in Ramadge and Wonham
(1987)), algorithmic game theory (as in Arnold et al.
(2003)), etc. This is the horizontal arrow at the bottom
of Fig. 1. The resulting controller (i.e. a switching signal,
in the current setting) is then guaranteed, by the two
approximate bisimulations, to work well with ⌃

⌧

(with
precision "

2

) and with ⌃
⌧,�0 (with precision "

1

+ "
2

). 2

This way we ultimately derive a switching signal for the
original system ⌃

⌧,�0 whose precision "
1

+"
2

is guaranteed.
The workflow in Fig. 1 takes two steps that separate
concerns (namely time delays and discretization of state
spaces). While this two-step approach can potentially lead
to loss of generality (especially in comparison with Pola
et al. (2010a), see §8), it seems to help coping with the
problem’s complexity. We demonstrate our workflow in §7,
where we successfully derive a controller for a boost DC-
DC converter example with additional switching delays.

Contributions Overall, our contributions are summarized
as follows. We present a construction of an approximate
bisimulation between a nearly-periodic switched systems
and its (exactly) periodic approximation. This allows us to
bound the di↵erence between trajectories due to switching
delays. Thanks to our focus on switched systems we can
use a common stability assumption (namely �-GUAS) as
the ingredient of the construction; this allows us to com-
bine the current results with the existing results on sym-
bolic abstraction and control synthesis, leading to a two-
step control synthesis workflow (Fig. 1) where the same
stability analysis derives two approximate bisimulations.

We defer proofs and another example (besides the boost
DC-DC converter in §7) to the appendices.

2. SWITCHED SYSTEMS

The set of nonnegative real numbers is denoted by R+. We
let k k denote the usual Euclidean norm on Rn.

2 Here precision means an upper bound for errors.

Lyapunov 
function

One Lyapunov, 
two approx. bisim

In the boost DC-
DC ex: 
 
ε2 : trade-off 
with grid size

Another example 
in the arxiv ver. 
(nonlinear water 
tank)
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Actual system T (⌃
⌧,�0)

A continuous-space switched sys-
tem with nearly periodic switch-
ing, with delays within �

0

> 0

⇠

"1
approximately bisimilar

(this work)

A switching signal
for ⌃

⌧,�0 with preci-
sion "

1

+ "
2

Delay-free abstraction T (⌃
⌧

)
A continuous-space switched
system with periodic switching
signals, with no switching delays

⇠

"2 approximately bisimilar

A switching signal
for ⌃

⌧

with preci-
sion "

2

Symbolic abstraction T symb

⌧

A discrete-space transition sys-
tem built as an abstraction of ⌃

⌧

discrete
synthesis

//
A switching signal
for T symb

⌧

Fig. 1. A two-step control synthesis workflow for switched
systems with delays. We separate two concerns: time
delays and state-space discretization. The same sta-
bility assumption on ⌃

⌧

can be used once for all, for
establishing both ⇠

"1 and ⇠

"2 .

that witnesses proximity of their behaviors. The approxi-
mate bisimulation is derived from an incremental stability
assumption of the dynamics of the system ⌃

⌧,�0 (namely
�-GUAS ). More specifically, we present a construction
that turns a Lyapunov-type witness for �-GUAS into an
approximate bisimulation.

Our workflow just described resembles those in existing
works about the use of approximate bisimulation. That is,

• starting from an incrementally stable system T , one
devises an abstraction T abst of the system,

• establishing an approximate bisimulation between T
and T abst out of a Lyapunov-like witness of stability.

• Then the outcome of analysis of T abst (verification,
control synthesis, etc.) can be carried over to the
original system T , modulo the error bounded by the
approximate bisimulation.

One novelty of the current work is that, unlike most
of the existing works that aim at a symbolic (discrete)
abstraction of a state space, our abstraction T abst = ⌃

⌧

is
a temporally idealized system without switching delays.

Lyapunov-like witnesses of stability, for the purpose of
bounding errors caused by time delays, have already been
used in the works by Pola et al. (2010a,b). Compared
to these existing works, the current work is distinguished
in that we rely only on a standard and relatively simple
notion of stability, that does not refer to time delays per
se. Indeed, what we rely on is �-GUAS—the same stability
notion used for state-space discretization in many existing
works. 1 The abundance of analyses of �-GUAS in the
literature (e.g. Girard (2010); Girard et al. (2010); Pola
et al. (2008)) suggests that our use of it is an advantage
when it comes to application to various concrete systems.
See §8 for further discussions on related work.

1 We also identify some additional technical constraints besides �-
GUAS (such as Assumption 5.1) that are unique to the current
setting.

Two-Step Control Synthesis for Switched Systems with De-
lays Even better, our reliance on the standard notion of
�-GUAS enables the following two-step synthesis workflow,
where we combine the current results and those in Girard
et al. (2010). See Fig. 1. Our current results are used to
derive the first error bound "

1

between (the transition
system T (⌃

⌧,�0) derived from) the original system ⌃
⌧,�0 ,

and (the transition system T (⌃
⌧

) derived from) the delay-
free abstraction ⌃

⌧

. The latter system ⌃
⌧

is a delay-free
periodic switched system, to which we can apply the state-
space discretization technique in Girard et al. (2010). We
thus construct a discretized symbolic model T symb

⌧

and es-
tablish the second approximate bisimulation ⇠

"2 in Fig. 1.
The fact that our construction relies on the same stability
assumptions used in Girard et al. (2010) means the follow-
ing: for establishing both of the approximate bisimulations
⇠

"1 and⇠

"2 , we can reuse the same ingredient (namely a �-
GUAS Lyapunov function), instead of finding two di↵erent
Lyapunov functions.

Once we obtain a symbolic model, we can apply to it
various discrete techniques, such as automata-theoretic
synthesis (as in Vardi (1995)), supervisory control of
discrete event systems (as in Ramadge and Wonham
(1987)), algorithmic game theory (as in Arnold et al.
(2003)), etc. This is the horizontal arrow at the bottom
of Fig. 1. The resulting controller (i.e. a switching signal,
in the current setting) is then guaranteed, by the two
approximate bisimulations, to work well with ⌃

⌧

(with
precision "

2

) and with ⌃
⌧,�0 (with precision "

1

+ "
2

). 2

This way we ultimately derive a switching signal for the
original system ⌃

⌧,�0 whose precision "
1

+"
2

is guaranteed.
The workflow in Fig. 1 takes two steps that separate
concerns (namely time delays and discretization of state
spaces). While this two-step approach can potentially lead
to loss of generality (especially in comparison with Pola
et al. (2010a), see §8), it seems to help coping with the
problem’s complexity. We demonstrate our workflow in §7,
where we successfully derive a controller for a boost DC-
DC converter example with additional switching delays.

Contributions Overall, our contributions are summarized
as follows. We present a construction of an approximate
bisimulation between a nearly-periodic switched systems
and its (exactly) periodic approximation. This allows us to
bound the di↵erence between trajectories due to switching
delays. Thanks to our focus on switched systems we can
use a common stability assumption (namely �-GUAS) as
the ingredient of the construction; this allows us to com-
bine the current results with the existing results on sym-
bolic abstraction and control synthesis, leading to a two-
step control synthesis workflow (Fig. 1) where the same
stability analysis derives two approximate bisimulations.

We defer proofs and another example (besides the boost
DC-DC converter in §7) to the appendices.

2. SWITCHED SYSTEMS

The set of nonnegative real numbers is denoted by R+. We
let k k denote the usual Euclidean norm on Rn.

2 Here precision means an upper bound for errors.

Lyapunov 
function

One Lyapunov, 
two approx. bisim
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DC ex: 
 
ε2 : trade-off 
with grid size

Another example 
in the arxiv ver. 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tank)
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boost DC-DC converter using the procedure described in Section 4.1. According to Theorem 4.1, a
desired precision " can be achieved by choosing a state space discretization parameter ⌘ satisfying
⌘  "/145. In this example, the ratio between the precision of the symbolic approximation and the
state space discretization parameter is quite large. This is explained by the fact that the subsystems
are quite weakly stable since the value of  is small.

Figure 3. Symbolic model of the boost DC-DC converter for ⌘ = 1
40
p

2
(left); Con-

troller for the symbolic model (right) (dark gray: mode 1, light gray: mode 2, medium
gray: both modes are acceptable, white: uncontrollable states).

We consider two di↵erent values of the precision parameter ". We first choose a precision " = 2.6
which can be achieved by choosing ⌘ = 1

40
p

2
. This precision is quite poor and makes the computed

symbolic model of no practical use. However, it helps to understand the second experiment decribed
further. On Figure 3, the symbolic model of the boost DC-DC converter is shown on the left, red and
blue arrows represent the transitions associated with mode 1 and 2, respectively. We only represented
the transitions that keep the state of the symbolic model in the set I 0 = [1.3, 1.7]⇥ [5.7, 5.8]. Using
supervisory control [RW87], we synthesized the most permissive controller that keeps the state of
the symbolic model inside I 0. It is shown on the right figure, the color of the boxes centered around
the states of the symbolic model gives the corresponding action of the controller: dark and light
gray means that for these states of the symbolic model the controller has to use mode 1 and 2,
respectively; medium gray means that for these states the controller can use either mode 1 or mode
2; white means that from these states there does not exist any switching sequence that keeps the
state of the symbolic model in I 0, i.e. these states are uncontrollable. From this controller, using
the approach presented in [Tab08], one can derive a controller for the boost DC-DC converter that
keeps the state of the switched system in I = [1.3� ", 1.7 + "]⇥ [5.7� ", 5.8 + "]. Clearly, the chosen
precision is too large to make this controller useful from a practical point of view.

The second value we consider for the precision parameter is " = 0.026. This precision can be achieved
by choosing ⌘ = 1

4000
p

2
. We do not show the symbolic model as it has too many states (642001) to

be represented graphically. We repeat the same experiment with this model, the most permissive
controller that keeps the state of the symbolic model in I 0 is shown in Figure 4, on the left. The
computation of the symbolic model and the synthesis of the supervisory controller, implemented
in MATLAB, takes overall less than 60 seconds. From the controller of the symbolic model, we
derive a controller for the boost DC-DC converter that keeps the state of the switched system in

[GirardPT’10]
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