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Hybrid Sysfem

* Flow & jump
* Digital control in a physical environment

* Component of cyber-physical systems
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Hybrid System
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Hybrid System

Formal

verification
(computer science)

e Flow?

e With minimal
cost?

Discrete
\\jumpll
and
Control theory
lied analysi
Continuous applied gnalysly
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Formal Verification
Approaches

* Hybrid automata P2
[Alur, Henzinger, ...; “90s-]

* Differential dynamic logic

[Platzer & others, ‘07-]

[ = 1 while < 3|

* Differential equations, explicitly

=» distinction jump vs. flow
Hasuo (Tokyo)
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* Flow as infinitely many, infinitely small jumps
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“Turn Flow into Jump”

=0T
while (t < 1) do {
t =11 dt

}
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“Turn Flow into Jump”

* Infinitesimal number dt

=10 g | :
while (£ < 1) do { * Olgggi’rfly small” :
} =1 _I_ at for any positive real r
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“Turn Flow into Jump”

% Infinitesimal number dt

t :: O ; W . )
while (t < 1) do { * oI?g:Lfrely small " :
bi=1 _|_ ol for any positive real r

_i._-—» —____ *1=1 after the

execution?
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“Turn Flow into Jump”

% Infinitesimal number dt

t :: O ; W . )
while (£ < 1) do { * Olgggi’rfly small” :
bi=1 _|_ ol for any positive real r

4_3____L _ * t =1 after the

execution?

% Nonstandard analysis!

[Robinson ‘60s]
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Fram ework [Suenaga&H., ICALP11]
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=1 The

Theoretical Bl <tandard

textbook

[Winskel]
Fram ework [Suenaga&H., ICALP11] kgl
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Theoretical

Fram ework [Suenaga&H., ICALP11]
While

Programming lang.

while (t<a) do {
t:=t+1;
if ...

}

" The

standard
| textbook
N [Winskel]
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= The

Theoretical [ standarc

. textbook
F k [Winskel]
ram ewor [Suenaga&H., ICALP11] -
While Assn
Programming lang. First-order assertion
lang.

while (t<a) do {

F;=t+1; 3z (x=2*%z A y=3%*z)
+
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= The

Theoretical 1 standard

: textbook
F k [Winskel]
ram ewor [Suenaga&H., ICALP'11] [ -
While Assn Hoare
Programming lang. First-order assertion | Hoare-style program
lang. logic

while (t<a) do {

ti=t+1; 2z (x=2%z A y=3+z) {ANb}c{A}

if ... {A}while b do c{A A —b}
+
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= The

Theoretical B stoncar

: textbook
F k [Winskel]
f'dm QWOT' [Suenaga&H., ICALP'11] [ -
.y dt dt dt
While Assn Hoare
Programming lang. First-order assertion | Hoare-style program
lang. logic

while (t<a) do {

t:=t+1; 2z (x=2%z A y=3+z) {ANb}c{A}

if ... {A}while b do c{A A —b}
+
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= The

Theoretical | standard

textbook
F k [Winskel]
ram ewor [Suenaga&H., ICALP'11] [ere -
. dt dt dt
While AsSSn Hoare
Programming lang. First-order assertion | Hoare-style program
lang. logic

while (t<a) do {

ti=t+1; 2z (x=2%z A y=3+z) {ANDb}c{A}

if ... {A}while b do c{A A —b}
+

Rigorous semantics by nonstandard analysis
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I The

Theoretical 8l standard

. | textbook
F k =N [Winskel]
ram ewor [Suenaga&H., ICALP11] EE== ”\\;
. dt dt dt
While Assn Hoare
Programming lang. First-order assertion | Hoare-style program
lang. logic

while (t<a) do {

ti=t+1; 2z (x=2%z A y=3*z) {ANDb}c{A}

if ... {A}while b do c{A A —b}
+

Rigorous semantics by nonstandard analysis

- Hoare® : sound and relatively complete
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Static Analysis

Nonstandard Analysis
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Nonstandard Static Analysis

* Towards serious

use of

While®®
Programming lang.

wvhile (t<a) &0 {
Lintel;
U e

)

Theoretical
Framework ... e B

Assndt

First-order assertion
lang.

2z(x=2ez A y=doz)

-”' standard
| textbook

Hoare-style program
logic

{AAb)efA}
{A)vhile b o c{A A ~b)

Rigorous semantics by non-standard analysis

* Hoare™ : sound and relatively complete

* Program verification/static analysis of hybrid systems
+ Actual verification with NSA

_lr——

Hewo (Tokyo)
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Nonstandard Static Analysis

* Towards serious

use OF Theoretical

Framework .

While®®

Assn

wanagoli., 1ICALP 1) BB

dt )

Programming lang. First-order assertion | Hoare-style program

lang.

Az(xwdez A y=3ez)

Rigorous semantics by non-standard analysis
* Hoare™ :sound and relatively complete

* Program verification/static analysis of hybrid systems
* Actual verification with NSA

T —

* Static analysis techniques

to hybrid appl.

“ i

transferred
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Nonstandard Static Analysis

* Towards serious
use OF Theoretical

Framework ... e B

While®® Assn®® Hoare™
Programming lang. First-order assertion | Hoare-style program
ng- logic
------------- {Anb)ef
{A)w bdce

Rigorous semantics by non-standerd anayss 1 EX@CT Iy as th ey are! |
* Hoare™ : sound and relatively complete
* Program verification/static analysis of hybrid systems B R il
+ Actual verification with NSA

% Static analysis techniques fransfered
to hybrid appl.
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Nonstandard Static Analysis

* Towards serious
use OF Theoretical

FrameworkK ... o RS

While®® Assn®® Hoare™
Programming lang. First-order assertion | Hoare-style program
ng logic
Rz(xw2ez A y=3ez) i
{A)w

* Hoare™ :sound and relatively complete

L Rigorous semantics byjaon-slendard analysie o Exac Hy as ’rhey are!

* Program verification/static analysis of hybrid systems
* Actual verification with NSA

* Static analysis techniques transferred
to hybrid appl.

* Leading example: ETCS e .
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Prototype
Automatic Prover
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Prototype
Automatic Prover
P

(Whiledt program)

b

(postcondition)
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Prototype
Automatic Prover

P A
(Whiledt program) =
(precondition)
s.T.
B - {A}P{B}
(postcondition)
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Prototype
Automatic Prover

P A
(Whiledt program) %
VC generator (precondition)
(Frontend, in OCaml) s.t.
B - {A}P{B}
(postcondition)
Symbolic Comp. Engine
(Backend, in Mathematica)
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% Theoretical foundations

*  Whiledt, Assnit, Hoaredt

* Rigorous semantics via NSA

standard

' : = The
u ' n e Theoretical
ook
Framework i, s IS

o dt dt at
While Assn Hoare
Programming lang. First-order assertion | Hoare-style program
lang. logic
while (t<a) do {
Ciwgel; 2z(xe20z A ye3ez) {AAb)e{A)
U Eas {A}uhile bdoc{A A —b)

}

Rigorous semantics by non-standard analysis

* Hoare™ : sound and relatively complete

« Actual verification with NSA

% Transfer principle, “sectionwise lemmas”

* Program verification/static analysis of hybrid systems

Hasuo |

* Static analysis techniques, transferred as they are

* Phase split [sharma,pillig,pilligAiken; CAV'11]

[Balakrishnan,Sankaranarayanan,Ivancic,Gupta; EMSOFT'09] [Gopan,Reps; SAS'07]

kK DiFFerenfial invariant [Platzer,Clarke; CAV'08]

5k

... and more!
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% Theoretical foundations

*  Whiledt, Assnit, Hoaredt

* Rigorous semantics via NSA

Outline

While®®

Programming lang.

while (t<a) do {

- | GRS
}

Theoretical
Fram ework [Swenaga&H., ICALP1I

Assndt

First-order assertion
lang.

RZ(x=2ez A y=3ez)

w/ or w/o dt ..

% Transfer principle, “sectionwise lemmas”

= The
standard
/ textbook
™ [\Winskel]

Hoaredt

Hoare-style program
logic

{AADB)e{A)
{A}uhile bdoc{A A —b)

=¥ logically "the same”

* Static analysis techniques, transferred as they are

* Phase split [sharma,pillig,pilligAiken; CAV'11]
[Balakrishnan,Sankaranarayanan,Ivancic,Gupta; EMSOFT'09] [Gopan,Reps; SAS'07]

b 3 DiFFerenfial invariant [Platzer,Clarke; CAV'08]
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Part I:
Theoretical
Foundations




Nonstandard Analysis

* Analysis with an infinitesimal 9, e.g.

f is continuous <—

|l — a’| is infinitesimal

—> |f(x) — f(«’)| is infinitesimal |
——SR

_i $

* Done naively =» contradiction! o
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Nonstandard Analysis

* Analysis with an infinitesimal 9, e. [ “Infinitely small”

Far i 0<o<r
1S continuous <—>
(VT‘ & R_|_)
|l — a’| is infinitesimal ————————
—> |f(x) — f(«’)| is infinitesimal |

* Done naively =» contradiction! o
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Nonstandard Analysis

* Analysis with an infinitesimal 9, e.g. “Inﬁ-r.lifelysmalAl".

Ay i 0<o<r
1S continuous <—
(VT‘ & R_|_)
|z — x| is infinitesimal s —————
—> |f(x) — f(«’)| is infinitesimal |

T — — 0.6}

* Done naively =¥ contradiction!

Logical foundation via an ultrafilter
[Robinson,1960]

Hesue (Tokyo)
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Hyperreals

= Reals + Infinitesimals + ...

Defn.
The set of hyperreal numbers is

*R := RY/ ~x

B ———
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Defn.
The set of hyperreal numbers is
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Hyperreals

= Reals + Infinitesimals + ...

Defn.
The set of hyperreal numbers is

R e RN/%‘;NJ::} ) [(ag,al,aQ,...)}

—9norg
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Hyperreals

= Reals + Infinitesimals + ...

Defn.
The set of hyperreal numbers is
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Hyperreals

= Reals + Infinitesimals + ...

Defn.
The set of hyperreal numbers is

R RN/'N}" ) [(a07a19a27---)}

* Operations: kb L]
. . -+ j(bo,bl,...)}
sectionwise e e b Y

Hasuo (Tokyo)




Hyperreals

= Reals + Infinitesimals + ...
Dein.

The set of hyperreal numbers is

R e RN/ o~ E ) [(ao,al,az,...)}

* Operations: by ekb L]
sectionwise T EZ‘:?;)O;;{L b1,...)]
%k Reals are R% R,
hyperreals r—= [(ryry...)]

L — ——— Hasuo (Tokyo)
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Hyperreals

= Reals + Infinitesimals + ...

Defn.
The set of hyperreal numbers is

‘R := RY/ ~z 3 |(ao,a1,0a2,...) |
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Hyperreals

= Reals + Infinitesimals + ...

Defn.
The set of hyperreal numbers is

‘R := RY/ ~z 3 |(ao,a1,0a2,...) |

* Predicates:
sectionwise,

“for almost all i”
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Hyperreals

= Reals + Infinitesimals + ...

Defn.

The set of hyperreal numbers is

*R := R/ ~x 3 | (ao,a1,a2,...

* Predicates:
sectionwise,

“for almost all i”

-y
L

i
W
I

' "For sufficiently large i”
- "Except for finitely many i”

Hasuo (Tokyo)
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Hyperreals

= Reals + Infinitesimals + ...

Defn.
The set of hyperreal numbers is

‘R := RY/ ~z 3 |(ao,a1,0a2,...) |

I J_P—— B )

. (ai)ien] < [(bi)ien]
* Predicates: = Ha; < b “for almost every 2”

sectionwise, — {ieN]a; £ b} Iis finite
“for almost all i”  wwww——o ——

' “For sufficiently large i” :

:
W
N

' "Except for finitely many i”
T R Hasuo (Tokyo)
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Hyperreals

= Reals + Infinitesimals + ...

Defn.

The set of hyperreal numbers is

*R :— RN/ ~r O [(ao,al,az,..

* Predicates:
sectionwise,

“for almost all i”

F

' “For sufficiently large i* |
LW

- "Except for finitely many i” ,

)|

(ai)ien| < [(bi)ien]

= @ <b;

“for almost every 2”

< {’L e N | a; £ bz} is finite

Precise defn. is via an ultrafilter F :

[(ai)ien] < [(bi)ien]
<— {t1€N|ag; <b;}eF

I —

Thursday, July 12, 12
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Hyperreals
= Reals + Infinitesimals + ...

Dein.
a;)q < bz i
The set of hyperreal numbers is {( ) EN] [( ) EN]

<—> a; < b; “for almost every 2”
R := RY/ ~x < {i€N]|a; £ b;} is finite
S — T — I —
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Hyperreals
= Reals + Infinitesimals + ...

Dein.
a;)q < bz i
The set of hyperreal numbers is [( ) EN] [( ) EN]

<—> a; < b; “for almost every 2”
R := RY/ ~x < {i€N]|a; £ b;} is finite
R — ——— I ——

,+ .+ ) | is infinitesimal.
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Hyperreals
= Reals + Infinitesimals + ...

Defn.
a;)i < [(b;)4
The set of hyperreal numbers is [( ) EN] [( ) GN]

<—> a; < b; “for almost every 2”
R := RY/ ~x < {i€N]|a; £ b;} is finite
T — C— ——

,+..) | is infinitesimal.

=) T 1 1
Tl P BC S, yoes)
2’ 3 NN
1_(111 11 \
N INAENEENE S EN dmnEm
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Hyperreals
= Reals + Infinitesimals + ...

Defn.
a;)i < [(b;)4
The set of hyperreal numbers is [( ) EN] [( ) GN]

<—> a; < b; “for almost every 2”
R := RY/ ~x < {i€N]|a; £ b;} is finite
T — C— ——

,+..) | is infinitesimal.
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Hyperreals
= Reals + Infinitesimals + ...

Defn.
a;)i < [(b;)4
The set of hyperreal numbers is [( ) EN] [( ) GN]

<—> a; < b; “for almost every 2”
R := RY/ ~x < {i€N]|a; £ b;} is finite
T — C— ——

o 11 TR
Prop. 1wt — [(1, 5 5’)] is infinitesimal.
1 1 )
,N, N—I—l, . o
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Hyperreals
= Reals + Infinitesimals + ...

Defn.
a;)i < [(b;)4
The set of hyperreal numbers is [( ) EN] [( ) GN]

<—> a; < b; “for almost every 2”
R := RY/ ~x < {i€N]|a; £ b;} is finite
T — C— ——

o 11 TR
Prop. 1wt — [(1, 5 5’)] is infinitesimal.
1 1 )
,N, N—I—l, . o
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Hyperreals
= Reals + Infinitesimals + ...

Defn.
a;)i < [(b;)4
The set of hyperreal numbers is [( ) EN] [( ) GN]

<—> a; < b; “for almost every 2”
R := RY/ ~x < {i€N]|a; £ b;} is finite
T — C— ——

,+..) | is infinitesimal.

1 1
R N

:

1
7N7N 9 jolel e
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Hyperreals
= Reals + Infinitesimals + ...

Defn.
a;)i < [(b;)4
The set of hyperreal numbers is [( ) EN] [( ) GN]

<—> a; < b; “for almost every 2”
R := RY/ ~x < {i€N]|a; £ b;} is finite
T — C— ——

o 11 TR
Prop. 1wt — [(1,5,5,...)] is infinitesimal.

| ] | 1 1

e — (e e )
tors N N +1
%%% % v

1 ma (1 1 1 1 )

N_ N? N? ,N,N > i 1
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Hyperreals
= Reals + Infinitesimals + ...

Defn.
a;)i < [(b;)4
The set of hyperreal numbers is [( ) EN] [( ) GN]

<—> a; < b; “for almost every 2”
R := RY/ ~x < {i€N]|a; £ b;} is finite
T — C— ——

o 11 TR
Prop. 1wt — [(1,5,5,...)] is infinitesimal.
| ] | 1 1
e — (e e )
tors N N +1
%%ﬁ kX v v
1 ma (1 1 1 1 )
N_ N? N? ,N,N > i 1
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Hyperreals
= Reals + Infinitesimals + ...

Defn.
a;)i < [(b;)4
The set of hyperreal numbers is [( ) EN] [( ) GN]

<—> a; < b; “for almost every 2”
R := RY/ ~x < {i€N]|a; £ b;} is finite
T — C— ——

o 11 TR
Prop. 1wt — [(1,5,5,...)] is infinitesimal.
| ] | 1 1
e — (e e )
tors N N +1
&m % v -
1 ma (1 1 1 1 )
N_ N? N? ,N,N > i 1
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Hyperreals

= Reals + Infinitesimals + ...

Defn.
The set of hyperreal numbers is [( Z)ZEN] [( z)ZEN] :
=g T 1 “for almost every 2”
RE=RV~r < {i€N|a; £b;} is finite
— L — —————C

,+..) | is infinitesimal.

1 1
N
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Hyperreals

= Reals + Infinitesimals + ...

Dein.

The set of hyperreal numbers is [(ai)iEN} < [(bi)ieN]
R = RY/ ~og <~ {ieN|a;<b}ecF
) : l:d;—i *
R —— e

Hasuo (Tokyo)
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Defn.

[ U lf ﬁ lt An ultrafilter F C P(N) is such that:
ra e r 1. For each X C N, exactly one of

i
X and N\ X
Hype: (existence by AC) fo it 57

2. X,YEF=XNYEF

= Reals + Inf e
%

S I = = = = = N R
Defn. P |
The set of hyperreal numbers is.~" [(ai)ien] < [(bi)ien] ¢
R = B A bbb,

Hasuo (Tokyo)
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Defn.

[ U lf ﬁ lf An ultrafilter F C P(N) is such that:
ra e r 1. For each X C N, exactly one of

i
X and N\ X
Hype: (existence by AC) is in .

2. X,YEF=XNYEF

= Reals + Inf e
$

Il I = I H = = SIS

Defn.
The set of hyperreal numbers is_ [(ai)iEN} < [(bi)iEN}
R = RV 5 <~ {ieN|a;<b}EF

Thm. (Transfer Principle)

A: a first-order formula.
*A: its x-transform. Then

R A e R A

Hasuo (Tokyo)
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Defn.

[ U lf ﬁ lf An ultrafilter F C P(N) is such that:
ra e r 1. For each X C N, exactly one of

i
X and N\ X
Hype: (existence by AC) b o 7.

2. X, YeF=XNY ecF

= Reals + Inf e
%

Il I = I H = = SIS

Defn.
The set of hyperreal numbers is .~ (a:)ien] < [(bi)ien]
R = RV 5 <~ {ieN|a;<b}EF

Thm. (Transfer Principle)

A: a first-order formula.
~A: its x-transform. Then

R A e R A

S —

Same as A, except:
Vre€R inA is
Ve € *R in *A
Hasuo (Tokyo)
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Defn.
[ U lf ﬁ lf An ultrafilter F C P(N) is such that:
ra e r 1. For each X C N, exactly one of

i
X and N\ X
Hype: (existence by AC) fofin &2

2. X,YEF=XNYEF

= Reals + Inf e
%

I O I EYRTE  eETms
Defn.
The set of hyperreal numbers is..» [(ai)iEN} < [(bi)iEN}

R = RN/N}- <— {i1€N|a;<b;}eEF

—

Thm. (Transfer Principle)

A: a first-order formula.
~A: its x-transform. Then

R A e R A

Same as A, except: I - m m Em EmEmmm
Ve € "R in *A . . |
1 logically the same”
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= The

Theoretical | standard

textbook
F k [Winskel]
ram ewor [Suenaga&H., ICALP'11] [ere -
. dt dt dt
While AsSSn Hoare
Programming lang. First-order assertion | Hoare-style program
lang. logic

while (t<a) do {

ti=t+1; 2z (x=2%z A y=3+z) {ANDb}c{A}

if ... {A}while b do c{A A —b}
+

Rigorous semantics by nonstandard analysis

Hasuo (Tokyo)

Thursday, July 12, 12



"= Syntax
" While“® *
L____-IAExpB a = x| c.| ayaopas | dt
where c,. is a const. for » € R, aop € {4+, —,-, ", /}
BExp > b = true | false | by Abs | 2b | a1 < as
Cmd > c = skip | x :=a | c15¢2

| if b then ¢y else ¢ | while bdo ¢

i Assndt [
L. ___'"A = true | false | Ay AN Az | mA | a1 < as |

Vr € *N.A |V € *R. A

-----\

‘ Hoaredt |

B = = = m P

(ASSIGN)

{A} skip (4] )
{A}c1{C} {C}c2{B}
{A} c15¢c2{B}
{AAb}c{A}
{A} while b do c{A A —b}

L — — e ——

{Ala/z] }  := a {A}

{AAb}ci {B} {A A -b}c:{B} (IF)
{A} if b then c; else c3 {B}
A=A {A'}c¢{B'} EB =B
1A} c{B}

(SEQ)

(WHILE)

(CONSEQ)
Tokyo)
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[ 1

: Whiledt !

Syntax

O E EEEmEe

AExp > a = x| cr|aaopag | dt

where c, is a const. for r € R, aop € {4+, —,-,", /}
BExp > b = true | false | by Abs | =b | a1 < as
Cmd 2> c = skip | x :=a | c1;5¢2

| if b then ¢y else cp | while b do c

B R E m m P —

{A} skip {A}
{A}c1{C} {C}c2{B}
{A} ci5c2{B}

{AANb}c{A}
{A} while b do c{A A —b}

L ————— R —

(ASSIGN)

(SKP) {Ala/z] }  := a {A}

{A} if b then c; else c3 {B}
A=A {A'}c¢{B'} EB =B
{A}c{B}

(SEQ)

(WHILE)

(CONSEQ)
Tokyo)
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' \
: Whiledt :

O EmE EEEmE.

AExp 5 a =

where c, is a const. for r € R, aop’ Fy—y 5/}
BExp > b = true | false | by Abs | =b | a1 < as
Cmd 2> C = skip | x :=a | c1;5¢2

| if b then ¢y else cp | while b do c

R Em m m P
{A} skip{A}
{A} e {C} {C}c2{B}

{A} ci5c2 {B}

{AANb}c{A}
{A} while b do c{A A —b}

e ——

(ASSIGN)

(SKP) {Ala/z] }  := a {A}

{A} if b then c; else c3 {B}
A=A {A'}c¢{B'} EB =B
{A}c{B}

(SEQ)

(WHILE)

(CONSEQ)
Tokyo)
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¢~~~ 7+ While +dt
: Whiledt !

O E EEEmEe

AExp 5 a =

where c,. is a const. for r € R, aoyf Fy =55/}
BExp > b = true | false | by Abs | =b | a1 < as
Cmd 2> C = skip | x :=a | c1;5¢2

| if b then ¢y else cp | while b do c

R Em m m P
{A} skip{A}
{A} e {C} {C}c2{B}

{A} ci5c2 {B}

{AANb}c{A}
{A} while b do c{A A —b}

(ASSIGN)

(SKP) {Ala/z] }  := a {A}

{A} if b then c; else c3 {B}
A=A {A'}c¢{B'} EB =B
{A}c{B}

(SEQ)

(WHILE)

(CONSEQ)
Tokyo)
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' * © While +dt
: Whiledt *

"AExp > a = x| c.| ayaopas | dt

Syntax

QO EmE E EE.

where c,. is a const. for r € R, aop € {+,—,-,", /}
BExp > b = true | false | by Abs | =b | a1 < as
Cmd > c = skip | x :=a | c15¢2

| if b then c; else ¢ | while b do ¢

1 ‘A&f“SIldI; 0
“_____'"Aa = true | false | Ay AN Az | mA | a1 < as |

Ve € *N. A | Vx € *R. A

NS

-----\

[ §

: Hoaredt

B = = = m P

(ASSIGN)

{A} skip (4] )
{A}c1{C} {C}c2{B}
{A} c15¢c2{B}
{AAb}c{A}
{A} while b do c{A A —b}

L —— R —

{Ala/z] }  := a {A}

{A} if b then c; else c3 {B}
A=A {A'}c¢{B'} EB =B
{A}c{B}

(SEQ)

(WHILE)

(CONSEQ)
Tokyo)
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' * © While +dt
" Whiledt *

. AExp > a
where c, is a const. for r € R, aopé {+,— "/}

BExp > b = true | false | by Abs | =b | a1 < as

Cmd > c = skip | x :=a | c15¢2
| if b then c; else ¢ | while b do ¢

Q----'

T T ——

—
Il B = = =

 {
i Assndt [
“_____'"Aa = true | false | Ay AN Az | mA | a1 < as |

Vr € *N.A |V € *R. A

-----\

[ §

: Hoaredt

B = = = m P

(ASSIGN)

{A} skip (4] )
{A}c1{C} {C}c2{B}
{A} c15¢c2{B}
{AAb}c{A}
{A} while b do c{A A —b}

- ———

{Ala/z] }  := a {A}

{AAb}ci {B} {A A -b}c:{B} (IF)
{A} if b then c; else c3 {B}
A=A {A'}c¢{B'} EB =B
1A} c{B}

(SEQ)

(WHILE)

(CONSEQ)
Tokyo)
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' * © While +dt
" Whiledt *

. AExp > a
where c, is a const. for r € R, aOpE {+,— "/}

BExp > b = true | false | by A bz | =b | a1 < a-

Cmd > c = skip | x :=a | c15¢2
| if b then c; else ¢ | while bdo c

Q----'

 {
i ‘A&f“SIldI; [
w._____A = true | false | Ay AN Az | mA | a1 < as |

Ve € *N. A | Vx € *R. A

NS

-----\

[ §

: Hoaredt

B = = = m P

(ASSIGN)

{A} skip (4] )
{A}c1{C} {C}c2{B}
{A} c15¢c2{B}
{AAb}c{A}
{A} while b do c{A A —b}

L —— R —

{Ala/z] }  := a {A}

{A} if b then c; else c3 {B}
A=A {A'}c¢{B'} EB =B
{A}c{B}

(SEQ)

(WHILE)

(CONSEQ)
Tokyo)
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' * © While +dt
" Whiledt *

. AExp > a
where c, is a const. for r € R, adpE {+,— "/}

BExp > b = true | false | by A bz | =b | a1 < a-

Cmd > c = skip | ®x :=a | c15¢c2
| if b then c; else ¢ | while bdo c

ﬁ----'

e L S e S

true | false | Ay A Az | 7A | a1 < a2
Ve € *N. A | Vx € *R. A

m = = = =
{A} skip{A}
{A} e {C} {C}c2{B}

{A} ci5c2 {B}

{AANb}c{A}
{A} while b do c{A A —b}

S ————

(ASSIGN)

(SKP) {Ala/z] }  := a {A}

{A} if b then c; else c3 {B}
A=A {A'}c¢{B'} EB =B
{A}c{B}

(SEQ)

(WHILE)

(CONSEQ)
Tokyo)
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' * © While +dt
" Whiledt *

. AExp > a
where c, is a const. for r € R, adpE {+,— "/}

BExp > b = true | false | by A bz | =b | a1 < a-

Cmd > c = skip | ®x :=a | c15¢c2
| if b then c; else ¢ | while bdo c

Q----'

true | false | Ay A Az | 7A | a1 < a2
JeeN.-Alyz € 'R- 4

(ASSIGN)

(SKi1P)

{A} skip {A}
{A}c1{C} {C}c2{B}
{A} ci5c2{B}

{AANb}c{A}
{A} while b do c{A A —b}

e —

{Ala/z] }  := a {A}

{A} if b then c; else c3 {B}
A=A {A'}c¢{B'} EB =B
{A}c{B}

(SEQ)

(WHILE)

(CONSEQ)
Tokyo)
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' * © While +dt
" Whiledt *

. AExp > a
where c, is a const. for r € R, adpE {+,— "/}

BExp > b = true | false | by A bz | =b | a1 < a-

Cmd > c = skip | ®x :=a | c15¢c2
| if b then c; else ¢ | while bdo c

ﬁ----'

AsSn, *-transformed

true | false | Ay A Az | 7A | a1 < a2
JeeN.-Alyz € 'R- 4

(ASSIGN)

(SKi1P)

{A} skip {A}
{A}c1{C} {C}c2{B}
{A} ci5c2{B}

{AANb}c{A}
{A} while b do c{A A —b}

e ——

{Ala/z] }  := a {A}

{A} if b then c; else c3 {B}
A=A {A'}c¢{B'} EB =B
{A}c{B}

(SEQ)

(WHILE)

(CONSEQ)
Tokyo)
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' * © While +dt
" Whiledt *

. AExp > a
where c, is a const. for r € R, adpE {+,— "/}

BExp > b = true | false | by A bz | =b | a1 < a-

Cmd > c = skip | ®x :=a | c15¢c2
| if b then c; else ¢ | while bdo c

ﬁ----'

I Agspdt ! Assn, *-transformed
. __ A = true | false | Ay AN A | "A | a1 < az |

Ve € *N. A | Vx € *R. A

-----\

[ §

: Hoaredt

B = = = m P

(ASSIGN)

{A} skip (4] )
{A}c1{C} {C}c2{B}
{A} c15¢c2{B}
{AAb}c{A}
{A} while b do c{A A —b}

S ————

{Ala/z] }  := a {A}

{A} if b then c; else c3 {B}
A=A {A'}c¢{B'} EB =B
{A}c{B}

(SEQ)

(WHILE)

(CONSEQ)
Tokyo)

Thursday, July 12, 12



' * © While +dt
" Whiledt *

. AExp > a
where c, is a const. for r € R, adpE {+,— "/}

BExp > b = true | false | by A bz | =b | a1 < a-

Cmd > c = skip | ®x :=a | c15¢c2
| if b then c; else ¢ | while bdo c

ﬁ----'

I Agspdt ! Assn, *-transformed
w A u= true | false | Ay AN A | "A | a1 < az |

Ve € *N. A | Vx € *R. A

-----\

[ §

: Hoaredt

- Em s — —

(ASSIGN)

{A} skip (4] )
{A}c1{C} {C}c2{B}
{A} c15¢c2{B}
{AAb}c{A}
{A} while b do c{A A —b}

S ————

{Ala/z] }  := a {A}

{A} if b then c; else c3 {B}
A=A {A'}c¢{B'} EB =B
{A}c{B}

(SEQ)

(WHILE)

(CONSEQ)
Tokyo)
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¢~~~ 7+ While +dt
" Whiledt *

IAEXp > a = dt
where c,. is a const. for r € R, aopE {+,—,-,",/}

BExp 2 b = true | false | by Abs | =b | a1 < as
SKIP
( ) { Ala/x] } ¢ := a {A}

{A} 1 {C} {C}cx{B} {AAb}c, {B} {AAN-b}c:{B} (Tr)
{A}ci5c2 {B} {A}if b then c; else c3 {B}
{AANDb}c{A} — A= A" {A'}c¢{B’'} =B =B
TATwhile bdoc{A A —b] " HILE) (A} ¢ {B}

ﬁ----'

(ASSIGN)

{A} skip{A}

(SEQ)

(CONSEQ)

[ §

: Hoaredt

B m = = m P

Hasuo (Tokyo)
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¢~~~ 7+ While +dt
" Whiledt *

IAEXp > a = dt
where c,. is a const. for r € R, aopE {+,—,-,",/}

BExp 2 b = true | false | by Abs | =b | a1 < as
SKIP
( ) { Ala/x] } ¢ := a {A}

{AAbtcy {B} {AA-b}cs{B}
{A}if b then c; else c3 {B}

ﬁ-----

. (ASSIGN)
{A} skip {A}

{A}c {C} {C}c2{B}
{A}ci;c2{B}

{AADB}c{A)} _ A= A’ {A)c{B'} =B =B

(SEQ) (Ir)

{A}while bdo c{A A b} (WHILE) {A} c{B} (CONSEQ)
== ===
' Hoare®* Precisely the same rules

= = = = m

Hasuo (Tokyo)
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While + dt

Whiledt
AExp > a —
where ¢, is a const. for r € R, adpE {+,—,-,",/}
BExp > b = true | false | by A bz | =b | a1 < a-
Cmd > c = skip | ®x :=a | c15¢c2
| if b then ¢y else ¢y | while bdo ¢
Asspdt AsSSn, *-transformed
A n= true | false | A1 A Az | 7A | a1 < as |
Ve € *N. A | Vx € *R. A
N
Hoaredt Precisely the same rules
{A} skip {A} (SKiP) { Ala/z] }  := a {A} (ASSIGN)

{A} e {C} {C}c2{Bj}
{A} c15c2{B}
{AANb}c{A}
{A} while bdo c{A A b}

{A} if b then c; else co {B}
A=A {A'}c{B'} =B =B
{A}c{B}

(SEQ)

(WHILE)

(CONSEQ)
Tokyo)
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' * © While +dt
" Whiledt *

. AExp > a
where c, is a const. for r € R, adpE {+,— "/}

ﬁ----'

BExp > b = true | false | by A bz | =b | a1 < a-
// ey, Cmd 3 c u=  skip|z:i=alcje
/ Th e 7 | if b then ¢y else ¢ | while bdo ¢
| m . T, .

ru] el

CO @ 1

. Dlete > are SOun,J -

" B ~_ al]d

| Hoare®® | €lats,

] b R e /Q /
{A}skip{A} (Sktp) {A[a/w] }:c - : S— ) /’

{A} e {C} {C}c2{Bj}
{A} c15c2{B}
{AANb}c{A}
{A}while bdo c{A A b}

B —

{A} if b then c; else c; {B}
A=A {A'}c{B'} =B =B
{A}c{B}

(SEQ)

(WHILE)

(CONSEQ)
Tokyo)
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Denotational Semantics

% Execute sectionwise and
bundle up the outcomes!

LV .9 B
while (t < 1)
=t rtde

Hasuo (Tokyo)




Denotational Semantics

% Execute sectionwise and
bundle up the outcomes!

LV .9 B
while (t < 1)
=t rtdE

Hasuo (Tokyo)




Denotational Semantics

% Execute sectionwise and
bundle up the outcomes!

T =0 OO
whille Gt <t dr ey

oy

| A R o +(17 59 gv) ;

T —— —

Hasuo (Tokyo)
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Denotational Semantics

% Execute sectionwise and
bundle up the outcomes!

Oth section 1st section 2nd section
=0 b 1 e 01 t := 0;
while (t < 1) while (t < 1) while (<)
1 1
= + o o= = = o= =TT (P
t t 1 [y t t 5 3 t t 3

Hasuo (Tokyo)
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Denotational Semantics

% Execute sectionwise and
bundle up the outcomes!

Oth section 1st section 2nd section

Tree=—0: b 1 e 01 t := 0;
while (t < 1) while (t < 1) while (<110

1 1

A A Y [ t:=t+§; t:=t+§;

Hasuo (Tokyo)




Denotational Semantics

% Execute sectionwise and
bundle up the outcomes!

T =0 OO
whille Gt <t dr ey

1A |
t :=t+(17 59 57“');
SH=HE AR D

P *

Hasuo (Tokyo)

Thursday, July 12, 12



Denotational Semantics

% Execute sectionwise and
bundle up the outcomes!

LV .9 B
while (t < 1)
=t rtdE

t=1

“
—*

P
P——

Hasuo (Tokyo)




Denotational Semantics

[x]o = o(x) lcr]Jlo = 1r foreachr €R

|1 aop as]loc := J|ai]o aop [az]o

[dt]o =S EEnmE =31 IRE S uaua ¥ B AN = = bR i
[true]o =% [false]|o := ff

|1 == (1,2]]0' == [[al]]a' < [[(1,2]]0'

[skip]loe = o [z :=a]o := o|z+— [a]o] [ersea]loe = [e2]([ei]o)

[ci]o if [b]lo = tt
lca]o  if [b]o = ff

[if b then c; else ca]o := {

[while b do c]o := ( | (while b do ¢)|; [ (o]:) >ieN

Hasuo (Tokyo)
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Denotational Semantics

[x]o = o(x) lcr]Jlo = 1r foreachr €R

|1 aop as]loc := J|ai]o aop [az]o

[dt]o =S EEnmE =31 IRE S uaua ¥ B AN = = bR i
[true]o =% [false]|o := ff

|1 == (1,2]]0' == [[al]]a' < [[(1,2]]0'

[skip]loe = o [z :=a]o := o|z+— [a]o] [ersea]loe = [e2]([ei]o)

[ci]o if [b]lo = tt
lca]o  if [b]o = ff

[if b then c; else ca]o := {

[while b do c]o := ( | (while b do ¢)|; [ (o]:) >ieN

Sectionwise
definition

Hasuo (Tokyo)
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Denotational Semantics

[x]o ]] = ﬁ'(fl]ﬁ]) 58" Def.

|a1 a0p a2 |0 = aj |0 aop |az2|0o . . dt

P E=GShascamareRLs oy IRSNES The 2 ?h sect.zon of a WHILE
EXPression € 1s

[true]o =% [fal

a1 < azlo = [as]o < [as]o eli = e [ i1/ dt } '

[skip]loe = o [z :=a]o := o|z+— [a]o] [ersea]loe = [e2]([ei]o)

[ci]o if [b]lo = tt
lca]o  if [b]o = ff

[if b then c; else ca]o := {

[while b do c]o := ( [[(while b do c)l; (ol:) >ieN

Sectionwise
definition

Hasuo (Tokyo)
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Denotad.-.

[z]o
[a; aop az]o
[dt]o

[true]o
bl /\ bg]]O'
la; < az]o

[skip|o :=

[if b then c; else cz]o : = {

[while b do c|o := ( [[(while b do c);

o(x)
[[al]]a aop [az]o

tt
[[bl]]O' /\ [[bz]]()'
lai]o < [az]o

o |z := a]o

 t:=0;
while (£ < 1) do
t:=t+4dt

=[(1,2,3,..-

[[Cll o+

lea]o if |

Detf.

[fal
[—b el;
'z — [a]o |
blo =
blo =
(ols) ).

2-th section

1t :=0;

lci;ca]o =

Sectionwise
definition

while (t < 1) do
t:=1

z-l-l -

The i-th section of a WHILE™
expression e 18

/dt]

1
it1

[e2]( [e1]o)

Hasuo (Tokyo)
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“Sectionwise Lemmas”

Sectionwise Execution Lemma.
For any expr. e and 7 € N,

le]o = [ ([elil(a]i) );cn] -

Sectionwise Satisfaction Lemma.
For any hyperstate o and an ASSN®
formula ¢:

o= <

ol; = pl|; for almost every 4.

——— Hasuo (Tokyo)
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“Sectionwise Lemmas”

Sectionwise Execution Lemma.

For anv expr. e and 71 € N {
¥ oEb ’ . "Whole semantics is !

e = [(lehl(ole) ) ) - L Soctomise” ]

I

Sectionwise Satisfaction Lemma.
For any hyperstate o and an ASSN®
formula ¢:

o= <

ol; = pl|; for almost every 4.

——— Hasuo (Tokyo)
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“Sectionwise Lemmas”

Sectionwise Execution Lemma.
For any expr. e and 7 € N,

le]o = [ ([elil(a]i) );cn] -

. “Whole semantics is
* sectionwise”

I

Sectionwise Satisfaction Lemma.
For any hyperstate o and an ASSN®
formula ¢:

. “Los’ Theorem” |

o= <

ol; = pl|; for almost every 4.

L — e ————— Hasuo (TOk}’O)
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“Sectionwise Lemmas”

Lem. (Sectionwise validity of Hoare triples)

— {A}c{B} —
— {Alz} cl; {Blz} for almost every <.

Hasuo (Tokyo)




“Sectionwise Lemmas”

Lem. (Sectionwise validity of Hoare triples)

— {A}c{B} —
— {Alz} cl; {BIZ} for almost every <.

Interface for transferring
static analysis techniques

Hasuo (Tokyo)




Q. Is a While® program

executable?
* A. Not exactly.

* A modeling language

* Not numerical approx.,
but exact modeling
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Q. Is a While® program

executable?
* A. Not exactly.

* A modeling language

* Not numerical approx.,
but exact modeling
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Q. Is a While® program

executable?
* A. Not exactly.

* A modeling language

* Not numerical approx.,
but exact modeling

% Static analysis =% no need to execute!

% Mathematical semantics suffices

Hasuo (Tokyo)




® 5 — The
u ' n e Theoretical standard
=
Framework . e I
Suenaga & H., While®® Assn“® Hoare™
" Programming lang. First-order assertion Hogre-stylc program
ICALP 11 while (t<a) do { |0ng- '09'C
g tieeel; 2z (xe20z A yo3ez) {AAb)e{A)
X 1 : i ... {A}uhile bdo c{A A —b)
i % Theoretical foundations

Rigorous semantics by non-standard analysis

* Hoare™ : sound and relatively complete

* Whlledt / ASSIldt / HOal‘edt * Program verification/static analysis of hybrid systems

« Actual verification with NSA

* Rigorous semantics via NSA —— —

% Transfer principle, “sectionwise lemmas”

H. & Suglg, Static analysis techniques, tfransferred as they are

CAV'12 §° :
* Phase split (sharma,piliig,pilligAiken; cAV'11]
[Balakrishnan,Sankaranarayanan,Ivancic,Gupta; EMSOFT'09] [Gopan,Reps; SAS'07]

b 3 Differenﬂal invariant [Platzer,Clarke; CAV'08]

% .. and more!
Hasuo (Tokyo)
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® 5 — The
u ' n e Theoretical standard
=
Framework . e I
Suenaga & H., While®® Assn“® Hoare™
" Programming lang. First-order assertion Hogre-stylc program
ICALP 11 while (t<a) do { |0ng- '09'C
g tieeel; 2z (xe20z A yo3ez) {AAb)e{A)
X 1 : i ... {A}uhile bdo c{A A —b)
i % Theoretical foundations

Rigorous semantics by non-standard analysis

* Hoare™ : sound and relatively complete

* Whlledt / ASSIldt / HOal‘edt * Program verification/static analysis of hybrid systems

« Actual verification with NSA

* Rigorous semantics via NSA —— —

% Transfer principle, “sectionwise lemmas” Done‘;”

H. & Sugl; Static analysis techniques, transferred as they are

CAV'12 §
* Phase split (sharma,piliig,pilligAiken; cAV'11]
[Balakrishnan,Sankaranarayanan,Ivancic,Gupta; EMSOFT'09] [Gopan,Reps; SAS'07]

b 3 Differenﬂal invariant [Platzer,Clarke; CAV'08]

% ... and more!
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- : =4 The
u ' n e Theoref|cal standard
etk
Framework [SwenagadH., ICALP'11) ,.:‘-‘;\\m. e!]

Suenaga & H., While® Assn“® Hoare™
" Programming lang. First-order assertion | Hoare-style program
ICALP 11 while (t<a) do { 'Ong- '09“:
Nl tiege]; 2z(x=2ez A )"3‘2) (A/‘.b)r{)\,
= ety {A}uhile bdoc{A A —b)
}

: % Theoretical foundations

*  While®*, Assn® Hoared* w/ or w/o dt ...

* Rigorous semantics via NSA = logically "the same

% Transfer principle, “sectionwise lemmas” Done‘;”

" & Suglg Static analysis techniques, transferred as they are

CAV'12 §
* Phase split (sharma,piliig,pilligAiken; cAV'11]
[Balakrishnan,Sankaranarayanan,Ivancic,Gupta; EMSOFT'09] [Gopan,Reps; SAS'07]

kK DiFFerenfial invariant [Platzer,Clarke; CAV'08]

% ... and more!
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Part 1I:
Exercises in
Nonstandard Static Analysis




Exercise 1.1

-..C!:_ “
- = - P =)
-— -

-
W™ —

while t < € do {
t:=¢ 4 dt;
V=10 ah
ZHi=12 11 W-dt

}

Hasuo (Tokyo)




Exercise 1.1

__cg:_-{_:
» s
L |

>
while v > 0 do {
while t < € do { t:=0;
t:=¢ 4 dt; if m — 2z < sthena:= —belsea:=ap;
v =V ria-dt while t < € do {
CANE=S Eamilmy s t:=1+dt;
} vVi=vt+a-dt;
| Z 1=z 1+ v -dt
.r

Hasuo (Tokyo)
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Exercise 1.1

-_E!:-—é' ¢
z = - » »
- =

L
' —

> 12
while v > 0 do {
=10
ifm — 2z < sthena:= —belsea:=ap;
while t < € do {
A== A, -3¢ Lei
Vi=vE s a rats
Zt=-Z 1+ v--dt
13
R — -

Hasuo (Tokyo)
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Exercise 1.1

-_C!:_-Z:
- 3 .ﬂ.
'~

‘ %,
Y
S
while v > 0 do {
=10
ifm — 2z < sthena:= —belsea:=ap;
while t < € do {
A== A, -3¢ Lei
Vi=vE s a rats
Zi=+Z-1+-v-db
3}
L ee—

Hasuo (Tokyo)
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| (Tiny) fragment of

ExerC|se l 1 I Euro. Train Ctrl. Sys. (ETCS)

\ %)
Y
S
While’v>0do{
=10
if m — 2z < sthena:= —belsea:=agp;
Whilet<€do{
A== A, -3¢ Lei
’U::’U—-a,.dt;
Zi=ztuds ETCSo
3}
L —

Hasuo (Tokyo)
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| (Tiny) fragment of

ExerC|se l l I Euro. Train Ctrl. Sys. (ETCS)

\ %)
Y
S
While’v>0do{

=10

if m — 2z < sthena:= —belsea:=agp;

Whilet<€do{
A== A, -3¢ Lei

’U:I’U—-a,.dt;
i it din ETCSo

Q. Find A s.t. = .{A} ETCSo {z < m}

Hasuo (Tokyo)
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: (Tiny) fragment of

ExerCise l‘l : Euro. Train Ctrl. Sys. (ETCS)

‘ %
Y
S
while v > 0 do {
=107
. ifm — 2z < sthena:= —belsea:=ap;
's: big enough ; while t < € do {
b big enough iff t:=1t+dt;

‘ao: small enough V:i=0v+a-dt;
"-. Z 1=+ V-4t ETCSO

H

Q. Find A s.t. = {AYETCS, {z < m}

Hasuo (Tokyo)
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while (v > 0) {
ifm - z < s

then a := -Db
else a := a0;
t := 0;
while (t < eps && v > 0) {
Z =z + v x dt;
v := Vv + a x dt;
t =t + dt }}

Thursday, July 12, 12



‘while (v > 0) {
ifm -z < s

““then a := -b
else a := a0;
t := 0;
while (t < eps && v > 0) {
Z = zZ + v x dt;
v := Vv + a x dt;
t =t + dt }}

Thursday, July 12, 12



a .

a .

while (v >

Cifm - z
“then
else
t := 0;

while (t

zZ = Z

V := V

t (= t

+ + + A

eps && v > 0) {
v * dt;

a *x dt;

dt }}

while (v >
a := a0;
while (t

Z 1= Z

V 1=V

t (= T
while (v >
a := -b;
while (t

Z 1= Z

V 1=V

t (= t

O+ + + A

VAN

& m - z >= 8) {
t := 0;

eps && v > 0) {
v * dt;

a0 x dt;

dt }};

& m - z < s) A
t := 0;

eps && v > 0) {
v * dt;

b *x dt;

dt }%}

Thursday, July 12, 12



while (v > 0) { while (v >

C ifm - z < S a := al;

“then a := -b while (t

else a := a0; zZ = Z

t := 0; V 1=V

while (t < eps && v > 0) { t =t

z =z + v *x dt; while (v >

v := v + a x dt; a := -b;

t =t + dt }} while (t

zZ 1= Z

{z < m} V =V

I — — t 1=t
{z < m}

S + + + A

VAN

& m - z >=s) {

t := 0;

eps & v > 0) {

v *x dt; s
a0 * dt; accel.
dt }}; g e
& m - z < 8) {

t := 0; ”

eps & v > 0) {

v *x dt; |
o * dts ' brake
dt }} e

Thursday, July 12, 12



while (v > 0) A while (v > O && m - z >= s) {&ﬁ
z < 8 a := a0; t := 0;
a := -b while (t < eps && v > 0) {
a := a0; Z =z + v *x dt;
: v := v + a0 *x dt;
while (t < eps && v > 0) { t =1t + dt }};
z =z + v * dt; while (v > 0 & m - z < s) {
Vv := Vv + a *x dt; 2 a := -b;
t =t + dt }} while (t <
f Z := zZ +
{z < m} , V = vV -
L — T — t (=t +
/ {z < m}

v i
o Z
|

E

Startegy 1 “Phase split”

§
* [Sharma,Dillig,Dillig,Aiken; CAV‘11]
; [Balakrishnan,Sankaranarayanan,Ivancic,Gupta; EMSOFT'09] [Gopan,Reps; SAS'07]

g

L e ) i, i e A NI L eeis ol e T e T e e e B e et a5 Al e e e A S
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The s Ph Split
The set of holed commands Cmd| j is: ase P l

Cmd; 2 h = if [ ]|thencyelsecz|hsc|cih| (Sfandard Ver.,
if b then h else c | if b then c else h for While & Hoare)
For each holed command h, its pre-hole fragment h is: [Sharma,Dillig,Dillig,Aiken; CAV'11]
if [ ] then c; else ca := skip
hic := h c;h := c;h
if b then h else c assert b ;H_

if b then c else h := assert —b;h

g

Lem.
If a Boolean expression bs € BExp satisfies

= (b} h{b.} , [={bs}h{-bc}, and |= {bg Abs}hlbc]{-bgV b} ,

then we have

[ while by do hlbe] | = |, while (bg A —bg) do h[false] ; N

while (bg A bs) do h[true]

T — e

Hasuo (Tokyo)
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Tics Ph Split
The set of holed commands Cmd| j is: ase P '

Cmd; 2 h = if [ ]|thencyelsecz|hsc|cih| (Sfandard Ver.,
if b then h else c | if b then c else h for While & Hoare)
For each holed command h, its pre-hole fragment h is: [Sharma,Dillig,Dillig,Aiken; CAV'11]
if [ ] then c; else ca := skip
hic := h c;h := c;h ) .
if b then h else ¢ := assert b;h while bg do "'(lf"°)"’
if b then c else h := assert —b;h T T

while bg N\ —bg do
while bg N bg do

9 o

’ [

—— 1110

Lem.
If a Boolean expression bs € BExp satisfies

— {bs}ﬁ{bc} = {ﬂbs}ﬁ{—nbc} , 2Ad = {bg A\ bs} h[b.] {—ubg V bs} ;
then we have

| /| while (bg A —bs) do h[false] ;
| while bg do h[b] | = H while (bg A bs) do h[true]

T e —

Hasuo (Tokyo)
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Defn. i
The set of holed commands Cmd|_ is: P h s S P l f
Cmd; 2 h = if[ ]thenc;elsecs|hsc|ch | a e
if b then h else ¢ | if b then c else h
For each holed command h, its pre-hole fragment h is: (NonSfan d ard ve r. 4
= oip for Whiledt & Hoaredt)

c;h
assert b s h

if [ _] then ¢; else ¢
h;ic := h c;h :
if b then h else ¢ :
if b then c else h :

N

assert b ;h

o ———

Lem.
If a Boolean expression by € BExp satisfies

= {bs}ﬁ{bc} N {—ubs}ﬁ{—lbc} , and k= {bg A bs} h[b.] {—ubg V bs} ]
then we have

[ while by do h[bc] | = u while (bg A —bs) do h[false] ; ﬂ

while (bg A bs) do h[true]

Hasuo (Tokyo)
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Defn. i
The set of holed commands Cmd|_ is: P h s S P l f
Cmd; 2 h = if[ ]thenc;elsecs|hsc|ch | a e
if b then h else ¢ | if b then c else h
For each holed command h, its pre-hole fragment h is: (NonSfan d ard ve r. 4
= oip for Whiledt & Hoaredt)

c;h
assert b s h

if [ _] then ¢; else ¢
h;ic := h c;h :
if b then h else ¢ :
if b then c else h :

N

assert b ;h

o ———

Lem.
If a Boolean expression by € BExp satisfies

= {bs}ﬁ{bc} N {—ubs}ﬁ{—lbc} , and k= {bg A bs} h[b.] {—ubg V bs} ]
then we have

[ while by do h[bc] | = u while (bg A —bs) do h[false] ; ﬂ

while (bg A bs) do h[true]

Hasuo (Tokyo)
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Defn. o
The set of holed commands Cmd|_ is: P h as e S P l lf
Cmd; 2 h = if[ ]thenc;elsecs|hsc|ch |
if b then h else ¢ | if b then c else h (N f d d v
For each holed command h, its pre-hole fragment h is: ons an ar er. ’
if [ ] then ¢ else ¢ := skip For Whiledt & Hoaredt)

hi;c := h c;h := c;h
if b then h else c := assert b;h
if b then c else h := assert -b;h

Lem.
If a Boolean expression by € BExp satisfies

= {bs}ﬁ{bc} N {—ubs}ﬁ{—lbc} , and k= {bg A bs} h[b.] {—ubg V bs} ]
then we have

[ while by do h[bc] | = u while (bg A —bs) do h[false] ; ﬂ

while (bg A bs) do h[true]

= {bs}ﬁ{bc}

= {_‘bs}ﬁ{_'bc}

= {bg N\ bs} h[b.]
{_‘bg v bS}

Hasuo (Tokyo)
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Defn. o
The set of holed commands Cmd|_ is: p h as e S P l 'f
Cmd; 2 h = if[ ]thenc;elsecs|hsc|ch |
if b then h else ¢ | if b then c else h (N f d d v
For each holed command h, its pre-hole fragment h is: ons an ar er. ’
5 | then ¢; else c2 := skip for Whiledt & Hoaredt)

hi;c := h c;h := c;h
if b then h else c := assert b;h
if b then c else h := assert -b;h

If a Boolean expression by € BExp satisfies

= {bs} R {be} , = {-bs}h{-bc}, and = {bgAbs}h[be]{—bsV b},

then we have

[ while by do h[bc] | = ﬂ while (bg A —bs) do h[false] ; ﬂ

while (bg A bs) do h[true]

Proof.

— {bs}E{bc} @
= {-bs} h{-b.} |'% = {bsli} hl; {bel}
= {—bs|i} hli {—bc|i}

= {by A bl hlbe] | Cx

[abg v b} | BH | (Bl Abali} Rlilbels
2
®

(for almost all i) Hasuo (Tokyo)
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Defn. o
The set of holed commands Cmd | is: P h as e S P l lf
Cmd; 2 h = if[ ]thenc;elsecs|hsc|ch |
if b then h else ¢ | if b then c else h (N f d d v
For each holed command h, its pre-hole fragment h is: ons an ar er. ’
5 | then ¢; else c2 := skip For Whiledt & Hoaredt)

hi;c := h c;h c;h
if b then h else c assert b s h
if b then c else h := assert -b;h

Eem.

If a Boolean expression by € BExp satisfies

= {bs} R {be} , = {-bs}h{-bc}, and = {bgAbs}h[be]{—bsV b},

then we have

| while by do h[b.] | = |l

while (bg A —bs) do h[false] ;
while (bg A bs) do h[true]

— (b} R {b.} T [ while bg|; do h|;[beli] |
i - L LRI LI _ [ while (bgls A =bsls) do hls[£alse] ;
= {—bs} h {—b.} = {bal:} hli {bel:} while (bgl; A bs;) do hli[true]

— {bg A bS} hlbc] . = {—bs|i} hli {—bc|i}

= {bg|i A bsli} hli[bel:]

(for almost all 1) Hasuo (Tokyo)

Thursday, July 12, 12



Defn. i
The set of holed commands Cmd;_j is: P h s S P l f
Cmd; 2 h = if[ ]thenc;elsecs|hsc|ch | a e
if b then h else ¢ | if b then c else h
For each holed command h, its pre-hole fragment h is: (NonSfan d ard ve r. 4
= oip for Whiledt & Hoaredt)

c;h
assert b s h
assert b ;h

if [ _] then ¢; else ¢
h;ic := h c;h :
if b then h else ¢ :
if b then c else h :

Eem.

N

If a Boolean expression by € BExp satisfies

= {bs} R {be} , = {-bs}h{-bc}, and = {bgAbs}h[be]{—bsV b},

then we have

| while bg do h[b.] | = |l

while (bg A —bs) do h[false] ;
while (bg A bs) do h[true]

| while bg|; do h|;[bcl:] |

__ || while (bg|; A —bs|;) do h|;[false] ;
|| while (bgl|; A bs|;) do h|;[true]

B {bs}ﬁ{bc} h h h
— {_Ibs} h {_Ibc} U‘O}‘ |: {bslz}h—lz{bclz}
= {bs Abhlbe] | ||| B RL b | O
—b, V by 2 o | = {bgli Absli} Rlsbeli] | Q-
{ g } i/ 7
® =

sectionwise 11

| while by do h[bc] |

: __ || while (bg A —bs) do h[false] ;
(for almost all i) while (bg A bs) do h[true]

Thursday, July 12, 12



Transferring
Static Analysis Strategies

[[while bg|,,; do h|,,,[bc|z] ]]

= {b:} b {bc} h LY Bl Lk while (bg|; A —bs|;) do h|;[false] ;
= {—bs} h {—b.} u&}, = {bsli} hli {beli} - ﬂ while (biﬁ Abal:) do hliftrue] ﬂ
= {bg A bs} hlbc] | . ||| E{=bsls}hli {-beli} | o . ;
(-bevas} | QY| dennidnipaaf & sectionwise
Y2
{p@ ®, | [while bg do h[b] |

__ || while (bg A —bs) do h[false] ;
~ || while (bg A bs) do h|[true]

(for almostiall 1)

% Doesnt matter what “std. ver’ is

% => modular method for transfer
Hasuo (Tokyo)
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while (v > 0) A while (v > O && m - z >= s) {#i
ifm- z < s a := a0; t := 0;
“then a := -b while (t < eps && v > 0) {
else a := a0; Z =z + v *x dt;
t := 0; v := v + a0 *x dt;
while (t < eps && v > 0) { t 1=t + dt }};
z =z + v * dt; while (v > 0 & m - z < s) {
v := v + a *x dt; 2 a := -b; t := 0;
t =t + < eps & v > 0) {

dt }} F while (t
3& z =z + v x dt;
{z < m} i v := Vv - b x dt;

R — T— t 1=t + dt }}
iz < m}
D ﬁ-—. )

Startegy 1 “Phase split” |

[Sharma Dillig,Dillig,Aiken; CAV'11]
[Balakrlshnan Sankaranarayanan,Ivancic,Gupta; EMSOFT'09]
[Gopan Reps, SAS 07]

2RPE e g B = o= o = 2
M e 2 o33 .“71_.‘_-‘_‘“* kS i el seeofas Ma i 2 5 .“ru‘;—.‘a“d-ﬁ. ) iy 2 L .‘:.b._;‘.“- .aq..a‘c _—ua‘s‘i-@ ‘AD.LJMJ_&‘“L“A_:&WMA"—MM‘! ‘
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while (v >
a := a0;
while (t

zZ 1= Z

V =V

t (= T
while (v >
a := -b;
while (t

zZ 1= Z

V =V

t (= t

O+ + + A

N

& m - z >= 8) {
t := 0;

eps && v > 0) {
v * dt;

a0 x dt;

dt }};

& m - z < s) A
t := 0;

eps && v > 0) {
v * dt;

b *x dt;

dt }}
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while (v >
a := a0;
while (t

zZ = Z

V =V

t (= T
while (v >
a := -b;
while (t

zZ = Z

V =V

t (= t

O+ + + A

N

& m - z >= 8) {
t := 0;

eps && v > 0) {
v *x dt;

a0 *x dt;

dt }};

& m - z < s) A
t := 0;

eps && v > 0) {
v * dt;

b *x dt;

dt }}

if (v > 0)
then
while (m - z >= 8) {
a := al; t := 0;

while (t < eps) {

Z =z + v *x dt;
v := v + a0 *x dt;
t =t + dt }}

else skip;

while (v > 0) {
a := -b;
Z =z + v *x dt;

v :=v - b xdt }

{z < m}
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I eTmIwT TwLNe 'S

X TE TR O U LT ey

while (v

>

a := a0;
while (t
zZ 1= Z

Vv o=
t =
while (v

<

ct
O + + + A

Vv

a := -b;
while (t

yA
\Y
T

VAN

& m - z >= g) { if (v > 0)

t := 0; then

eps && v > 0) { while (m - z >= s8) {

v *x dt; a := al; t := 0;

a0 * dt; while (t

dt }}; EEEA Z 1= Z

&& m - z < s) { = V =V

t := 0; i t =1

eps && v > 0) { i else skip;

v % dt; | while (v > 0) {

b * dt; a 1= -b;

dt }} i z =z + v *x dt;
it V := Vv - b *x dt }

+ + + A
<
*
o~

{z < m}

Startegies 2,3

“Superfluous guard elim.” “Time elapse” f
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while (v > 0 & m - z >= 8) { if (v > 0)
a := a0; t := 0; then
while (t < eps & v > 0) { while (m - z >= s8) {
Z = Z v * dt; a := a0; t := 0;
a0 * dt; | while (t
t := dt }}; EEEAY zZ = Z
while (v % m - z < s) { = vV i v
a := -b; t := 0; g t =1
while (t < eps && v > 0) { i else skip;
z =z + v % dt; :; while (v > 0) {
v i= v - b * dt; g | 2=
et a1} i S PPUPPOPRROIOPY i o

vV =

ot <
O + + + A

v
+ + + A
<
*
o~

VAN

Startegy 4
"Differential invariant”

[Platzer,Clarke; CAV'08]

I eTmIwT TwLNe 'S

X TE TR O U LT ey

S’rar’regies 2,3
“Superfluous guard elim.” "Time elapse”
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if (v > 0)
then
while (m - z >= 8) {
a := a0; t := 0;

while (t < eps) {

Z =z + v *x dt;
v := v + a0 * dt;
t =t + dt }}

else skip;

while (v > 0) {
a := -b;
Z =z + v *x dt;

v :=v - b xdt }

{z < m}
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if (v > 0)
then
while (m - z >= 8) {
a := a0; t := 0;

while (t < eps) {

Z =z + v *x dt;
v := v + a0 *x dt;
t =t + dt }}

else skip;

while (v > 0) {
a := -b;
Z =z + v *x dt;

v :=v - b xdt }

{z < m}

if (v > 0)
then
while (m - z >= s) {
a := al; t := 0;

while (t < eps) {
Z =z + v *x dt;
v := v + a0 *x dt;
t :=t + dt }}

else skip;

(v>0Vm>2z)A
{ (b%dt? + 4bdtv + 8bz + 4v? < 8bm

V bdtv + 2bz + v? < 2bm)

while (v > 0) {

a := -b;

Z =z + v *x dt;

Vv :=v - b x dt }

| R eee— SE— |
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if (v > 0)
then
while (m - z >= 8) {
a := a0; t := 0;

while (t < eps) {
Z =z + v *x dt;
v := v + a0 *x dt;
t 1=t + dt }}

else skip;
while (v > 0) {
a := -b;
Z =z + v *x dt;
Vv :=v - b x dt }

{z < m}

L —

| Startegy 5

"QE Invariant” |

if (v > 0)
then
while (m - z >= s) {
a := a0; t := 0;

while (t < eps) {
Z =z + v *x dt;
v := v + a0 *x dt;
t 1=t + dt }}

else skip;
(v>0Vm>2z)A
{ (bzdt2 + 4bdtv + 8bz + 4v? < 8bm +
V bdtv + 2bz + v? < 2bm)
while (v > 0) {
a := -b;
Z =z + v *x dt;
Vv :=v - b x dt }

—
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if (v > 0)
then
while (m - z >= s8) {
a := a0; t := 0;

while (t < eps) {
Z =z + v *x dt;
v := v + a0 *x dt;
t =t + dt }}

else skip;

(v>0Vm>2z)A
{ (bzdt2 + 4bdtv + 8bz + 4v? < 8bm
V bdtv + 2bz + v? < 2bm)
while (v > 0) {
a := -b;
Z =z + v *x dt;
Vv := v - b x dt }

L I —— T
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if (v > 0)

then
while (m - z >= s8) { { ... (long fml. with dt) }
a := al; t := 0; while (m - z >= s) {
while (t < eps) { a := a0; t := 0;
z =z + v * dt; | while (t < eps) {
v := v + a0 *x dt; | Z = zZ + v *x dt;
t :=t + dt }} + sorte Fudl v := v + a0 * dt;
else skip; propagation t =t + dt }}
(v>0Vm>2z)A { ...}
{ (b%dt? 4 4bdtv + 8bz + 4v? < 8bm ¥ while (v > 0) A
V bdtv + 2bz + v* < 2bm) a := -b;
while (v > 0) { z =z + v * dt;
a := -b; Vv :(=v - b *x dt }
Z =z + v *x dt;

v :=v - b xdt }
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if (v > 0)

then
while (m - z >= s8) { { ... (long fml. with dt) }
a := al; t := 0; while (m - z >= s) {
while (t < eps) { a := a0; t := 0;
z =z + v * dt; , while (t < eps) {
v := v + a0 *x dt; Z = zZ + v *x dt;
t :=t + dt }} + somte Fudl v := v + a0 * dt;
else skip; propagation t =t + dt }}
(v>0Vm>2z)A | { ...}
{ (b%at? + 4bdtv + 8bz + 4v? < 8bm LY | while (v > 0) A
V bdtv + 2bz + v* < 2bm) a := -b;
while (v > 0) { jf z =z + v * dt;
a := -b; 535 v :=v - b *dt }

Z =z + v x dt;
v :=v - b x dt }

T —

f Startegy 6

“Iteration count” |
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{ ... (long fml. with dt) }
while (m - z >= s) {
a := a0; t := 0;

, while (t < eps) {
Z =z + v *x dt;
v := v + a0 *x dt;
t 1=t + dt }}
{ ... %
while (v > 0) {
a := -b;
Z =z + v *x dt;

v :=v - b xdt }
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long fml. w/o dt, whose core is

{ ... (Qong fml. with dt) } l|
while (m - z >= s) { a0(25\/2a0(m—8—20)+U§+b€2+2’m—28—2z0)
a := a0; t := 0; —|—2be\/2a0(m—3—z0)—|—v§—|—a362—|—v§<2bs
, while (t < eps) { _
Z =z + v *x dt;
v := v + a0 * dt;
t :=t + dt }}
{ ...}
while (v > 0) {
a := -b;
Z =z + v *x dt;

v :=v - b xdt }
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long fml. w/o dt, whose core is
{ ... (long fml. with dt) }
while (m - z >= s) { ao (25\/2a0(m — 8 — z9) +v3 + be? + 2m — 2s — 2z0)

a := a0; t := 0; ,f‘f' —|—2be\/2a0(m—s—z0)—|—v(2,+a(2)e2—|—vg < 2bs
while (t < eps) { —
z 1=z + v x dt; ;
v := v + a0 * dt; ;g
t 1= t + dt }} /1
{ ...}
while (v > 0) {
a := -b;

Z =z + v *x dt;
Vv :=v - b *x dt }

“Casf to shadow”

(Eliminates dt, strengthens the precond.)
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long fml. w/o dt, whose core is

{ ... (long fml. with dt) } &
while (m - z >= s) { ao(ze\/zao(m_3_20)+”3"‘b€2‘|‘2m_23_220>

a := a0; t := 0;

while (t < eps) {
Z =z + v *x dt;
v := v + a0 x dt;
t 1=t + dt }} i
{ ...}
while (v > 0) {
a := -b;

Z =z + v *x dt;
Vv :=v - b *x dt }

“Casf to shadow”

(Eliminates dt, strengthens the precond.)

—|—2be\/2a0(m — 85— 2z0) +v3 + a(2)62 + vg < 2bs

£ 3 T e vy e s sy T
>

the final
outcome
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Prototype

Automatic Prover
P

(Whiledt program)

A

VC generator (precondition)
(Frontend, in OCaml) s.t.

b - {A}P{B}

(postcondition)

Symbolic Comp. Engine
(Backend, in Mathematica)

*  Fujitsu HX600 with Quad Core AMD Opteron 2.3GHz CPU, 32GB memory.
Mathematica 7.0 for Linux x86 (64-bit)

% ETCS: 40.96 sec.
*  Bouncing ball: runs with one manual insertion of invariants Hasuo (Tokyo)
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Prototype

Automatic Prover
P A

(Whiledt program) 1]
VC generator (precondition)
(Frontend, in OCaml) s.t.

b - {A}P{B}

(postcondition)

Symbolic Comp. Engine
(Backend, in Mathematica)

i For reals, not hyperreals |
i Core AMD Opteron 2.3GHz CPU, 32GB memory.

" justified by the k x86 (64-bit)
i transfer principle :
S h one manual insertion of invariants Hasuo (Tokyo)
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Prototype

Automatic Prover
P

(Whiled* program)

A

VC generator (precondition)
(Frontend, in OCaml) s.t.

b - {A}P{B}

(postcondition)

(Backend In Ma’rhema’rlca) .~ Totally symbolic

(crucial for ’rransFer)

i For reals not hyperreals { |
i { Core AMD Opteron 2.3GHz CPU 3ZGB memory
-) Justified by the k x86 (64-bif)

transfer principle

e e st N ONE Manual insertion of invariants Hasuo (Tokyo)
Thursday, July 12, 12




Related Work

* Deductive verification of hybrid sys. [platzer, ‘10] [Platzer, L1cs12]

* Automatic prover KeYmaera
* Static analysis techniques

* A LOT in CAV, SAS, VMCAI, ...
* Applied to hybrid systems (w/ diff. eq.)

[Rodriguez-Carbonell, Tiwari; HSCC'05] [Sankaranarayanan; HSCC'10]
[Sankaranarayanan, Sipma, Manna; Formal Methods Sys. Design ‘08]

* Use of NSA for hybrid systems

[Benveniste, Bourke, Caillaud, Pouzet; J. Comput. Syst. Sci. ‘12]
[Bliudze, Krob; Fundam. Inform. ‘09] [Gamboa, Kaufmann; J. Autom. Reason. ‘01]

* Continuous techniques applied to discrete appl.
[Chaudhuri, Gulwani, Lublinerman, NavidPour; FSE ‘11]

* Not contending! Combination?
Hasuo (Tokyo)

Thursday, July 12, 12



Conclusions

While®"

Programming lang.

while (t<a) do {
t:=t+1;
if ...

}

Assndt

First-order assertion
lang.

3z (x=2%z A y=3%z)

H()aredt

Hoare-style program
logic

{AADb}c{A}
{A}while b do c{A A —b}

Rigorous semantics by non-standard analysis

Hasuo (Tokyo)
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Nonstandard

conc lUSiOﬂS Static Analysis

G\ dt dt
While Assn Hoare
Programming lang. First-order assertion | Hoare-style program
lang. logic

while (t<a) do {

ti=t+1; 2z (x=2%z A y=3+z) {AANb}c{A}

if ... {A}while bdo c{A A —b}
+

Rigorous semantics by non-standard analysis

Hasuo (Tokyo)

Thursday, July 12, 12



Nonstandard

conc lUSiOﬂS Static Analysis

.y dt dt dt
While Assn Hoare
Programming lang. First-order assertion | Hoare-style program
lang. logic
while (t<a) do {
t:=t+1; 3z (x=2%z A Y=3*Z) {A A\ b} C{A}
if ... {A} while b do ¢ {A N b}

+

Rigorous semantics by non-standard analysis

* Tools effectivity. More heuristics?

* (Any discrete frmwk.) 2

* Simulink as stream processing?

* With (explicit) differential equations? Hasuo (Tokyo)
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Nonstandard

conc lUSiOﬂS Static Analysis

.y dt dt dt
While Assn Hoare
Programming lang. First-order assertion | Hoare-style program
lang. logic

while (t<a) do {

ti=t+1; 2z (x=2%z A y=3+z) {AADb}c{A}

if ... {A} while bdo c{A A b}
+

Rigorous semantics by non-standard analysis

* Tools effectivity. More heuristics?

* (Any discrete frmwk.)It 2 Thank you for you .
Ichiro Hasuo (D€>P:’r. C S',‘ Ua'l"lc.)lti?ﬂon! |
* Simulink as stream processing? AU+ forww-mmm.is.s.u-tokyo.ac.jp/ ~ichiro/

* With (explicit) differential equations? Hasuo (Tokyo)
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