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ν in the modal μ-calculus

G in LTL/CTL
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Predicate Lifting
For Modality

Defn.
A predicate lifting of F : C ! C is ' : P ! P s.t.

•
P

'
//

p
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P
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C
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// C
(hence 'X : PX ! PFX)

• compatible with substitution.
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                    , monotone, natural in X
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�X : 2X =) 2FX
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Key Lemma.

Let

P
#p
C be a well-founded fibration; F : C ! C be finitary; and

' be a predicate lifting of F . Then

'!+1>1 = b⇤('!>1)

.
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Let

P
#p
C be a well-founded fibration; F : C ! C be finitary; and

' be a predicate lifting of F . Then

'!+1>1 = b⇤('!>1)

.

 p is compatible w/ C: LFP
 p itself is “well-fdd”
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Definition.

A finitely determined fibration

P
#p
C is

such that:

1. C is LFP with F = {FP objects}

2.

P
#p
C has fiberwise (co)limits

3. For each X 2 C and P,Q 2 PX ,

let {XI
I�! X}I be the canoni-

cal diagram from F to X. Then

P  Q () ⇤
IP  ⇤

IQ, 8I.
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Examples
(or: Fibrations vs LFP)

Finitely determined: very often
Prop. Assume C is LFP and LCCC. Then

• Sub(C) is LFP; and

•
Sub(C)

#
C

is finitely determined.

Prop. Assume ⌦ is an algebraic lattice.

Consider

Fam(⌦)
#

Sets
; then

• Fam(⌦) is locally presentable; and

•
Fam(⌦)

#
Sets

is finitely determined.
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In C ?

In a fibration            !!

This work: 

final coalgebra in p; 

final sequcence in p

FX //_____ FZ

X

c
OO

beh(c)
//______ Z

final⇠=
OO

P
#p
C { F-behaviors } + 

coinductive 
predicate

Coinduction
Fibered
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Conclusions
Inductive construction [Cousot & Cousot, ’79]

Final sequence 
in a fibration

behavioral ω-bound: 
conditions formulated in LFP terms

Covers various logics relations, constructive, 
name-passing, ...
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conventional relational fibrational

invariant bisimulation coalgebra

coind. pred. bisimilarity final coalg.

inductive constr. partition 
refinement final sequence

Pred
#

Sets

Rel
#

Sets

P
#p
C
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Future Work
General proof principles for coinduction

Parametrized coind. [Hur, Neis, Dreyer & Vafeiadis, POPL’13] 

Bisimulation up-to [Bonchi & Pous, POPL’13]

Appl. to termination analysis of algorithms
Bisimilarity check, etc.
Infinite states
Current result: semidecidability

To the full fixedpoint logics
Coalg. μ-calculus, coalg. automata, ... fibrationally
Model checking algorithms
Combine with bialgebraic SOS
Games ↔ automata ↔ fixedpoint logic

Proof 
assistants

Much like appl. of 
final sequences
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