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Hybrid Sysfem

* Flow & jump
* Digital control in a physical environment

% Component of cyber-physical systems
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e Flow?
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Formal Verification
Approaches

* Hybrid automata P2
[Alur, Henzinger, ...; “90s-]

* Differential dynamic logic

[Platzer & others, ‘07-]

[ = 1 while x < 3]¢p

* Differential equations, explicitly

=» distinction jump vs. flow
Hasuo (Tokyo)
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“Turn Flow into Jump”

=102
while (t < 1) do {
t =11 dt
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“Turn Flow into Jump”

% Infinitesimal number dt

t :: O ; W . )
while (£ < 1) do { * Olgggljfly small” :
} =1 _I_ at for any positive real r
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“Turn Flow into Jump”

% Infinitesimal number dt

t :: O ; W . )
while (t < 1) do { * Olgggljfly small " :
bi=1 _|_ ol for any positive real r

_i._-—» —____ *1=1 after the

execution?
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“Turn Flow into Jump”

% Infinitesimal number dt

t :: O ; W . )
while (t < 1) do { * olfg:':fly small™ :
bi=1 _|_ ol for any positive real r

4_3____L _ * t =1 after the

execution?

% Nonstandard analysis!

[Robinson ‘60s]
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Previous Work

[Suenaga & H., ICALP11]
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Previous Work

[Suenaga & H., ICALP11]

While

Programming lang.

while (t<a) do {
t:=t+1;
if ...

}

" The
standard

4 | textbook

2N [Winskel]
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=4 The

Previous Work [ st

[Winskel]
[Suenaga & H., ICALP’11]

While Assn
Programming lang. First-order assertion
lang.
while (t<a) do {
ti=t+l; 3z (x=2%z A y=3%2z)
if ...
}
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= The

P 2 W k standard
rev ' o u s 0 r textbook
[Winskel]
[Suenaga & H., ICALP’11]
While Assn Hoare
Programming lang. First-order assertion | Hoare-style program
lang. logic

while (t<a) do {

t:=t+1; 3z (x=2%z A y=3*z) {A /\ b} C {A}

if ... {A}while b do c{A A —b}
by
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= The

P 2 W k standard
rev ' o u s 0 r textbook
[Winskel]
[Suenaga & H., ICALP’11]
While" Assn“" Hoare™"
Programming lang. First-order assertion | Hoare-style program
lang. logic

while (t<a) do {

ti=t+1; 2z (x=2%z A y=3+z) {ANDb}c{A}

if ... {A}while b do c{A A —b}
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= The

Previous Work  Hika

7N [Winskel]
[Suenaga & H., ICALP’11] e %
. dt dt dt
While Assn Hoare
Programming lang. First-order assertion | Hoare-style program
lang. logic

while (t<a) do {

ti=t+1; 2z (x=2%z A y=3+z) {ANDb}c{A}

if ... {A}while b do c{A A —b}
+

Rigorous semantics by nonstandard analysis
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E Whiledt : Synfax [Suenaga & H., ICALP’11]

"AExp 3 a = x| c.| ayaopas | dt

QO EmE EEE.

where c,. is a const. for » € R, aop € {4+, —,-, ", /}
BExp > b = true | false | by Abs | 2b | a1 < as
Cmd > c = skip | x :=a | c15¢2

| if b then ¢y else ¢ | while bdo ¢

—
Il B = = =

1 Assndt 0
L. ____"A = true | false | A1 AN Az | 7A | ay < az |

Vr € *N.A |V € *R. A

-----‘

‘ Hoaredt |

m = = = =
{A} skip{A}
{A} e {C} {C}c2{B}

{A} ci5c2 {B}

{ANb}c{A}
{A} while b do c{A A —b}

e —

(ASSIGN)

(Skrp) {Ala/z] }  := a {A}

{AAb}ci {B} {A A -b}c:{B} (IF)
{A} if b then c; else c3 {B}
A=A {A'}c¢{B'} EB =B
1A} c{B}

(SEQ)

(WHILE)

(CONSEQ)
Tokyo)
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- E E m P
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O EmE EEEmE.

AExp 5 a =

where c,. is a const. for r € R, avy’ Fy—y 5/}
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-----' T S S S
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E -“:h-ile-dt- E While + dt Synfax [Suenaga & H., ICALP11]

O EmE EEEmE.

AExp 5 a =

where c,. is a const. for r € R, avy’ Fy—y 5/}
BExp > b = true | false | by Abs | =b | a1 < as
Cmd 2> C = skip | x :=a | c1;5¢2

| if b then ¢y else cp | while b do c

R Em m m P
{A} skip{A}
{A} e {C} {C}c2{B}

{A} ci5c2 {B}

{AANb}c{A}
{A} while b do c{A A —b}

e ——

(ASSIGN)

(SKP) {Ala/z] }  := a {A}

{A} if b then c; else c3 {B}
A=A {A'}c¢{B'} EB =B
{A}c{B}
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(WHILE)
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[ §
: Whiled®t

QO EmE E EE.

' | While +dt |

Synfax [Suenaga & H., ICALP11]

. AExp > a
where c, is a const. for r € R, aopé {+,— "/}

BExp > b = true | false | by Abs | =b | a1 < as

Cmd > c = skip | x :=a | c15¢2
| if b then c; else ¢ | while b do ¢

mnl mhlon lme! e W

i Assndt [
L. ___'"A = true | false | Ay AN Az | mA | a1 < as |

Vr € *N.A |V € *R. A

-----\"'

‘ Hoaredt |

m = = = =
{A} skip{A}
{A} e {C} {C}c2{B}

{A} ci5c2 {B}

{ANb}c{A}
{A} while b do c{A A —b}

e ——

(ASSIGN)

(Skrp) {Ala/z] }  := a {A}

{AAb}ci {B} {A A -b}c:{B} (IF)
{A} if b then c; else c3 {B}
A=A {A'}c¢{B'} EB =B
1A} c{B}

(SEQ)

(WHILE)

(CONSEQ)
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" Whiledt *
. AExp > a
where c, is a const. for r € R, adpE {+,— "/}

BExp > b = true | false | by A bz | =b | a1 < a-

Cmd > c = skip | ®x :=a | c15¢c2
| if b then c; else ¢ | while bdo c

¢t~ " 7 7% While +dt SyntGX[Suenaga & H., ICALP'11]

Q----'

| Asspdt f Assn, *-transformed
L_____A e— true|false|A1/\A2|—'A|al<02|

Ve € *N. A | Vx € *R. A

-----\

[ §

: Hoaredt

{A} skip {A}
{A}c1{C} {C}c2{B}
{A} ci5c2{B}

{AANb}c{A}
{A} while b do c{A A —b}

R —

(ASSIGN)

(Skrp) {Ala/z] }  := a {A}

{A} if b then c; else c3 {B}
A=A {A'}c¢{B'} EB =B
{A}c{B}

(SEQ)

(WHILE)

(CONSEQ)
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¢ T T " "% While + dt Syntax

" While?t *
. AExp > a
where ¢, is a const. for r € R, aope {+,—,-,",/}

BExp 2 b = true | false | by Abs | =b | a1 < as
SKIP
( ) { Ala/x] } ¢ := a {A}

1A} ca{C} {C}c2{B} {AANb}ci {B} {AA—bjca{B} (Ir)
{A}ci5c2 {B} {A}if b then c; else c3 {B}

{AAD}c{A} — A= A’ {A}c¢{B'}) =B =B
TATwhile bdoc{A A —b] " HILE) (A} ¢ {B}

L A

[Suenaga & H., ICALP11]

|
8
e
3

Q
pd
)
@)
o
Q
N
&

Q----'

; (ASSIGN)
{A} skip{A}

(SEQ)

(CONSEQ)

[ §

: Hoaredt

B m = = m P
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¢ T T " "% While + dt Synfax

" Whiledt *
. AExp > a
where c, is a const. for r € R, adpE {+,— "/}

BExp 2 b = true | false | by Abs | =b | a1 < as
SKIP
( ) { Ala/x] } ¢ := a {A}

1A} ca{C} {C}c2{B} {AANb}ci {B} {AA—bjca{B} (Ir)
{A}ci5c2 {B} {A}if b then c; else c3 {B}

{AADB}c{A)} _ A= A’ {A)c{B'} =B =B

[Suenaga & H., ICALP11]

|
8
e
3

Q
pd
)
@)
o
Q
N
&

ﬁ----'

. (ASSIGN)
{A} skip {A}

(SEQ)

{A}while bdo c{A A b} (WHILE) {A} c{B} (CONSEQ)
== ===
' Hoare®* Precisely the same rules

= = = = m
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" Whiledt *
. AExp > a
where c, is a const. for r € R, adpE {+,— "/}

BExp > b = true | false | by A bz | =b | a1 < a-

Cmd > c = skip | ®x :=a | c15¢c2
| if b then c; else ¢ | while bdo c

¢t~ " 7 7% While +dt Synfa X[Suenaga & H., ICALP11]

ﬁ----'

I Asspdt | Assn, *-transformed
L____‘A o true|false|A1/\A2|—'A|al<a2|

Ve € *N. A | Vx € *R. A

‘ I B B B \
] -
: Hoare® ' Precisely the same rules
{A} skip{A} (SkP) {A[a/w] }:c :=a {A} (ASSIGN)

{A} e {C} {C}c2{Bj}
{A} c15c2{B}
{AANb}c{A}
{A}while bdo c{A A b}

e —— R —

{A} if b then c; else c; {B}
A=A {A'}c{B'} =B =B
{A}c{B}

(SEQ)

(WHILE)

(CONSEQ)
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¢t~ " 7 7% While +dt SyntGX[Suenaga & H., ICALP'11]

" Whiledt *
. AExp > a
where c, is a const. for r € R, adpE {+,— "/}

Q----'

BExp > b = true | false | by A bz | =b | a1 < a-

[ e, Cmd 3 c = skip | ®x :=a | c15¢c2
/ Th ey, f | if b then ¢y else ¢ | while bdo ¢
if m . T —

ru] B Satnd.2

CO @ 1

. Dlete > are SOun,J -

" B ~_ al]d

© Hoare®® "Claty,,

] b R e /Q /
{A}skip{A} (Sktp) {A[a/w] }:c - —_— ) /’

{A} e {C} {C}c2{Bj}
{A} c15c2{B}
{AANb}c{A}
{A}while bdo c{A A b}

SRS —
Monday, January 28, 2013

{A} if b then c; else c; {B}
A=A {A'}c{B'} =B =B
{A}c{B}

(SEQ)

(WHILE)

(CONSEQ)
Tokyo)
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Previous Work Gkl

=N [Winskel]
[Suenaga & H., ICALP’11] - %
.y At dt dt
While Assn Hoare
Programming lang. First-order assertion | Hoare-style program
lang. logic

while (t<a) do {

ti=t+1; 1z (x=2%z A y=3%z) {ANDb}c{A}

if ... {A} while bdo c{A A b}

Rigorous semantics by nonstandard analysis

* Hoare® : sound and relatively complete
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Previous Work

[Suenaga & H., ICALP11]

While™" Assn“"
Programming lang. First-order assertion
lang.
while (t<a) do {
E;=t+1; 3z (x=2%z A y=3%z)

= The
standard

. | textbook
[Winskel]

): \
N

|

Hoarecrc

Hoare-style program
logic

{AANDb}c{A}
{A} while b do c{A A —b}

Rigorous semantics by nonstandard analysis

* Hoare® : sound and relatively complete

* Modeling & verification of hybrid systems

Hasuo (Tokyo)
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The

Previous Work [ e

[Winskel]
[Suenaga & H., ICALP11] v
.y AL dt dt
While Assn Hoare
Programming lang. First-order assertion | Hoare-style program
lang. logic

while (t<a) do {

t:=t+1; 3z (x=2%z A y=3*z) {A /\ b} C {A}

if ... {A} while bdo c{A A b}

Rigorous semantics by nonstandard analysis

* »

Hoare : sound and relatively complete

Modeling & verification of hybrid systems

Program analysis techniques transferred (inv. gen., ...)

automatic prover [H. & Suenaga, CAV'12]
Hasuo (Tokyo)
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Static Analysis

Nonstandard Analysis
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Contribution

[ICALP'11] [CAV'12] [POPL13]
Programing Whiledt SProct
language Imperative | hyperstream processing language
Program gt
0gic Hoare Type system
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% Industry-standard tool

* Modeling + simulation (& code gen., ...)
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Signal
rocessing

4

Integrator

% Signal: value dependent on
g P f . RZO —_— (C

T—— ‘

continuous-time

* This looks somehow familiar... L
asuo (Tokyo)
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Kahn Process Diagrams

FIFO A PE resource

Read A
FIFO B

Read B

Compute
Write C

. HrO-C
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Kahn Process Diagrams

FIFO A PE resource

Read A
FIFOB Z
G0 i
sum
Read B
Compute
Write C

. FIFO C

Hasuo (Tokyo)
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Kahn Process Duagmms

FIFO A PE resource

Read A
FIFO B

Read B

Compute
Write C

‘ FIFO C
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Kahn Process Dmgmms

FIFO A PE resource

Read A
FIFO B
Read B
. * Stream processing system
Compute % Discrete-time s: N — C
Write C )

. FIFO C
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Kahn Process Duagmms

FIFO A PE resource

Read A
FIFO B
Read B
‘ * Stream processing system
Compute % Discrete-time s: N — C
Write C )

HFOC * Well in the realm of PL study!

Hasuo (Tokyo)
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Contribution
‘ [ICALP'11] [CAV'12] ‘ [POPL13]

| SProc®
Programing | Whiled®
language

hyperstream processing language
1st-order functional
(like Lustre)

Imperative

Program

Hoaredt Type system

logic (partial correctness)
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Contribution
‘ [ICALP'11] [CAV'12] ‘ [POPL13]

| SProc®
Programing | Whiled®
language

hyperstream processing language
1st-order functional
(like Lustre)

Imperative

Program Hoaredt Type system
logic (partial correctness)
* Example Deductive verif. of T
"the sine curve never exceeds 1” /\ ,

= - i T 27

node Sine() returns (s)
- | where s = 0fby! (s+ c X dt); N

[lper v €ClEo SwVu<1l+e}

Hasuo (Tokyo)
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Nonstandard Static Aqalvsis

* Example Deductive verif. of

|| .

node
where

Sine() returns (s)
s = 0 fby! (s + ¢ X dt);

c=11fby' (c— s xdt) |

"The sine curve never exceeds 1"  /—— \/2’

[lwer. v €Clto SwVu<1+e}

* Via the rules like

I'(z;) =7 fori € [1,m] A;T Fel:T(y;) forj €

_

1,l]] A;T'Feg: 7] for k € [1,n]

AN

node f(x1,..., Ty ) returns (€1,...,€,) |

—=12 IRy
where Y3 = €35... ;Y = €

(NODE)

(Tl T = L L e e D)

Hasuo (Tokyo)
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Nonstandard Static Aqalvsis

* Example Deductive verif. of

|| .

node
where

Sine() returns (s)
s = 0 fby! (s + ¢ X dt);

c=11fby' (c— s xdt) |

"The sine curve never exceeds 1"  /—— \/2’

[lwer. v €Clto SwVu<1+e}

* Via the rules like

I'(z;) =7 fori € [1,m] A;T Fel:T(y;) forj €

_

1,l]] A;T'Feg: 7] for k € [1,n]

AN

node f(x1,..., Ty ) returns (€1,...,€,) |

—=12 IRy
where Y3 = €35... ;Y = €

(NODE)

(Tl T = L L e e D)

(fixed pt. induction
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Contribution
‘ [ICALP11] [CAV'12] ‘ [POPL13]

| SProcdt
Programing | Whiled®
language

hyperstream processing language
1st-order functional
(like Lustre)

Imperative

Program

Hoaredt Type system

logic (partial correctness)
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Part I:
Stream Processing Language

SProc
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The Language SProc

SExpr D e = x|c|ei+ex|es Xex|er " es|es foyl es
| i b then e; else ez | proj, f(e1,...,em)
where * € SVar; c € C; 3 € N; b € SExpy;
f € NdName,, ,; and k € [1,n]
SExpp D b ::= true | false| by Aba |- b|e; = ez | isReal(e) | e1 < ea
where e, e; € SExpc
node f(x1,...,%m) returns (e1,...,ey)
where y; = e'1;y2 = 6’2;... Y = e;
where f € NdName, »; ©;, y; € SVar; e;, e, € SExpc;
T1geeesLymsY1s-.-+4Ypn are all distinct; and the variables
occurring in e;, e; are restricted to x; and y;
Programs 3 pg ::= [ndy,nd.,...,nd,,; ndmain]
where nd;, ndpmain € Nodes; and the node names occurring
in nd; or ndpmain are restricted to f1,..., fim and fmain,
the (distinct) names of ndy, ..., nd,, and ndmai,

Nodes 5 nd ::=

—

* Our (textual) language for stream processing

* Simplification of Lustre
[Caspi, Pilaud, Halbwachs, Plaice, POPL 87]

% First-order functional, with recursion
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A program that
computes the stream
nat = (0, 1, 2, ...)

nat

The Language
SProc

0 fby (1 + nat)
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The Language

A program that
computes the stream SProc
nat =012 ) (0. 0,0, .. J (1,11, .) J

nat

/ Y
0 fby (1 4 nat)
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The Language

A program that
computes the stream \ SProc
nat =012 ) (0. 0,0, .. J (1,11, ..) J

7 i Vo
0 fby (1 + nat)

(ag,al,az,...) fby (bo,bl,bz,...)
= (aog,bo, b1,b2,...)

nat

.
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The Language

A program that
computes the stream SProc
nat = (0, 1, 2, ...) (0, 0, O, ..) J 1,1,1,..) J
Y i >
nat = 0 fby (1 4+ nat)
(a,(), aij,az, .. .) fby (b(), bl, bz, .o .)
= (009b09b13 b27°°°)
* Operationally: 4
nat
0 fby (1 + nat)
1 4+ nat
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The Language

A program that
computes the stream SProc
nat = (0, 1, 2, ...) (0, 0, O, ..) J 1,1,1,..) J
V i 2
nat = 0 fby (1 4+ nat)
(a,(), aij,az, .. .) fby (b(), bl, bz, .o .)
= (aOabOabla b27°°°)
* Operationally: 4
nat
0 fby (1 +nat) | ©
1 4+ nat
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The Language

A program that
computes the stream SProc
nat = (0, 1, 2, ...) (0, 0, O, ..) J 1,1,1,..) J
V i 2
nat = 0 fby (1 4+ nat)
(a,(), aij,az, .. .) fby (b(), bl, bz, .o .)
= (aOabOabla b27°°°)
* Operationally: 4
nat Or
0 fby (1 + nat) O)
1 4+ nat
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The Language

A program that
computes the stream SProc
nat = (0, 1, 2, ...) (0, 0, O, ..) J 1,1,1,..) J
Vi 2 an
nat = 0 fby (1 4+ nat)
(&0,(11,(12,...) fby (b(), bl,bz,...)
= (aOabOabla b27°°°)
* Operationally: 4

nat /0w
0 fby (1 + nat) (O)
1 4+ nat 41
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The Language

A program that
computes the stream SProc
nat = (0, 1, 2, ...) (0, 0, O, ..) J 1,1,1,..) J
Y i >
nat = 0 fby (1 4+ nat)
(a,(), al,az,...) fby (b(), bl,bz,...)
= (a09b09b17 b27°°°)
* Operationally: 4

nat /0w
0 fby (1 + nat) (O) 1
1 4+ nat \&1/7}
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The Language

A program that
computes the stream SProc
nat = (0, 1, 2, ...) (0, 0, O, ..) J 1,1,1,..) J
Y i >
nat = 0 fby (1 4+ nat)
(a,(), al,az,...) fby (b(), bl,bz,...)
= (a09b09b17 b27°°°)
* Operationally: 4

nat O§ 1§
0 fby (1 + nat) (O BE
1 4+ nat \&1/7}
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A program that
computes the stream
nat = (0, 1, 2, ...)

nat

* Operationally:
nat

(O,

The Language
SProc

0,0, .. J (LL1.) J

7 i Vgt
0 fby (1 + nat)

(a,(), aij,az, .. .) fby (b(), bl, bz, o o .)

(a07 bOa b17 b27 e )

.

0 fby (1 + nat)

0  /

1 4+ nat
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The Language

A program that
computes the stream SProc
nat = (0, 1, 2, ...) (0, 0, 0O, ..) J (1,1, 1, ..) J
v S
nat = 0 fby (1 + nat)
(a,(), al,az,...) fby (b(), bl,bz,...)
= (a09b09b17 b27°°°)
* Operationally: 4
nat

0 fby (1 + nat)
1 4+ nat
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The Language

A program that
computes the stream SProc
nat = (0, 1, 2, ...) (0, 0, 0O, ..) J (1,1, 1, ..) J
v S
nat = 0 fby (1 + nat)
(a,(), al,az,...) fby (b(), bl,bz,...)
= (a09b09b17 b27°°°)
* Operationally: 4
nat

0 fby (1 + nat)
1 4+ nat
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The Language

A program that
computes the stream SProc
nat = (0, 1, 2, ...) (0, 0, O, ...) J 1,1,1,..) J
Y i YV
nat = 0 fby (1 + nat)
(a,(), al,az,...) fby (b(), bl,bz,...)
= (a07b09b17 b27'°°)
* Operationally: 4
nat

0 fby (1 + nat)
1 4+ nat
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The Language

A program that
computes the stream SProc
nat = (0, 1, 2, ...) (0, 0, O, ...) J 1,1,1,..) J
Y i YV
nat = 0 fby (1 + nat)
(a,(), al,az,...) fby (b(), bl,bz,...)
= (a07b09b17 b27'°°)
* Operationally: 4
nat

0 fby (1 + nat)
1 4+ nat
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The Language

A program that
computes the stream SProc
nat = (0, 1, 2, ...) (0, 0, O, ...) J 1,1,1,..) J
Y i YV
nat = 0 fby (1 + nat)
(a,(), al,az,...) fby (b(), bl,bz,...)
= (a07b09b17 b27'°°)
* Operationally: 4
nat

0 fby (1 + nat)
1 4+ nat
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The Language

A program that
computes the stream SProc
nat = (0, 1, 2, ...) (0, 0, O, ...) J 1,1,1,..) J
Y i YV
nat = 0 fby (1 + nat)
(a,(), al,az,...) fby (b(), bl,bz,...)
= (a07b09b17 b27'°°)
* Operationally: 4
nat

0 fby (1 + nat)
1 4+ nat
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The Language

A program that
computes the stream SProc
nat = (0, 1, 2, ...) (0, 0, O, ..) J 1,1,1,..) J
Vi 2 an
nat = 0 fby (1 4+ nat)
(&0,(11,(12,...) fby (b(), bl,bz,...)
= (aOabOabla b27°°°)
* Operationally: 4

nat
0 fby (1 + nat)
1 4+ nat

* We use Kahns denotational semantics [Kahn, ‘74]

e = L@ st g epo
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Part II:
Nonstandard
Analysis
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Nonstandard Analysis

* Analysis with an infinitesimal 9

* Done naively = contradiction!
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Nonstandard Analysis

* Analysis with an infinitesimal 0 [ “Infinitely small”
s T | I R &

* Done naively = contradiction!
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Nonstandard Analysis

* Analysis with an infinitesimal 0 [ “Infinitely small”
s T | I R &
: (VT‘ & R_|_)

* Done naively = contradiction!

Logical foundation via an ultrafilter
[Robinson, 1960]

Hasuo (Tokyo)

aaaaaaaaaaaaaaaaaaaaa



Hyperreals

= Reals + Infinitesimals + Infinites + ...

Defn.
The set of hyperreal numbers is

‘R := R/ ~gF

—w
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Hyperreals

= Reals + Infinitesimals + Infinites + ...

Defn.
The set of hyperreal numbers is
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Hyperreals

= Reals + Infinitesimals + Infinites + ...

Defn.
The set of hyperreal numbers is

R e RN/}FN}-} = [(ao,al,ag,...)}
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Hyperreals

= Reals + Infinitesimals + Infinites + ...

< < <

RS 3 LS ()

Defn. ST &
The set of hyperreal numbers is o et
aRfie canfer

R e RN/TN}'} ) [(ao,al, az,...)}
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Hyperreals

= Reals + Infinitesimals + Infinites + ...

< < <

RS 3 LS ()

Defn. ST &
The set of hyperreal numbers is o et
aRfie canfer

R e RN/N}- ) [(ao,al,az,...)}

* Operations: kb L]
. . -+ =(b0,b1, ..)}
sectionwise = [(ao + bo,a1 + b1,.-.)]
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Hyperreals

= Reals + Infinitesimals + Infinites + ...

N N <
RS 3 LS ()
Defin. SHASH 8
The set of hyperreal numbers is e g"’
O L A

R e RN/ ~ ) [(ao,al,az,...)}

* Operations: by ekb L]
sectionwise

_|_
~~
S
o
=
pd
~—

|
D
Q
_|_
S
)
g.
e
_|_
S
e

% (Std.) reals R < *R,
are hyperreals +— [(r,7,...)]

— E— Hasuo (Tokyo)
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Hyperreals

= Reals + Infinitesimals + Infinites + ...

Defn.
The set of hyperreal numbers is

‘R := RY/ ~z 3 |(ao,a1,0a2,...) |
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Hyperreals

= Reals + Infinitesimals + Infinites + ...

Defn.
The set of hyperreal numbers is

‘R := RY/ ~z 3 |(ao,a1,0a2,...) |

* Predicates:
sectionwise,

“for almost all i”
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Hyperreals

= Reals + Infinitesimals + Infinites + ...

Defn.
The set of hyperreal numbers is

‘R := RY/ ~z 3 |(ao,a1,0a2,...) |

L — T
] (a;)ien] < [(bi)ien]
* Predlcafes. = @ < by “for almost every 2”
sectionwise, — {ieN]a; £ b} Iis finite
“for almost all i” www——— ——
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Hyperreals

= Reals + Infinitesimals + Infinites + ...

Defn.
The set of hyperreal numbers is

‘R := RY/ ~z 3 |(ao,a1,0a2,...) |

(ai)ien| < [(bi)ien]

% Predicates:

—ai<tb; “for almost every 2”
sectionwise, — {ieN]a; £ b} Iis finite
“for almost all i’ - A

Precise defn. is via an ultrafilter F :

[(ai)ien] < [(bi)ien]
<— {t1€N|ag; <b;}eF
— —
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Hyperreals

= Reals + Infinitesimals + Infinites + ...

Defn.
Qa: ). < b:).
The set of hyperreal numbers is {( z)ZEN] [( z)ZEN] :
=g T 1 “for almost every 2”
R := RY/ ~x < {i€N]|a; £ b;} is finite
I — T — T —
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Hyperreals

= Reals + Infinitesimals + Infinites + ...

Defn.
a;)ien| < [(bi)q
The set of hyperreal numbers is [( ) EN] [( ) EN] :
=g T 1 “for almost every 2”
R = RN/ ™F = {’L e N | a; £ bz} is finite
aan 11 T
Prop.l o — [ (1, ~iTpogaszs ) ] is infinitesimal.
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Hyperreals

= Reals + Infinitesimals + Infinites + ...

Defn.
The set of hyperreal numbers is [( Z)ZEN] [( z)ZEN] :
=g T 1 “for almost every 2”
RE=RV~r < {i€N|a; £b;} is finite
— L — —————C

o 11 TR
Prop. 1wt — [(1,5,5,...)] is infinitesimal.
| ] | 1 1
o (19 F AN, ’ ’ ’ )
2 3 N N +1
1 ma (1 1 I 1 1 )
N NINN DN NP
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Hyperreals

= Reals + Infinitesimals + Infinites + ...

Defn.
The set of hyperreal numbers is [( Z)ZEN] [( z)ZEN] :
=g T 1 “for almost every 2”
RE=RV~r < {i€N|a; £b;} is finite
— L — —————C

s im=s ) EEaEEENEEENEE
Propio = [(1, 5 g, R )] is infinitesimal.
| | 1 1
o (19 F AN, ’ ’ ’ )
2113 N N+1
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Hyperreals

= Reals + Infinitesimals + Infinites + ...

Defn.
The set of hyperreal numbers is [( Z)ZEN] [( z)ZEN] :
=g T 1 “for almost every 2”
RE=RV~r < {i€N|a; £b;} is finite
— L — —————C

o 11 TR
Prop. 1wt — [ (1, ~iTpogaszs ) ] is infinitesimal.
1 1 )
W o o o o oo
N N +1
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Hyperreals

= Reals + Infinitesimals + Infinites + ...

Defn.
The set of hyperreal numbers is [( Z)ZEN] [( z)ZEN] :
=g T 1 “for almost every 2”
RE=RV~r < {i€N|a; £b;} is finite
— L — —————C

o 11 TR
Prop. 1wt — [ (1, ~iTpogaszs ) ] is infinitesimal.
1 1 )
W o o o o oo
N N +1
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Hyperreals

= Reals + Infinitesimals + Infinites + ...

Defn.
The set of hyperreal numbers is [( Z)ZEN] [( z)ZEN] :
=g T 1 “for almost every 2”
RE=RV~r < {i€N|a; £b;} is finite
— L — —————C
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Hyperreals

= Reals + Infinitesimals + Infinites + ...

Defn.
The set of hyperreal numbers is [( Z)ZEN] [( z)ZEN] :
=g T 1 “for almost every 2”
RE=RV~r < {i€N|a; £b;} is finite
— L — —————C
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Hyperreals

= Reals + Infinitesimals + Infinites + ...

Defn.
i)i b;)i
The set of hyperreal numbers is [(a ) EN] = [( ) GN] :
=g T 1 “for almost every 2”
R = RN/ ™F = {’L e N | a; £ bz} is finite
— N, ——
HEN IS8 | SESERERENENAR
Prop. 1wt — [ (1, ~iTpogaszs ) ] is infinitesimal.
Err i 1 1
3 = =S S N ! )
Ho g N N+1
% % X % v v
1 1 1 1 1
T e ( ’ 9 Y i B 9 oo )
N N'N N N’ N
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Hyperreals

= Reals + Infinitesimals + Infinites + ...

Defn.
i)i b;)i
The set of hyperreal numbers is [(a ) EN] = [( ) GN] :
=g T 1 “for almost every 2”
R = RN/ ™F = {’L e N | a; £ bz} is finite
— N, ——
mEn ISR | BEARENEENERA
Prop. 1wt — [ (1, ~iTpogaszs ) ] is infinitesimal.
Err i 1 1
3 = =S S N ! )
Ho g N N+1
am % % o -
1 1 1 1 1
T e ( ’ 9 Y i B 9 oo )
N N'N N N’ N
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Hyperreals

= Reals + Infinitesimals + Infinites + ...

Defn.
a;)ien| < [(b;)q
The set of hyperreal numbers is [( ) EN] [( ) GN] :
=g T 1 “for almost every 2”
R = RN/ ™F = {’L e N | a; £ bz} is finite
1 L — B
1y 1 1 I eRrSR A
Prop. 1wt — [ (1, ~iTpogaszs ) ] is infinitesimal.

1 1
N

Hasuo (Tokyo)

Monday, January 28, 2013



Hyperreals

= Reals + Infinitesimals + ...

Dein.

The set of hyperreal numbers is [(ai)iEN} < [(bi)ieN]
R = RY/ ~og <~ {ieN|a;<b}ecF
) : l:d;—i *
R —— e
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Defn.

[ U lf ﬁ lt An ultrafilter F C P(N) is such that:
ra e r 1. For each X C N, exactly one of

i
X and N\ X
Hype: (existence by AC) fo it 57

2. X,YEF=XNYEF

= Reals + Inf e
%

S I = = = = = N R
Defn. P |
The set of hyperreal numbers is.~" [(ai)ien] < [(bi)ien] ¢
R = B A bbb,
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Defn.

[ U lf ﬁ lf An ultrafilter F C P(N) is such that:
ra e r 1. For each X C N, exactly one of

i
X and N\ X
Hype: (existence by AC) is in .

2. X,YEF=XNYEF

= Reals + Inf e
$

Il I = I H = = SIS

Defn.
The set of hyperreal numbers is . (a:)ien] < [(bi)ien]
R = RV 5 <~ {ieN|a;<b}EF

Thm. (Transfer Principle)
A: a first-order formula in Zx.

*A: its x-transform. Then

[ 2 =i | = — s 2 i ==
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Defn.

[ U lf ﬁ lf An ultrafilter F C P(N) is such that:
ra e r 1. For each X C N, exactly one of

i
X and N\ X
Hype: (existence by AC) is in .

2. X,YEF=XNYEF

= Reals + Inf e
$

Il I = I H = = SIS

Defn.
The set of hyperreal numbers is_ [(ai)iEN} < [(bi)iEN}
R = RV 5 <~ {ieN|a;<b}EF

Thm. (Transfer Principle)
A: a first-order formula in Zx.

s raonm e

[ 2 =i | = — s 2 i ==

L ———————

Same as A, except:
VreR inA is
Ve € "R in *A
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Defn.
[ U lf ﬁ lf An ultrafilter F C P(N) is such that:
ra e r 1. For each X C N, exactly one of

i
X and N\ X
Hype: (existence by AC) is in .

2. X,YEF=XNYEF

= Reals + Inf, e
%

I O e T YR o e oeEmm
Defn.
The set of hyperreal numbers is..» [(ai)iEN} < [(bi)z‘eN]
"R = RV 4D < {ieN|a;<b}gr

T ——

T

Thm. (Transfer Principle)

A: a first-order formula in Zx.
its x-transform. Then

[ 2 =i | = — s 2 i ==

Same as A, except: I * we . "
Ve ER inA is * R and” IR are “logically the same

Ve € *R in *A 0
1 % => transfer program logic too!
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Part III:
SProcdt

and Its Type System
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SExps S e ::

SExpp 2 b ::

Nodes © nd ::

Programs 5 pg ::

SProc + dt + fby«
/

r|clel+ex|e Xex|elNea| e foy? e
| if b then e; else es | proj, f(e1,...,em)

i
dt | eq fbydt €9
where £ € SVar; c € C; 3 € N; b € SExpg;
f € NdName,, »; k € [1,n];
and r € R>g ;
true | false | by A by | =b | e1 = ex | isReal(e) | e1 < e2
where e, e; € SExp¢
node f(x1,...,%s,) returns (€1,...,€y)
where y1 = 6'1;y2 = 6’2;... s Yl — e;
where f € NdName,, ,; i, y; € SVar; e;, e, € SExpc;
T1seeesLmsYls-+.4Yp are all distinct; and the variables
occurring in e;, e are restricted to x; and y;
[nd17 nd27 see ndm; ndMain]
where nd;, ndmain € Nodes; and the node names occurring
in nd; or ndmain are restricted to f1,..., fin and fmain,
the (distinct) names of ndq,...,nd,, and ndwma
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SExp: 2 e =

SExpp 2 b =

Nodes 5 nd ::=

Programs > pg ::=

%* Idea: vars/exps denote "hyperstreams”

x|cles+ex|er Xex|esNesl| e fbyl ey
| if b then e; else ez | proj, f(e1,...,em)

r
dt | e; fbya e,
where € SVar; c € C; 3 € N; b € SExpg;
f € NdName,, ,; k € [1,n];
and 7 € R>gq ;
true | false | by Aba | b | e1 = ez | isReal(e) | e1 < ez
where e, e; € SExpc
node f(x1,...,%Tm) returns (€1,...,€y)
where y1 = €;y2 = €55... 5y1 = €
where f € NdName,, »; x;,y; € SVar; e;, e, € SExpc;
T1yeeesTmsYis---5Yn are all distinct; and the variables
occurring in e;, e} are restricted to x; and y;
[ndla ndz, ..., nd;,; ndMain]
where nd;, ndmain € Nodes; and the node names occurring
in nd; or ndmain are restricted to f1,..., fm and fmain,
the (distinct) names of ndy, ..., nd,, and ndwmain

e ——

SProcdt;

Syntax

% = streams with infinitesimal sampling interval dt
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SExp: 2 e =

SExpp 2 b =

Nodes D nd ::=

Programs > pg ::=

5%

x|cles+ex|er Xex|esNesl| e fbyl ey
| if b then e; else ez | proj, f(e1,...,em)

r
dt | e; fbya e,
where € SVar; c € C; 3 € N; b € SExpg;
f € NdName,, ,; k € [1,n];
and 7 € R>gq ;
true | false | by Aba | b | e1 = ez | isReal(e) | e1 < ez
where e, e; € SExpc

node f(x1,...,%Tm) returns (€1,...,€y)

where y1 = €;y2 = €55... 5y1 = €
where f € NdName,, »; x;,y; € SVar; e;, e, € SExpc;
T1yeeesTmsYis---5Yn are all distinct; and the variables
occurring in e;, e} are restricted to x; and y;

[ndla ndz, ..., nd;,; ndMain]

where nd;, ndmain € Nodes; and the node names occurring
in nd; or ndmain are restricted to f1,..., fm and fmain,
the (distinct) names of ndy, ..., nd,, and ndwmain

Idea: vars/exps denote “hyperstreams”

SProcdt;

Syntax

% = streams with infinitesimal sampling interval dt

* dt = (dt, dt, ...) , const. hyperstream

Hasuo (Tokyo)
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SExpc De = x|clei+ex|er Xea|er eyl e fbyl es

| 1f b then e; else ez | proj, f(e1,...,€m)
dt | e; Tby e; SPrOCdt:

where € SVar; ¢ € C; j € N; b € SExpg;
f € NdName,, »; k € [1,n];

and 7 € R>gq ;
SExpp D b ::= true | false | by Abz | -b | e; = ez | isReal(e) | e1 < ez
where e, e; € SExpc S n a x
NoH i node f(xq,. .,.,:cm) re,turns (e1, - .;,en)
where Y13 = e15Y2 = €,55... ;Y1 = €
where f € NdName,, »; x;,y; € SVar; e;, e, € SExpc;
T1yeeesTmsYis---5Yn are all distinct; and the variables
occurring in e;, e} are restricted to x; and y;
Programs 3 pg ::= [ndy,nda,...,nd,,;; nduain]

where nd;, ndmain € Nodes; and the node names occurring
in nd; or ndmain are restricted to f1,..., fm and fmain,
the (distinct) names of ndy, ..., nd,, and ndmain

%* Idea: vars/exps denote "hyperstreams”
% = streams with infinitesimal sampling interval dt

* dt = (dt, dt, ...) , const. hyperstream

(CL(), ai, (12,...) fby (bO,bl,bZ,...) %
* = (CL(), b(), bl, bz,...) fby

| —

Delay by 1 step ' Delay by r seconds
(dt seconds) (infinite steps)

Hasuo (Tokyo)
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SProc?: Example
(The Sine Curve)

s = 0fby (s+ c X dt) ;
c = 1fby (c — s X dt)

Hasuo (Tokyo)
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SProc?: Example
(The Sine Curve)

0 fby (s + ¢ X dt) ;
1 fby (c — s X dt)

S
C

-

(S0sS158245++.)
:(O, Sop + ¢co X dt, s1 + ¢cq1 X dt, )

Hasuo (Tokyo)
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SProc?: Example
(The Sine Curve)

s = 0fby (s+ c X dt) ;
c = 1fby (c — s X dt)
f(309319329°°°) E

:(O, Sop + ¢co X dt, s1 + ¢cq1 X dt, )

W egi=0 sy =Sy G dE

Hasuo (Tokyo)
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SProc?: Example
(The Sine Curve)

s = 0fby (s+ c X dt) ;
c = 1fby (c — s X dt)
(80,81,82,...) |

:(O, Sop + ¢co X dt, s1 + ¢cq1 X dt, )

W egi=0 sy =Sy G dE

- [ s(t + dt) — s(t) — <(t)
dt

Hasuo (Tokyo)
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SProc?: Example
(The Sine Curve)

s = 0fby (s+ c X dt) ;
c = 1fby (c — s X dt)
(‘307319329“') A

:(O, Sop + ¢co X dt, s1 + ¢cq1 X dt, )

W egi=0 sy =Sy G dE

- [ s(t 4+ dt) — s(t) — <(t)
dt

w sy =01 sitir="c(t)

Hasuo (Tokyo)
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SProc?: Example
(The Sine Curve)

s = 0fby (s+ c X dt) ;

= 1fby (c—sxdt) s(0)=0 —¢0)=1
¢ y (C 2 )l. | $(t) =c(t) ¢(t) = —s(t)
(S05 81, 825...)

:(O, Sop + ¢co X dt, s1 + ¢cq1 X dt, )

W egi=0 sy =Sy G dE

- [ s(t 4+ dt) — s(t) — <(t)
dt

w sy =01 sitir="c(t)
Hasuo (Tokyo)
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SProcdt: Denotational Semantics
(Sketch)

s = 0fby (s+ c X dt) ;
c = 1fby (c — s X dt)
I — B

Hasuo (Tokyo)
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SProcdt: Denotational Seman’rics
(SkefCh) ﬂdt]]

)

1 1
2’3

s = 0fby (s+ c X dt) ;
c = 1fby (c — s X dt)
I — e

Hasuo (Tokyo)
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SProcd: Denotational Seman’rics

(Sketch) L 1
dt — —cooc
] - o)
s = 0fby (s+ c X dt) ;
cC = lfby(C—Sth)
F \ Ty e — . ’"
IVexpand into sections
s:Ofby(s—|—c><% - s:Ofby(s—l—cX%); s=0fby(s—|—c><%);
czlfby(c—sx% , CZlbe(C_SX%) , chbe(c_SX%) ‘X X )

Hasuo (Tokyo)
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SProcd: Denotational Seman’rics

(Sketch) L 1
dt — = ooc
[ ]] L s gees)]
s = 0fby (s+ c X dt) ;
c = 1fby (c — s X dt)
" \ Ty . 7
IVexpand into sections
S :Ofby(s—|—c><% : S :Ofby(s—l—cxé); S =Ofby(s—|—c><%);
czlfby(c—sx% , CZlbe(C_SX%) , chbe(c_SX%) ‘X X )
io 2 4 6 8 D

Hasuo (Tokyo)
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SProcd: Denotational Seman’rics

(Sketch) 1 1
dt — = ooc
] - N )
s = 0fby (s+ c X dt) ;
c = 1fby (c— s X dt)
p \ Ty . 7
IVexpand into sections
s = 0fby (s+cXx 1) ; s = 0fby (s+cX 3); s=0fby(s—|—c><%);
ci= 1 ftbyilc= SX%) W, Ghi=— 1be(C_SX%) / Cl = 1fby(c—s><%) 00

) 3
4 , , , ,
gl
ol
1l
04
-1+
-2+
-3+
4 L . . .

il -4 L L L n
0 2 4 6 8 10 0 2 4 6 8 10

Hasuo (Tokyo)

Monday, January 28, 2013



SProcd: Denotational Seman’rics

(Sketch) 1 1
dt — = ooc
] - N )
s = 0fby (s+ c X dt) ;
c = 1fby (c— s X dt)
p \ Ty . 7
IVexpand into sections
s = 0fby (s+cXx 1) ; s = 0fby (s+cX 3); s=0fby(s—|—c><%);
ci= 1 ftbyilc= SX%) W, Ghi=— 1be(C_SX%) / Cl = 1fby(c—s><%) 00

= L | _4
0 6 8 10 0
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Semantics

Cft.

* Precisely: via *-transfer
(an NSA operation, with ultrafilter)

* Intuitively: like Euler’s method l
]
: 1 1

e EEEEEEEEE s .- [[dt]]=[(1,5,§,---)]

S 0 fby (s + ¢ X dt) ;
c = 1fby (c— s X dt)

. expand into sections”
s = 0fby (s+cX 1); s = 0fby (s +¢ X 3); s = 0fby (s+eX 3);
c:lfby(C—sX%) , CZlbe(C_SX%) ’ L= 1be(C_SX%) 00

—_—

—

4 T " : :
.l A
o A
N A
0/\/\
( N N ) AL ]
2L |
_3,
\ | | |
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SProc?: Type System
(For Partial Correctness)

[ICALP'11] [CAV'12) [POPL13]
. SProc
Programing paRc hyperstream processing language
CHEEET Imperative Ist-order functional
(like Lustre)
Program Hoaredt 'I'yPe system
logic (partial correctness)
r —

Hasuo (Tokyo)
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SProc®: Type System
(For Partial Correctness)

% That for SProc,
“*_transferred”

(ICALP'11] [CAV'12] [POPL13]
SProcdt

Programing | Whiled

_ hyperstream processing language
language Imperative Ist-order functional

(like Lustre)

Program Hoaredt Type system
logic (partial correctness)

Hasuo (Tokyo)
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SProc®: Type System
(For Partial Correctness)

(ICALP'11) [CAV'12) [POPL13]
* That for SPI’OC, SProcdt
A Al '|']"a ns Fe rred ” Plr :ng r::\i:g Whlle.dt hyperstream processing language
guas Imperative Ist-order functional
(like Lustre)
* Syntax after dependent Program | g1 et Type system
ogic (partial correctness)
type systems — e—
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SProc®: Type System
(For Partial Correctness)

(ICALP'11) [CAV'12) [POPL13]
That for SProc, SProcdt
A Al frans Ferred ” Plr :ng r:;ni:g Whlle_dt hyperstream processing language
9799 Imperative 1st-order functional
(like Lustre)
Syntax after dependent eugum | 4o, Type system
ogic (partial correctness)
type systems B

Example:
" node
| where

Sine() returns (s)
s = 0 fby (s 4+ ¢ X dt);
c=1fby (c— s XxXdt)

HvE*N{uE*CCHOvadt\/ugl—l—s} ]

(Tokyo)

Monday, Janua

ry 28, 2013



SProc®: Type System
(For Partial Correctness)

AExp > a ::

Fml > P ::

STyper 3 7 ::

STypey 5 3 ::

NdType,,  , DV ::

v]ieclayt+az|a; Xaz|asNas| [ar] ]
dt | i where v € Var and ¢ € C
true | false | L APy | PV Py | =P |
a1 = as | isReal(a) |ay < az | a1 < as |
Vv € *N. P | Vv € *C. P
where v € Var and a,a; € AExp
ll,cniu € *C | P} where u,v € Var,
P € Fml and FV(P) C {u,v}
[l,csn P where v € Var,
P € Fml and FV(P) C {v}
|z 2 MEEREE N WS ., AN AR
where 7;, 7/ € STypec

Hasuo (Tokyo)
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AExp>a == v|c|ai+az|ai Xaz|a?

az | [a1] |

dt|% where v € Var and ¢ € C

P e IR SProci: Type System

Vv € *N. P | Vv € *C. P

where v € Var and a,a; € AExp
STypec > 7 = [[,cen{u € *C| P} where u,v € Var,

(For Partial Correctness)

STypeg > B ::= ][[,c.y P Wwherev € Var,

P € Fml and FV(P) ¢
NATyDe, p.pn-2- Y 2= L (Tiseg0sTm) =2 AT s 000
where 73, 7] € STypec

———————

V. $
A;THz:T(x) (SVAR) A;Tke: N{u€C|u=c} (ConsT)

ATk e [[yen{ui € C| Py} fori = 1,2 t=Vv€NVu1,uQ,u€C(Pll\)ﬁl\u=(u|aopug) = P)
(Aop) (aop € {+,x,"})
A;l'Hejaopey:[[,.niueC| P}
ATk e : [[yen{u€C| P} fori=1,2 Yo eNVueC.((v<jAP, = P)A(v>jAPyv—j/v] = P))

FeyJ
A;I'F eq fbyd e : [lvenf{u € C| P} ( )
AiTEb:[[penPo AT ke [[en{u€C|Plfori=12 EVYWeENVUuEC.(BAPL = P)A(RAR = P)

A;I'-if bthenej elsee2: [[ -n{u€C| P}
A;Tkei:mfori€ [I,m] A(f)=(m1,...,7m) = (7{,---,Tn)

A;I'F proj, fler,...,em) : 7
Ail'Fe:[[,ey{veC| P} EVweNVueC. PP =P

ATFe:[],n{ueC| P}

(IF)

(NDCALL)

(CSTCONSEQ)

ATFb,  [Loon P fori = 1,2
AT FEby Aby : [[pen(PrAPy) fori = 1,2
AiThe:[[yen{wi €C| P} fori=1,2 EVYweNVu, g e C.(PAPy = (P& u = ug))
ATk e =e2:nveNP
A;TFe:[[,en{ueC| P} EVve NVue C.(P' = (P 4 isReal(u)))
A;T'F isReal(e) : [[,en P
A:T'keg: ”veN{u‘ €C|Plfori=1,2 =EVveNVu,ua € C.(PLA Py = (P & (isReal(uj) A isReal(u2) A u1 < u2)))

(AND) (TRUE), (FALSE), (NEG) are similar

(EQUAL)

(ISREAL)

L;
Ail'Fey <eg:[l,exP (Less)
A;TEb: [[,en P EVveEN P'@P
BSTCONSE
ATFb: [Lon P (BSTCONSEQ)
Plzi) =mfori€ [I,m| A;T'ke):T(y;)forj € [LI] AiTHeg:7 fork € [1,n] "
(NODE)
nede f(xy,...,Tm) returns (ey,...,e
Ak Hheref!(lll=e’l;-.”.‘2!ﬂ=e; (l ﬂ) 1(71....,1,,.)—’(7{',...,7',','
AbFnd:(r],...,7,) — (6],...,00)
EVveNVueC.Pi= P/ fori€ [1,m] EYweNVYueC.Q;=Q;forj€ [l,n]
(W'wre‘rg EnveN{UG C I Pi}, T: = nveN{“ eC I ’):}‘ o5 = nveN{uG C | QJ}. ol = nveN{uE CIQ;})
(NDCONSEQ)
Abnd:(m1,...,7/m) = (01,...,0n)
AFnd; : A(f;)forz € |1, A+ ndpain -
. Us) forz € 17, m] IMain 1V (PROG) (f, is the name of the nodes nd, )
F [nd1,...,ndm;ndpsia) : v
dt
Ail'Fat: [[,cufu € C| u=adt} (dt)
AT Fep [, {u] P} AlTFeg: [ {ul P}
=Yv e *Nvue *C.((v< « NPL = P)A
(0> £ APf{o—[Z)/0) = P)) ,
v FBy &
AiTF e; fby& ez [[,coniu € °C| P} (FBYE) Hasuo (Tokyo)
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AExp > a ::

Fml> P ::

STypec O 1 ::
STypeg 5 8 ::

NdType,, , D v

v|clai+az|ar Xaz|aiaz| [a1] |

dt|% where v € Var and ¢ € C

true | false | L AP | P,V P | -P | SP d_t. T S f

a; = az | isReal(a) | a1 < az | a1 < az | rOC ° ype Ys em
Yo € *N. P | Vo € *C. P

where v € Var and a,a; € AExp
[[oesn{v € *C | P} where u,v € Var,

(For Partial Correctness)

P € Fml and FV(P) ¢

’ V ‘
(Tl,ﬂ..,fm),—> (STII‘,M, ATFz.TG) (SVAR) AT e TlonfecCluca (CoONsT)
where 73, 7] € YP€c A;Tke;: nveN{WEC|P}forz=l2 }=Vv€NVu1,u2.u€C(Pl/\)€ Au = (uy aop ug) = P) A .
™ A;THejaopey:[[,y{ueC| P} (AoP) (aop € {+,x,"})

N
ATk e :[[yen{u€C| P}fori=1,2 Yo eNNueC.((v<jAP = P)A(v>jAPyv—j/v] = P)) .
BY
A;I'F eq fbyd e : [lvenf{u € C| P} ( )

A;T Hax:T'(x)

(SVAR) Fb:[lpenPs AiThe:[[pen{u€C|P)fori=12 EVYoeNVueC(P,APL = P)A(P,APR = P) -

A;I'-if bthenej elsee2: [[ -n{u€C| P}
A;Tkei:mfori€ [I,m] A(f)=(m1,...,7m) = (7{,---,Tn)

(NDCALL)
A;I'F proj, fler,...,em) : 7
S — — Ail'Fe:[[,ey{veC| P} EVweNVueC. PP =P
(CSTCONSEQ)
ATFe:[],n{ueC| P}
Al bg H nt’GN P. forr = 1,2
(AND) (TRUE), (FALSE), (NEG) are similar

AT FEby Aby : [[pen(PrAPy) fori = 1,2
AiThe:[[yen{wi €C| P} fori=1,2 EVYweNVu, g e C.(PAPy = (P& u = ug))
ATk e =e2:ﬂv€NP
A;TFe:[[,en{ueC| P} EVve NVue C.(P' = (P 4 isReal(u)))
A;T'F isReal(e) : [[,en P
A:T'keg: ”veN{u‘ €C|Plfori=1,2 =EVveNVu,ua € C.(PLA Py = (P & (isReal(uj) A isReal(u2) A u1 < u2)))

(EQUAL)

(ISREAL)

Lu
Ai'Fey <ex:[[,enP (Less)
ATHb:[[oex P EVoeN P &P
BSTCONSE
ATFb: [Lon P (BSTCONSEQ)
Plzi) =nifori € [I,m] A;Tke):T(y;)fory€[ll] A;TFeg:7 fork € [1,n] "
(NODE)
nede f(xy,...,Zm) returns (ey,...,e
AF vheref!(nl:e'l;..'?zy;:e; (e1 n) (T ey Tm) = (74 7l
AbFnd:(r],...,7,) — (6],...,00)
EVveNVueC.Pi= P/ fori€ [1,m] EYweNVYueC.Q;=Q;forj€ [l,n]
(where 7y = [[,en{u € C| B}, 7{ =[[oen{u €C| P}, 05 = [[oen{u € C| Q4}, o5 = [[enf{ueC| Q;})
(NDCONSEQ)
Abnd:(m1,...,7/m) = (01,...,0n)
AbFnd; - A forz € |1, A F ndpain -
. Us) forz € 17, m] IMain 1V (PROG) (f, is the name of the nodes nd, )
F [nd1,...,ndm;ndpsia) : v
d
ATFat [lon(ueCluzay o
AT Fep [, {u] P} AlTFeg: [ {ul P}
=Yv e *Nvue *C.((v< « NPL = P)A
(w2 g APRP[(v=[5])/v] = P)) .
- FBY &
AiTF e; fby& ez [[,coniu € °C| P} (FBYE) Hasuo (Tokyo)
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AExp>a == v|c|ai+az]|a; Xaz|ai™az]|[a1] ]

dt | &+

Fml > P ::= true|false | PLAP;| P,V P, | P |
a1 = a3 | isReal(a) | a1 < az | a1 < az |
Vve *N.P |Vv e *C. P

where v € Var and ¢ € C

where v € Var and a,a; € AExp

SProc?: Type System
(For Partial Correctness)

STypec > 7 = [[,cen{u € *C| P} where u,v € Var,
P € Fml and FV(P) C {u,v}
STypeg > B ::= ][[,c.y P Wwherev € Var,
P € Fml and FV(P) ¢
== - . SVAR
NdTypem,n 9 v (T]J 9Tm) = (Tl’ 9 A r| }_ T F(I) ( ) A r|

where 73, 7] € STypec

AT ke [[pen{ui €EC| P} fori =1,2 |=Vv € NVuj,ug,u € C.(Py A

c:

(@eClu=g (CONSD

)’ﬁ” Au = (uj aopuz) = P)

— A;l'ejaopey : [],

{ueC| P}

(Aop) (aop € {+,x,"})

N
Al ke : [[uenfu€C| P} fori =1,2 Vo ENYu e C.((v<jAP, = P)A(v2jAPylv—jfu] = P))

(FBY7)

A;T'Fep toyl eg : [[,enfu € C| P}

AT Hx

(SVAR) Fb:[lyenPo AiThei:[[pen{u€C|Plfori=12 EYVWweENVUEC(PAP = P)A(PBAPR = P)

I'(x)

(IF)

A;I'-if bthenej elseen: [[ n{u€C| P}
A;Tke:mfori€ [1,m] A(f) = (m1,

veesT™m) = (T4,-- -, 7n)

A;I'F proj, fler,...,em) : 7

T —

—8 Ail'Fe:[[,ey{veC| P} EVweNVueC. PP =P

AsTEbO: ][, en Po

(NDCALL)

P ad <E T PN

AI‘I—e,,,._ UEN{uEC|P}for 1 =1,2

(IF)

A;T - if b then ej else ez : [[ nylu € C| P} £ss)

S — T T U

e —

P(zi) =mifori € [I,m| A;T'F e :T(y;)forj € [1,1]

A;T'F e 7y fork € [1,n]

AF '
where y; = el,... ‘YL =€
AFnd:(rf,..., T™m) — (61,...,0%)

node f(.rl,...,zm)retums (e1,...,€en) ] : (

(NODE)

cosTm) = (74 ooy Th

EVYveNYueC.P= P/fori€ [1,m] EVweNVYueC.Q)=Q;forj€ [l,n]
(where 7y = [Tyen{u € C| B}, 7{ = [lyen{u €C| P}, 05 = [[uen{v € C| Q;}, o = [[oenfu € C| Q5})

AkFnd:(m,...,7m) — (01,..., on) (NDCONSEQ)
AbFnd;:A(f;)forz € [I,m] A" ndpgin v (PROG)  (f, is the name of the nodes nd,)

F [nd1,...,ndm;ndpgia) : v

ATrat: [lonfueCluzday

AT Fep [, {u] P} Al Feg: [ {u] Pa}
EVYve *Nvue *C.((v< x NP1 = P)A

(v=> g AR[(v=[£])/v] = P)) .
(Foy &) Hasuo (Tokyo)

AT F ey toy® e : [[,confu € *C| P}
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AExp>a == v|c|ai+az]|a; Xaz|ai™az]|[a1] ]
dt|% where v € Var and ¢ € C

Fml> P ::= true|false | PLAP; | P,V Py | P | SPr dt‘ f
a; = az | isReal(a) | a1 < az | a; < az | Oc )
Vve *N.P |Vv e *C. P

where v € Var and a, a; € AExp
STypec > 7 = [[,cen{u € *C| P} where u,v € Var,

e e S (For Partial Correctness)

P € Fml and FV(P) ¢

NdType,, , D v = (Tl,...,Tm),—> 1 0 O ATEz.T() (SVAR) ATFe[lonueClu=q (CONST)
where 7;, 7; € STypec A;T'Fe;: H‘cN{u,€C|P}for:_l2 b= Yv € NVuj, ug, uEC(PlAh;/\u_(ulaopug) = P)
_ (Aop) (aop € {+,x,"})
— A;l'-eyaopey: [[ y{uEC| P}

A:I‘P—c,»:n‘,en{u€C|P,}fori=l.2 EYWweNVueC.((v<jAP, = P)A(v2jAPv—j/v] = P)) -
. BY
A;I'eg fby? eg : [[,enfu € C| P} ( )
(SVAR) Fb:[loenPs AsThe:[[penfu€C|P)fori=12 E=VweNVueC(PAP = P)A(PAPR = P)
A:I'+if bthen e1 else e2 : ]']Leh{uECI P}
A;Tke:mforie [I,m] A(f) = (m1,.-., ™m) = (T1,---, )
A;T F proj,. fley,..., €m) :TL
AiTkFe:[[,en{ueC| P} EYWweNVueC. P =P

(IF)

AT Hax:T'(x)

(NDCALL)

[ —

P ad <E T PN

AsTEbO: ][, en Po
AI‘I—e,,,.‘ UEN{UEC|P}forz_12
F

A;T = if b then e else ez : ||, n{u € C | P} Ess)

| o T T UTITocR T SRR

TVl — . Fw s = 11 A.TL W T Vel =11 1N AT s, o &M el =2 11

I'(x;) =7;fort e [1,m] A;TF e;. : T'(y;) for 3 € [1,1] A;T e : 7 for k € [1,n] N )
- ODE
node f(&Lqq¢..I returns (é14....,€
A F( ) m? S (€1, »€n) S (Tage ey Tm) =2 (T 5o e s 7))
where y; = €35... ;Y = € ]
ATFat [lon{ueClu=at o
AT Fep [, {u] P} AIF‘c).I_I{u. b}
Vv e *NVue *C.((v< x NP1 = P)A
(1'2 r /\Pw[(z —1m])/r =>P)) r
A:T F ey foy& 2 : [[,c-ni{u € °C| P} (FBY®) Hasuo (TOkYO)
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AExp > a ::

Fml> P ::

STypec O 1 ::
STypeg 5 8 ::

NdType,, , D v

v|c|lai+az|ar Xaz|aiNaz| [a1] |
dt|% where v € Var and ¢ € C

true | false | PL A P2 | PV Po | —P | SP dt‘ T f
a; = az | isReal(a) | a1 < az | a; < az | roc ® ype ys em
Vve *N.P |Vv e *C. P

where v € Var and a, a; € AExp

[[oesn{v € *C | P} where u,v € Var,

(For Partial Correctness)

P € Fml and FV(P) ¢

5 | SVAR CoONST
(TayesesTm ) (Ta50ess ATFz: (@ o ATFc [Teen{u€Clu=c) 000

Y
where 73, 7; € STypec AT ke [[pen{ui €C| Py} fori = 1,2 = Vo € NVuy, ug, UEC(PlAthu_(m aop u2) => P)

A
A;T'H ey aopey: [lveN{“GC|p} (Aor) (aope€ {+.x,"})
ATk e [lyen{u€C| P} fori=1,2 Vo eNVueC.((v<jAPL = P)A(v2jAPyv—j/v] = P))

: (FBY7)
A;M'Feq tby? eg : [[,enfu € C| P}

AT Hax:T'(x)

L(z;) =mifori € [1,m] A;L'E e :I(y;) for j € :1,l] A;I‘ - er : 7 for k € [1,n]

(SVAR) Fb:[lyenPo AiThei:[[pen{u€C|Plfori=12 EYVWweENVUEC(PAP = P)A(PBAPR = P)
A:I'=if bthen e1 else e2 : nteh{uECI P}
A;Tke:mforie [I,m] A(f) = (m1,.-., ™m) = (T1,---, )
A;T' - proj,. fler,..., €m) :TL
AiTkFe:[[,en{ueC| P} EYWweNVueC. P =P

(I¥)

(NDCALL)

P ad <E T PN

AsTEbO: ][, en Po
AI‘I—e,,,.‘ UEN{UEC|P}forz_12
F

A;T = if b then e else ez : ||, n{u € C | P} Ess)

L___L. ? T T II!EN -
™.\ af . F - frr -
e . (o)

A -

node f(1,...,Tm) returns (e1,...,€n) |
where y; = €%;... 5y = €]

(NODE)

S (Tage ey Tm) =2 (T 5o e s 7))

(dt
Ail'Fdt: [[,cufu € C|u=adt} )

A:er'ltn',{u[Fﬁ} AI‘F‘:) H{u P}
= Vv € *NVu e *C.((v < g NP1 = P)A
(1'2 e /\Pw[(z —f ])/t =>P))

AT F ey toy® e : [[,confu € °C| P} (FBY%) Hasuo (TOkYO)
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SProc®: Type System
Soundness

Thm. (Soundness)
A derivable type judgment A;I' - e : T is valid.

%k Proof sketch:

* Denotation |[e] :

via hyperdomains (cpos *-transferred via NSA)
Also in [Beauxis & Mimram, CSL11]

* Soundness of SProc type system:
by fixed point induction

* It is *-transferred to SProcdt Hasuo (Tokyo)
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FAQ on
Nonstandard Static Analysis

Hasuo (Tokyo)

aaaaaaaaaaaaaaaaaaaaa



FAQ on
Nonstandard Static Analysis

* Q. Is an SProcd/Whiledt program executable?
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Nonstandard Static Analysis

* Q. Is an SProcd/Whiledt program executable?

* A. Not exactly.
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FAQ on
Nonstandard Static Analysis

* Q. Is an SProci/Whiledt program executable?

* A. Not exactly.

* Modeling languages

* Not for numerical approximation,
but for exact modeling

Hasuo (Tokyo)
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FAQ on
Nonstandard Static Analysis

* Q. Is an SProci/Whiledt program executable?

* A. Not exactly.

* Modeling languages

* Not for numerical approximation,
but for exact modeling

% Static analysis =» no need to execute!

% Mathematical semantics suffices

Hasuo (Tokyo)
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Un Momento!

* Done: framework for hyperstreams

Hasuo (Tokyo)
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Un Momento!

* Done: framework for hyperstreams

* hyperstream
= streams with infinitesimal sampling interval dt

L I-y

e o I
v X
7\/212

r= (conti.-time) signal

Hasuo (Tokyo)
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Un Momento!

* Done: framework for hyperstreams

* hyperstream
l = streams with infinitesimal sampling interval dt

22

r= (conti.-time) signal

/
0 A 2”,. X
* ' node Sine() returns (s) i :
= : -

where s = 01fby (s + c X dt);
c=1f1by (c —s X dt) | [ — ——

[[oen{fu € Clto <vXxXdtVu<1l+e}.

* Does this really mean

“the sine curve never exceeds 17 ?2?
Hasuo (Tokyo)
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Contribution
‘ [ICALP11] [CAV'12] ‘ [POPL13]

| SProcdt
Programing | Whiled®
language

hyperstream processing language
1st-order functional
(like Lustre)

Imperative

Program

Hoaredt Type system

logic (partial correctness)

I. Stream Processing Language SProc
II. Nonstandard Analysis
II1. SProc? and Type System

B, AR, S

IV. Hyperstream Sampling
Hasuo (Tokyo)
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Contribution
‘ [ICALP11] [CAV'12] ‘ [POPL13]

| SProcdt
Programing | Whiled®
language

hyperstream processing language
1st-order functional
(like Lustre)

Imperative

Program

Hoaredt Type system

logic (partial correctness)

I. Stream Processing Language SProc
II. Nonstandard Analysis
II1. SProc? and Type System

B, AR, S

IV. Hyperstream Sampling
Hasuo (Tokyo)
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Part 1V:
Hyperstream
Sampling
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Hyperstream Sampling

Also in: [Beauxis & Mimram, CSL'11]
y

Hasuo (Tokyo)
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Hyperstream Sampling

Also in: [Beauxis & Mimram, CSL'11]

/\,\/ﬁ: (F(0), F(1), £(2)s-++)

0), f(3), f(2),...
y<f()f()f() )

/\/\/ % (F(0), F(5)s F(5)s-+)

O l
yA/\J\/
0 . i

Hasuo (Tokyo)
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Hyperstream Sampling

Also in: [Beauxis & Mimram, CSL'11]

! §><f<o>,f<1>,f<z>,...> :
ﬂ/\/ ;\<f(0),f(%),f(%),--->

(£(0), F(£), F(3),...)

O [
y‘ X
: * Sampling by

>

O f progressively smaller intervals
0
A

.

>

0, o !

|2

* Hyperstream = "stream of streams”

* Precise def.: via *-transfer
(modulo an ultrafilter )
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“Smoothing”

V4 s
.-',‘
i
>
0, t l
Y4 At = 4
”;-
o , T e
— e/ P
I' h._
&
| 4
{
k 1
." Jl — f;
0’—’:—
o=t | e
ol | |
o—
>
0, f l

Smp

{hyperstreams}

{signals f : R>o — C};

Smth

(f(0), f(1), f(2),...

(F(2), £(3): F(5)s--

(F(3), £(3): F(5)s---

Hasuo (Tokyo)
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“Smoothing”

e

“o—

>—

(F(2): F(5) F(3)5--0)

%‘Q} (F(3): F(5) F(3)s-)

CF(TE]), FO2E, F(3E, .0

o
><(§‘r ------
. _ -
® ]

Smp
{signals f : R>o — C};
Smth
(£(0), (1), £(2),...)

{hyperstreams}
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“Smoothing”

Smp
{signals f : R>o — C}; {hyperstreams}
Va P, | Smth
=l (F(0), F(1), £(2),..)
o K
Va At :{_g
0 ! ¥
V3 At = 3
- 1 2
A (aé 0
T . P = m = s R N R
O t %I 2t 3t
. CCPED, FCFD, p 5 )
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Hyperstream Sampling

Also in: [Beauxis & Mimram, CSL11]
* Our class of "signals”
Def. f : R>9 — Cis a signal if:
e it is of class Cadlag™; and,

o for any t € R>¢, there is an interval (¢,t 4 €)
in which f is of class C°°.

Hasuo (Tokyo)
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Hyperstream Sampling

Also in: [Beauxis & Mimram, CSL'11]

* Our class of "signals”

Def. f : R>9 — Cis a signal if:
e it is of class Cadlag™; and,

o for any t € R>¢, there is an interval (¢,t 4 €)
in which f is of class C°°.

* Cadlag (Right-Continuous Left-Limit):

common notion in stochastic analysis o
(use suggested by M. L. Bujorianu)

Hasuo (Tokyo)
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Hyperstream Sampling

Also in: [Beauxis & Mimram, CSL'11]

* Our class of "signals”

Def. f : R>9 — Cis a signal if:
e it is of class Cadlag™; and,

o for any t € R>¢, there is an interval (¢,t 4 €)
in which f is of class C°°.

* Cadlag (Right-Continuous Left-Limit):

common notion in stochastic analysis o
(use suggested by M. L. Bujorianu)

% Cadlag”: “Right-Differentiable Left-Limit”

right derivative is again of class Cadlag® Hasuo (Tokyo)
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Hyperstream Sampling

Also in: [Beauxis & Mimram, CSL11]
Def. f : R>¢o — Cis a signal if:
e it is of class Cadlag™; and,

o for any t € R>, there is an interval (,t 4 )
in which f is of class C*°.

* May not be "the right” class, but reasonable

* Much more than class C*® ¢ [Beauxis & Mimram, CSL'11]

* Accommodates many hybrid dynamics

(e.g. a bouncing ball) (F7Y (FYY
A A
* Closed under right differentiation and FNA. i
: , 0 e t
Riemann Integration
®

Hasuo (Tokyo)
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Hyperstream Sampling

Also in: [Beauxis & Mimram, CSL'11]

Smp
{signals f : R>g — C}; {hyperstreams}
Smth

Thm. For each signal f and £ € R>:

e the hyperreal Smth(Smp(f))(¢) is limited; and
e sh(Smth(Smp(f))(t)) = f(¢).

Hasuo (Tokyo)
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Hyperstream Sampling

Also in: [Beauxis & Mimram, CSL'11]

Smp
{signals f : R>g — C}; {hyperstreams}
Smth

Thm. For each signal f and £ € R>:

e the hyperreal Smth(Smp(f))(¢) is limited; and
e sh(Smth(Smp(f))(t)) = f(¢).

—————R

sh: “shadow”
(an NSA way of taking “limit”)

.

Hasuo (Tokyo)

Monday, January 28, 2013



Hyperstream Sampling

Also in: [Beauxis & Mimram, CSL11]

Smp
{signals f : R>g — C}; {hyperstreams}
Smth

Thm. For each signal f and £ € R>:

e the hyperreal Smth(Smp(f))(¢) is limited; and
e sh(Smth(Smp(f))(t)) = f(¢).

e

sh: “shadow”
(an NSA way of taking “limit”)

.

* Because of this,
F[?JEZ; o Gy (F >] | means “the sine curve

c =1fby (c — s X dt) 7,
[Toen{fu €*Cltg <vXxdtVu<l+te}. never exceeds 1 Hasuo (Tokyo)
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* Stream processing + NSA Relaulle d
[Benveniste, Bourke, Caillaud, & Pouzet, LCTES'11; J. Comp. Sys. Sci. ‘12]

* Not about deductive verification W k
* Formal verification in Simulink or
[Bouissou & Chapoutot, LCTES12] [Chapoutot & Martel, ICESS'09] [Schrammel & Jeannet, HSCC'12]
[Tripakis, Sofronis, Caspi, & Curic, ACM Trans. Emb. Comp. Sys."05]

* Formal verification in stream prosessing
[Gamati’e and Gonnord, LCTES 11]

* Formal verification of hybrid systems
[Lee & Zheng, HSCC'05] [Sankaranarayanan, HSCC'10]

* Model checking [awr et al, Tcs'95]

* Deductive/theorem proving (piatzer'10] [Platzer, Lics'12]
% NSA for hybrid systems [siudze & Krob, Fund. Inform.09]
% [Beauxis & Mimram, CSL11]

* The basic ideas of “"hyperdomains” and

"hyperstream sampling” are already here
Hasuo (Tokyo)
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Conclusions:

Nonstandard Static Analysis
‘ [ICALP'11] [CAV'12] ‘ [POPL13]

. SProcdt
Programing Whiledt
language

hyperstream processing language
lst-order functional
(like Lustre)

Imperative

Type system

Program logic| Hoaredt
(partial correctness)

* Future work:
Extended examples; a more expressive logic
Invariant discovery

Verification of Simulink

| AEE _SEEF EEE

"Hyper Fourier transform”? Hasuo (Tokyo)
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Conclusions:

Nonstandard Static Analysis
‘ [ICALP'11] [CAV'12] ‘ [POPL13]

. SProcdt
Programing Whiledt
language

hyperstream processing language
lst-order functional
(like Lustre)

Imperative

Type system

Program logic| Hoared®
(partial correctness)

* Future work:
Extended examples; a more expressive logic

Invariant discovery

Verification of Simulink Than!(chz?gasfoo&e%fg{ U‘l{tﬁgfion!

"Hyper Fourier transform”? BEp: //www-mmm.is.s u-tokyo.ac jp/ “ichiro/

| AEE _SEEF EEE
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Set Theory In
Nonstandard Analysis

DEEaL Thm. (Transfer Principle)
The set of hyperreal numbers is A: a first-order formula in Zx.
*A: its x-transform. Then
*R := R/ ~x

L — ————— Ri= A et TRi=TA
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*A: its x-transform. Then
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Set Theory In
Nonstandard Analysis

Defn. Thm. (Transfer Principle)

The set of hyperreal numbers is A: a first-order formula in Zx.

*A: its x-transform. Then
*R := R/ ~x

% Lx: (almost) the lang. of set theory
—_ X n
* Terms: variables and constants a € 8£§§)u P(X))
U «--
* Predicates: = and €
*

Connectives: A, V, =, =

* Quantifiers: always bounded Vz € s (sisa term)

B S EEE— WTOKYO)
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Set Theory In
Nonstandard Analysis

DEEaL Thm. (Transfer Principle)
The set of hyperreal numbers is A: a first-order formula in Zx.
*A: its x-transform. Then
*R := R/ ~x

L — ————— Ri= A et TRi=TA
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Set Theory In
Nonstandard Analysis

Defn. Thm. (Transfer Principle)
The set of hyperreal numbers is A: a first-order formula in Zx.

*A: its x-transform. Then
*R := R/ ~x

———— Ri=A <+ Rt 4t
% Lx: (almost) the lang. of set theory —

* Rich enough to do “"usual mathematics”

Hasuo (Tokyo)
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Set Theory In
Nonstandard Analysis

Defn. Thm. (Transfer Principle)
The set of hyperreal numbers is A: a first-order formula in Zx.

*A: its x-transform. Then
*R := R/ ~x

—— Ri=A <= PRHEEFEAR
% Lx: (almost) the lang. of set theory |

* Rich enough to do “"usual mathematics”
% E.g.:"is a cpo”; “is a continuous function”

CPO,,. := Poset, . A HasBot, . A

Vs € (N — a). (AscCnq-(s) = Ip € a.Sup, ,.(p,s) ) ,
Contig, ry 05,7 (f) := Vs € (N — a1).Vp € a;.

(AscCng, -, (8) A Sup,, .. (p,s) = Sup,_ . (f(p),fos)) .

Hasuo (Tokyo)

Monday, January 28, 2013



BinRel,,. := r Ca Xa Refl, . := Vx € a.(z,x) €T

HasBot, , := Jx € a.Vy € a.(z,y) €T
Analysis
v - y

AscCn, -(s) := Vx,z’ € N.(z < 2’ = (s(x),s(z’)) € r)
Defn. Thm. (Transfer Principle)

Trans, , := Vz,y,z € a. ((z,y) €T A (y,2) €Er = (x,2) €E7T) ®
AntiSym,, ,. := ‘v’w,yEa.((w,y)Er/\(y,w)Er:>:I::y) r ln
Poset, r := BinRel, ; A Refl, ;. A Trans, ;. A AntiSym,, ,.
UpBd, ,.(b,s) := Vz € N. ((s(x),b) € r)
Sup,, ,.(p, s) := UpBd, ,.(p,s) AVb € a. (UpBd, ,.(b,s) = (p,b) € 1)
The set of hyperreal numbe. ' is A: a first-order formula in G%X
*A: its x-transform. Then

*R = RN/N}'
— Ri= A et TRi=TA

% Lx: (almost) 1he lang. of set theory

* Rich enough to Jdo “usual mathematics”
* E.g.:"is a cpo”; ‘is a continuous function”

CPO,,, := Poset, . A HasBot, . A

Vs € (N — a). (AscCnq-(s) = Ip € a.Sup, ,.(p,s) ) ,
Contig, v, ,a,,7,(f) := Vs € (N — a1).VYp € a;.

(AscCng, -, (8) A Sup,, .. (p,s) = Sup,_ . (f(p),fos)) .

Hasuo (Tokyo)

Monday, January 28, 2013



SProc®: Type System
Example

' node Sine() returns (s)
- | where s = 0fby (s+ ¢ X dt);
¢ =1fbyl(c—s X dt) |

[lpesnfu € Clto <vXxdtVu<1+e} .

Hasuo (Tokyo)

aaaaaaaaaaaaaaaaaaaaa



SProc®: Type System
Example

node Sine() returns (s)
- | where s = 0fby (s+ ¢ X dt);
c =1fby (c—s X dt) |

[[pefu € *Clto <vXdtVu<1l4e} .

L r—
In ANg-Hst b e i 10 Bhy (s e >e db) = iy

N VARG 5230 P AR S S el 0 =0 0>~ L) Bl 2
derivation, A8 Tativs €13 Tt 18 4 Tociny

- - (NODE)
the key ARSI, node Sine() returns (s)
5-|-ep is: Ao; {c ] TS"""} - | where s =0fby! (s+c X dt); | : Tein
pemdi c=11fby' (c—s X dt) |

Hasuo (Tokyo)

Monday, January 28, 2013



SProc®: Type System
Example

node Sine() returns (s)
- | where s = 0fby (s+ ¢ X dt);

| c =1fby (c—s X dt) | )9+
[ peniu € Clto <vXdtVu<1l+e}. edp)‘.
L ree— : /0
I ANg-Hst b e i 10 Bhy (s e >e db) = iy q(,o
n i . Ag; {8 : Tsiinvs €t Teiiv} E 1 byt (¢ — 5 X dt) @ Teoiny )‘/O
derivation, A8 Tativs €13 Tt 18 4 Tociny 7
i - (NODE)
the key ARSI, node Sine() returns (s)
S'|'€P is: Ao; {c TS"""} - | where s =0fby! (s+c X dt); | : Tein
A i c=11fby' (c—s X dt) |

Hasuo (Tokyo)

Monday, January 28, 2013



SProc®: Type System
Example

node Sine() returns (s)
- | where s = 0fby (s+ ¢ X dt);

c =1 fby (c — s X dt) )9_‘,
i : 1 ©
[Toen{v €"Clto<vxdtVu<l+e} . dpf.
L — : /0
I Ag; {s : @M. C : Toinv} F 0 £by! (s + ¢ X dt) : (. q"(‘
n : . Ag; {8 : Tsiinvs €t Teiiv} E 1 byt (¢ — 5 X dt) @ Teoiny )‘/o
derivation, A8 Tativs €13 Tt 18 4 Tociny 7
- - (NODE)
the key ARSI, node Sine() returns (s)
5-|-ep is: Ao; {c TS"""} - | where s =0fby! (s+c X dt); | : Tein
pemdi c=11fby' (c—s X dt) |

Hasuo (Tokyo)
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SProc®: Type System
Example

node Sine() returns (s)
- | where s = 0fby (s+ ¢ X dt);

! c =1fby (c—s X dt) | 19_‘_9
[ peniu € Clto <vXdtVu<1l+e}. dp}
L r— ¢ /0
Ag;{s: B C : Teivvi E O fby1 s+ ¢ X dt) : . ;
In Yoy
i A Ag; {8 : Tsiinvs €t Teiiv} E 1 byt (¢ — 5 X dt) @ Teoiny )‘/o

derivation, A8 Tativs €13 Tt 18 4 Tociny 7

K = . = (NODE)
the key ARSI, node Sine() returns (s)
S'|'€P is: Ao; {c TS'_"“'} - | where s =0fby! (s+c X dt); | : Tein

! Te-inv | c=11fby' (c—s X dt) |
SR | o

Where the Toinv = el € "C | u = %i(l —i-dt)? — %i(l +i-dt)?}

= [[pen{v € Clu=2(1—i-dt)* + (1 +i-dt)?”}

Hasuo (Tokyo)

“invariants” are Teinv

L —
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SProc®: Type System
Example

node Sine() returns (s)
- | where s = 0fby (s+ ¢ X dt);

! c =1fby (c—s X dt) | )2"9
[Toen{u €*Clto <vxdtVu<1l+e} . ‘7,0,
L re— ¢ /0
I Ag; {s : @M. C : Toinv} F 0 £by! (s + ¢ X dt) : (. d"(‘

!, : . Ag; {8 : Tsiinvs €t Teiiv} E 1 byt (¢ — 5 X dt) @ Teoiny )‘/o
derivation, A8 Tativs €13 Tt 18 4 Tociny 7
fr o - . - (NODE)

e Key ARSI, node Sine() returns (s)
S-l-ep |S: Ao, {C : Ts-.lnv} - where s = 0 fbyl (S e+ dt); SR R T
P Te-inv | c=11fby' (c—s X dt) |
Where the Toinv = el € "C | u = %i(l —i.dt)? — %i(l +i-dt)?}

“invariants” are Teiv = [loen{v € Clu =31 —i-a)” + (1 +1i-dv)"}

By solving recurrence relations Fokyo)
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