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* Flow & jump
- Digital control in a physical environment

» Component of cyber-physical systems
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Hybrid System

Formal verification szscreae
(computer science) jJump
and —_———

Control theory

Continuous (applied analysis)
“flow”
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Hybrid System
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* Flow? Continuous
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~ormal Verification Approaches

o H)Ibl"ld automarta [Alur & others,’90s-]

» Differential dynamic logic [Piatzer & others,07-]

[ = 1 while & < 3]

L Teee— T

» Differential equations, explicitly =¥ distinction jump vs. flow
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~ormal Verification Approaches

o H)Ibl"ld automarta [Alur & others,’90s-]

» Differential dynamic logic [Piatzer & others,07-]

[ = 1 while x < 3]

» Differential equations, explicitly =¥ distinction jump vs. flow
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“lurn Flow Into Jump”™

ei— () ;
while (t < 1) do {
me— t  dt

}




“lurn Flow into Jump’

t:=0:; * Infinitesimal number dt

while (¢ < 1) do { * “Infinitely small™ :
t:=1+ dt O < dt <r for any positive real r

}
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“lurn Flow into Jump’

t:=0:; * Infinitesimal number dt

while (¢ < 1) do { * “Infinitely small™ :
t:=1+ dt O < dt <r for any positive real r

— — - t =1 after the execution?

Wednesday, November 9, 2011



“lurn Flow into Jump’

t:=0:; * Infinitesimal number dt

while (¢ < 1) do { * “Infinitely small™ :
t:=1+ dt O < dt <r for any positive real r

— — - t =1 after the execution?

* Non-standard analysis!
[Robinson ’60s]
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While

Programming lang.

while (t<a) do {
t:=t+1;
if ...

}

Contribution '

= The standard

textbook
[Winskel]
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While

Programming lang.

while (t<a) do {
t:=t+1;
if ...

}

Contribution '

ASSh

First-order assertion
lang.

3z (x=2%z N y=3%z)

(s ©

The standard

- textbook
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While

Programming lang.

while (t<a) do {
t:=t+1;
if ...

}

2

The standard
textbook

Contribution [Winskel

lang.

ASSn

First-order assertion

3z (x=2%z A y=3%z)

'

—

N
4

Hoare

Hoare-style program
logic

{AANDb}c{A}
{A}while b do c{A A —b}
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While®"

Programming lang.

while (t<a) do {
t:=t+1;
if ...

}

2

- The standard
textbook

Contribution | 4244 Winskel

AssnClt

First-order assertion
lang.

3z (x=2%z A y=3%z)

\\

—

|

H()aredt

Hoare-style program
logic

{AANDb}c{A}
{A}while b do c{A A —b}
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While®"

Programming lang.

while (t<a) do {
t:=t+1;
if ...

}

First-order assertion
lang.

3z (x=2%z A y=3%z)

= The standard

textbook
Contribution d s
AssnQlt Hoare‘rc

Hoare-style program
logic

{AANDb}c{A}
{A}while b do c{A A —b}

Rigorous semantics by non-standard analysis
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}
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Hoare-style program
logic
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Rigorous semantics by non-standard analysis

* Hoare : sound and relatively complete
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Programming lang.

while (t<a) do {
t:=t+1;
if ...

}

First-order assertion
lang.

Jz (x=2*%z A y=3%z)

- The standard

textbook
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Assndt Hoaredt

Hoare-style program
logic
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{A}while b do c{A A —b}

Rigorous semantics by non-standard analysis

* Hoare : sound and relatively complete

* Program verification/static analysis of hybrid systems
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While®"

Programming lang.

while (t<a) do {
t:=t+1;
if ...

}

First-order assertion
lang.

Jz (x=2*%z A y=3%z)

]

The standard

textbook
Contribution f gasd tinse
Assndt HoaredJc

Hoare-style program
logic

{AANDb}c{A}
{A}while b do c{A A —b}

Rigorous semantics by non-standard analysis

* Hoare : sound and relatively complete

* Program verification/static analysis of hybrid systems

* Actual verification with NSA
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Contribution

ASSn

dt

First-order assertion

lang.

3z (x=2%z A y=3%z)
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Contribution

First-order language
for hyperreals

3z (x=2%z A y=3%z)
+

semantics via
ultraproducts
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Contribution

First-order language
for reals

Jz (x=2%z A y=3%*2z)
+
usual semantics

First-order language
for hyperreals

3z (x=2%z A y=3%z)
+

semantics via
ultraproducts
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Contribution

g
\Q@ First-order language
& for hyperreals

First-order language
for reals

EIZ(X=2*Z N y=3*z) ‘ c;°) Jz (x=2%z A y=3*Z)
+ NG +
W >
usual semantics c" g semantics via
R ultraproducts
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Contribution

g
\Q@ First-order language
& for hyperreals

First-order language
for reals

Jz (x=2%z A y=3*z) { c;% Jz (x=2%z A y=3*z)
+ NG +
. ~ o
usual semantics {?@ semantics via
W ultraproducts
IS

Computational
aspects

* While-language

* Hoare logic
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Contribution
g

First-order language \Q@ First-order language
for reals & for hyperreals
3z (x=2%z A y=3%z) g & 3z (x=2%z A y=3%z)
+ I +
W
usual semantics c" g semantics via
o 3 ultraproducts
SIS
Computational Computational
aspects aspects
* While-language * While-language
* Hoare logic * Hoare logic
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Semantics: Challenge

=0 ;
while (t < 1) do {
t :=1 -+ dt

}




Semantics: Challenge

ae— 0 : =
while (£ < 1) do { while (true) do {
Lt :=11 dt t:=1 1+ dt

} }




Semantics: Challenge

ae— 0 : =10 <
while (£ < 1) do { while (true) do {
Lt :=11 dt t:=1 1+ dt

}

L e—— e

.

L (divergence)




Semantics: Challenge

ae— 0 : =10 <
while (£ < 1) do { while (true) do {
t :=1 -+ dt t := ¢+ dt
} }
t=14dt L (divergence)

» Semantics by “sectionwise execution”




Semantics: Challenge

ae— 0 : =10 <
while (£ < 1) do { while (true) do {
Lt :=11 dt t:=1 1+ dt

} }

R — ——— I — e

-

.

t=14dt L (divergence)

» Semantics by “sectionwise execution”

* Sectionwise execution/satisfaction = much like tos’ thm.




SYNTAX
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Whiled : Syntax

AExp 3 R — x| c.|asaopas | dt | oo
where x € Var, c, is a constant for » € R, and aop € {4+, —, -, "}
BExp > b — true | false | by Abs | =b | a1 < as

Cmd > GE = skip | x :=a | ¢13¢c2 | if b then ¢y else co | while b do ¢

—— R——
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Whiled : Syntax

const. for const. for an infinitesimal
reals & an infinite
AExp > Gl — x| c.|ayaopas | dt | oo
where & € Var, c, is a constant for r € R, and aop € {+,—,-,"}
BExp > b — true | false | by Abs | =b | a1 < as
Cmd > CE o — skip | x :=a | c15¢c2 | if b then ¢y else c3 | while bdo ¢

s
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While<* : Syntax

const. for const. for an infinitesimal
reals & an infinite
AExp > Gl — x| c.|ayaopas | dt | oo
where & € Var, c, is a constant for 7 € R, and aop € {+,—,-,"}
BExp > b — true | false | by Abs | =b | a1 < as
Cmd > CE o — skip | x :=a | c15¢c2 | if b then ¢y else c3 | while bdo ¢

T —

* While + reals + dt
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Whiled ;: Syntax

|
~

const. for const. for an infinitesimal
reals & an infinite
AExp 3 G — x| cp.|ayaopas | dt | oo
where € Var, c, is a constant for 7 € R, and aop € {+,—,-,"}
BExp > b — true | false | by Abs | =b | a1 < as
Cmd > CE o — skip | x :=a | ¢13¢c2 | if b then ¢y else co | while b do ¢

* While + reals + dt

- Not meant to be executed; for modeling
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Whiledt : Examp‘e [Platzer '07]
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Whiledt : Examp‘e [Platzer '07]

”

-__-u.-g

- |
. . .“.

while t < € do {
ms— "t 1 dt ;
W) 8= 1 S (G OeinE
Z 9= 7z o2 bl oelr
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Whiledt : Examp‘e [Platzer '07]

./')A
L — ',-_._I-KT -

| |
- - “
. »
INEEEREEEC T ) P
e
W

<
\
Y
S
while t < € do { while v > 0 do {
. ; t:=0;
t: t dt’ if m — z < sthena:= —belsea := 0;
V:i=v+a-dt; while t < € do {
zZ:—=z—+v-dt t:=1+dt;
} () 8= () = (@) © O ¢
zZ:=z-+v-dt
T — 1}

L — e
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Whiledt : Examp‘e [Platzer '07]

o — -__.-:-K { -

[ |
= = “
. »
— f . { ]
INEEERESRC T 1 P
. -~
R W &

Z
\
|
S
BTl o g while v > 0 do { start
whilel < ¢ O{ E braking
t:=t+ dt; =
? if m — z < sthena:= —belsea:=0;
V:= v+ a-dt; while t < € do {
z:=z—+v-dt t:=1+dt;
} () 8= () = (@) © O ¢
Z:=z—+v-dt
e - 13
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Whiledt : Examp‘e [Platzer '07]

o — -__-‘ { -

! ‘|
- = e “
. »
- LI
INEERRESRC T 1 PO
.. -~
X2 W &

Z
\
|
S
start
: hil 0d
while t < € do { i braking
t =t dt: i
: ? if m — z < sthena:= —belsea:=0;
V:= v+ a-dt; while t < € do {
2 9= 2o AU bR e 5 B 15 = Glin ¢
} V:i=v +a-dt;
e =N GlilE
| \ }}
2nd derivative m— ———

(Unusual with hybrid automata)
y

Wednesday, November 9, 2011



Whiledt : Examp‘e [Alur et al. "95]

valve

Y {SWitCh

drain

egeml()eyie— ] c g o— 1 p =1

while t < tmax do  {
r:=x+dt; t:=14 dt;
ifv=0theny:=y — 2-dt else y := y + dt;

ceEga o @ =A==/ = 5 ¢ CI— 1l 45 ¢
SE—slNSoR=—s (/e a =R N (R 1|
Cr =l A= L AN M) S ) & CRE— s -
Cre={ A Bl = e AN B 2 ) v 1= 0;

else skip }}
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Whiledt : Examp‘e [Alur et al. "95]

valve

! More involved
{SWitCh

jump structure

drain

egeml()eyie— ] c g o— 1 p =1

while t < tmax do  {
r:=x+dt; t:=14 dt;
ifv=0theny:=y — 2-dt else y := y + dt;

ceEga o @ =A==/ = 5 ¢ CI— 1l 45 ¢
SE—slNSoR=—s (/e a =R N (R 1|
Cr =l A= L AN M) S ) & CRE— s -
Cre={ A Bl = e AN B 2 ) v 1= 0;

else skip }}
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Whilet : Semantics

ae— () ;
while (£ < 1) do {
t := 14 dt

}




Whilet : Semantics

ae— 0 : =
while (£ < 1) do { while (true) do {
Lt :=11 dt t:=1 1+ dt

} }




Whilet : Semantics

ae— 0 : =10 <
while (£ < 1) do { while (true) do {
Lt :=11 dt t:=1 1+ dt

}

L ee— O

.

L (divergence)




Whilet : Semantics

ae— 0 : =10 <

while (£ < 1) do { while (true) do {
b E= 1 Ol A G= {h < Ol

} D } A

R — — R — e —

-

t=14dt L (divergence)

.




Whilet : Semantics

=)' ; L =n8:
while (t 1) do { } while (true) do {
77{

t =t 4+ dt t:=t+ dt
}

zz

*.'

t=14dt L (divergence)

R -




Whilet : Semantics

i— 0 ; L =n8:
while (t < 1) do { } while (true) do {
77{

t =t 4+ dt t:=t+ dt
}

i??'

*.'

t=14dt L (divergence)

B

* Non-standard analysis (NSA) for “infinitesimal” dt

* While-loops =® sectionwise execution




FIXING NOTATIONS™ FOR
NON-5TANDARD ANALYSIS




Fyperreals

Defn.
The set of hyperreal numbers is

*R := RY/ ~x.

L — S
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Fyperreals

Defn.
The set of hyperreal numbers is

*R := RY/ ~x.

L ee— R———

» Reals are hyperreals: R «— *R

T —_——
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Fyperreals

Defn.
The set of hyperreal numbers is

*R := RY/ ~x.

T——

» Reals are hyperreals: R «— *R

T ———

* There are more than that:

* Aninfintew: VreER.r <w

| —

e 1 1
* An infinitesimal — : Vr € R. <0<r =>—<'r)

W W

L ee— R
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Fyperreals

Defn.
The set of hyperreal numbers is

*R := RY/ ~fp.

T
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Fyperreals

Defn.
The set of hyperreal numbers is

*Ri=RVY/ ~pe. D [(ag,al,az,...)}
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Fyperreals

Defn.
The set of hyperreal numbers is

*Ri=RVY/ ~pe. D [(ag,al,az,...)}

* An infinite w=[(1,2,3,---)]

* An infinitesimal
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Fyperreals

Defn.
The set of hyperreal numbers is

*Ri=RVY/ ~pe. D [(ag,al,az,...)}

» An infinite w=[(1,2,3,...)]

* An infinitesimal

* A real (via R < *R)
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(Prototype of) Hyperreals

Defn.
The set of hyperreal numbers is

*Ri=RVY/ ~pe. D [(ao,al,az,...)}

R — T




(Prototype of) Hyperreals

Defn.
The set of hyperreal numbers is

*Ri=RVY/ ~pe. D [(ag,al,az,...)}

R — R

* “Infinite stream of reals” _

(ag,@1,...)

(boy b1y---)]

' (ao + bo,a1 +by,...) ]

| T S——

Il =r

- Operations: pointwise
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(Prototype of) Hyperreals

Defn.
The set of hyperreal numbers is

*Ri=RVY/ ~pe. D [(ag,al,az,...)}

— ——

* “Infinite stream of reals” _

(ag,@1,...)

(boy b1y---)]

' (ao + bo,a1 +by,...) ]

Il =r

- Operations: pointwise

T——

» Predicates: pointwise, “for almost every 7"

(ai)ien| < [(b:)ien
= a; < b; for almost every 12
—— {Z e N | a; £ bz} 1s finite

R—
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(Prototype of) Hyperreals

Defn.
The set of hyperreal numbers is

*Ri=RVY/ ~pe. D [(ag,al,az,...)}

* “Infinite stream of reals” _

(ag,@1,...)
(b0, b1, - .- ) ]

' (ao + bo,a1 +by,...) ]

e e

I+

- Operations: pointwise

» Predicates: pointwise, “for almost every 7

“For sufficiently large ¢”
[( Z)ZEN] [( z)zEN} “Except for finitely many ¢”

- a; < b; for almost every 12
s {Z e N | a; £ bz} 1s finite

L —— E———"
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An Infinrtesimal

Vr € R. (O<r :>w_1<r)

(1 ] Ea EE | 1 1 1 )
A ’5’ 5’ Z’°'°N’N+1’N+2’m

U | e 1
(N,N,N,N,... ﬁ, ﬁ, ﬁ,... )
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An Infinrtesimal

Vr € R. (O<r :>w_1<r)

T TT— E——

lw-||
f Uiy R | ]| 1

(13 i SRR O ’ 5 9)
A 2 3 4 N N+1 N+2

U | e 1
(N,N,N,N,... ﬁ, F, ﬁ,... )

Wednesday, November 9, 2011



An Infinrtesimal

Vr € R. (O<r :>w_1<r)

L T——— T

!w-||
e | ]| 1

(13 i SRR O ’ 5 9)
A 2 3 4 N N+1 N+2

U | e 1
(N,N,N,N,... ﬁ, ﬁ, ﬁ,... )

|/ N
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An Infinrtesimal

|/ N




An Infinrtesimal

1
(1’ 2237 Z’”°N’N+1’N+2"")
A A
S R R RN 1
NN YN N

!w-ll
) e | ki | 1

|/ N




An Infinrtesimal

Vr € R. (O<r :>w_1<r)

e —

!w-ll
) e | ki | 1

1
(1’ 2237 Z’”°N’N+1’N+2"")
A A A
S R R RN 1
NN YN N

|/ N




An Infinrtesimal

Vr € R. (O<r :>w_1<r)

e —

!w-||
1 1 1

] Chtad N |
(13 UL R e LE > > 9)
e N N+1 N+2
A A A A A
St ) | [ 1
(N,N,N,N,.. ﬁ, N, N, )

|/ N

Wednesday, November 9, 2011



An Infinrtesimal

Vr € R. (O<r :>w_1<r)

e —

!w-||
1 1 1

] Chtad N |
(13 UL R e LE > > 9)
e N N+1 N+2
A A A A A
St ) | [ 1
(N,N,N,N,.. ﬁ, N, N, )

|/ N
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An Infinrtesimal

Vr € R. (O<r :>w_1<r)

] bl B | | 1 1
(13 FLT L, AL R > > 9)
2 3urid N N+1 N+2
AN A A A e A
5 (1 1 1 1 s \
N,N,N,N’. N, N, N .

|/ N




An Infinrtesimal

|/ N

Wednesday, Nove



An Infinrtesimal

|/ N

Wednesday, Nove



An Infinrtesimal

|/ N

Wednesday, Nove



An Infinrtesimal

|/ N

Wednesday, Nove



INnfinrtes

(1,1,1,1,...) (1,2,3,4,..)

(1,2,3,4,..) (0,1, 2,3,..)




INnfinrtes

i

(1,1,1,1,...) (1,2,3,4,..)

N

(1,2,3,4,..) )

(0,1, 2,3,..)




INnfinrtes

i

(1,1,1,1,...) (1,2,3,4,..)

N

> (0,1, 2,3,..)

(1,2,3,4,..)




INnfinrtes




INnfinrtes




INnfinrtes




INnfinrtes




INnfinrtes




INnfinrtes




INnfinrtes




INnfinrtes




INnfinrtes




INnfinrtes




INnfinrtes




INnfinrtes




INnfinrtes




INnfinrtes




Trouble... Resolved

(1,-1, 1,—-1,...)]




Trouble... Resolved

(1,-1, 1,—-1,...)]

ANV




Trouble... Resolved

(1,-1, 1,—-1,...)]

-
NIV

Y

!

* Meaning of “almost every 7"’ extended

For each S C N, exactly one of
* ...S0 that

S and N\ S

1s “almost all 2.”

TSe— ———

Wednesday, November 9, 2011



Trouble... Resolved

(1,-1, 1,—-1,...)]

-
NIV

Y

!

* Meaning of “almost every 7"’ extended

For each S C N, exactly one of
* ...S0 that

S and N\ S

1s “almost all 2.”

e T

. = Ultrafilter! 2™

The set of hyperreal numbers is

*R := RY/ ~£.
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Trouble... Resolved

(1,-1, 1,—-1,...)]

-
NIV

Y

!

* Meaning of “almost every 7"’ extended
For each S C N, exactly one of

* ...SO that
S and N\ S

1s “almost all 2.”

T

. = Ultrafilter! 2™

The set of hyperreal numbers is

R := RY/ £7)
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Filters & Ultrafilters

Defin.
An wltrafilter F C P(N) is such that:

1. For each X C N, exactly one of
X and N\ X
TSR
RSB EE—= e —— X Y € F
SR ESX CY — Y € F
1. 0 & F
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Filters & Ultrafilters

Given X C N s
“yes, almost all!” or “no!”

Defin.
An wltrafilter F C P(N) is such that:

1. For each X C N, exactly one of
X and N\ X
TSR
fRieN e —— X 1Y € F
SR ESX CY — Y € F
1. 0 & F

L T — S————
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Filters & Ultrafilters

Given X C N s Defn.

“yes, almost all!” or “no!” A filter F C P(N) is that which satis-
fies Cond. 2.4.

Defin.
An wltrafilter F C P(N) is such that:

1. For each X C N, exactly one of
X and N\ X
TSR
fRieN e —— X 1Y € F
SR ESX CY — Y € F
1. 0 & F

L T — —
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Filters & Ultrafilters

Given X C N s

“yes, almost all!” or “no!”

Defin.
An wltrafilter F C P(N) is such that:

1. For each X C N, exactly one of
X and N\ X
TSR
fRieN e —— X 1Y € F
SR ESX CY — Y € F
1. 0 & F

L T — B—

Defn.
A filter F C P(N) is that which satis-
fies Cond. 2.4.

Prop.

Fe.:={S CN|N\S is finite}
is a filter (the cofinite/Frechet filter).

| ee——
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Filters & Ultrafilters

Given X C N s

“yes, almost all!” or “no!”

Defin.
An wltrafilter F C P(N) is such that:

1. For each X C N, exactly one of
X and N\ X
TSR
fRieN e —— X 1Y € F
SR ESX CY — Y € F
1. 0 & F

L — R——

Defn.
A filter F C P(N) is that which satis-
fies Cond. 2.4.

Prop.

Fe.:={S CN|N\S is finite}
is a filter (the cofinite/Frechet filter).

C ee—

Prop.
Any filter F’ can be extended to an ul-
trafilter F O F’. (By Zorn’s lemma)

e ——
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Filters & Ultrafilters

Given X C N s

“yes, almost all!” or “no!”

Defin.
An wltrafilter F C P(N) is such that:

1. For each X C N, exactly one of
X and N\ X
TSR
fRieN e —— X 1Y € F
SR ESX CY — Y € F
1. 0 & F

L — R——

Defn.
A filter F C P(N) is that which satis-
fies Cond. 2.4.

Prop.

Fe.:={S CN|N\S is finite}
is a filter (the cofinite/Frechet filter).

C ee—

Prop.
Any filter F’ can be extended to an ul-
trafilter F O F’. (By Zorn’s lemma)

e ——

Cor.
There is an ultrafilter F such that
e S

 e— T

Wednesday, November 9, 2011



Filters & Ultrafilters

Given X C N s

“yes, almost all!” or “no!”

Defin.
An wltrafilter F C P(N) is such that:

1. For each X C N, exactly one of
X and N\ X
TSR
fRieN e —— X 1Y € F
SR ESX CY — Y € F
1. 0 & F

L — R——

Defn.
A filter F C P(N) is that which satis-
fies Cond. 2.4.

Prop.

Fe.:={S CN|N\S is finite}
is a filter (the cofinite/Frechet filter).

"

Prop.
Any filter F’ can be extended to an ul-
trafilter F O F’. (By Zorn’s lemma)

Cor.
There is an ultrafilter F such that
7= C I A

— [ Fix one such
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Fyperreals

Defn.
The set of hyperreal numbers is

*R := RY/ ~fp.

T
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Fyperreals

Dein.

a ¢ o ¢ o
The set of hyperreal numbers is ( 0, @1, ) ~F (bo’ b1, )

&L fieN|ai=b)eEF
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Fyperreals

Dein.

ag, i,y . .- bg, b1, ...
The set of hyperreal numbers is ( 05 =15 )N}- ( 05 P15 )

&L fieN|a;,=bYeF

IR o= RN/ iy =

» Predicates: pointwise, “for almost every ¢”

(ai)ien| < [(bi)ien]
G, = b for “almost every 2”
<— {1€N|a;<b;}eF

L — ———

(For the other
predicates, too)
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Fyperreals

Dein.

ag, iy .- bg, b1, ...
The set of hyperreal numbers is ( 05 =15 )N}- ( 05 P15 )

&L fieN|a;,=bYeF

*R := RY/ ~£.

D
T

» Predicates: pointwise, “for almost every ¢”

(ai)ien| < [(bi)ien]
G, = b for “almost every 2”
<— {t1eN|a; <b;}eF

S——

(For the other
predicates, too)

» Consequences: W is infinite; W' is infinitesimal;
‘R is an ordered field; [ (0,1,0,1,...) ] is either 0 or I;...

Wednesday, November 9, 2011



The Sectionwise Paradigm

Thm. (Los)
For any first-order formula ¢ (x) and a

hyperreal a = [(ai)ieN]a
IR = welEl e —
{i EN|RE p(a;)} € F.

I —




The Sectionwise Paradigm

Thm. (LOS) (Constants for reals, not hyperreals)
For any first-order formula ¢ (x) and a

hyperreal a = [(ai)ieN]a
IR = welEl e —
{i EN|RE p(a;)} € F.

I —
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The Sectionwise Paradigm

Thm. (LOS) (Constants for reals, not hyperreals)
For any first-order formula ¢ (x) and a

hyperreal a = [(ai)ieN]a
IR = welEl e —
{i EN|RE p(a;)} € F.

L —

a=|(ag,a1,a2,...) |
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The Sectionwise Paradigm

Thm. (LOS) (Constants for reals, not hyperreals)
For any first-order formula ¢ (x) and a

hyperreal a = [(ai)ieN]a
IR = welEl e —
{i EN|RE p(a;)} € F.

L re——— R——

a=|(ag,a1,az2,...) |

Oth section
| st section
2nd section
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The Sectionwise Paradigm

Thm. (LOS) (Constants for reals, not hyperreals)
For any first-order formula ¢ (x) and a

hyperreal a = [(ai)ieN]a

R = p(a) <=
{i€N|R=g0(ai)}€.'F.

— I "N
5= [(ao,al,az,...)} a satisfies
iff

almost every section does

Oth section
| st section
2nd section
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[The Iranster Principle

Thm. (Los)
For any first-order formula ¢(x) and a

hyperreal a = [(ai)iEN},

REp(a) <~
[i EN|RE ¢(a;)} € F.

— e

Thm. (Constants for reals, not hyperreals)
For any first-order sentence ¢,

Ril=w e 0 IR = w .

| TT— R —
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[The Iranster Principle

Thm. (Los)

For any first-order formula ¢(x) and a

hyperreal a = [(ai)iEN]a

R = p(a) <=

[i EN|RE ¢(a;)} € F.

[ —

E—

Thm. (Constants for reals, not hyperreals)

For any first-order sentence ¢,

R = ¢

<—

R

V.

:SO.

=

V.
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[The Iranster Principle

Thm. (Los)
For any first-order formula ¢(x) and a

hyperreal a = [(ai)iEN]a

REp(a) <~
[i EN|RE ¢(a;)} € F.

e

Thm. (Constants for reals, not hyperreals)
For any first-order sentence ¢,

Ril=w e 0 IR = w .

—

, ;=
Ve € R. l vme*R.¢|
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[The Iranster Principle

Thm. (Los)
For any first-order formula ¢(x) and a

hyperreal a = [(ai)iEN]a

R = p(a) <=
[i EN|RE ¢(a;)} € F.

Thm. (Constants for reals, not hyperreals)
For any first-order sentence ¢,

Ril=w e 0 IR = w .

— =~

r T "
ve € R.y |*-transform Ve € "R I
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[The Iranster Principle

Thm. (Los)
For any first-order formula ¢(x) and a

hyperreal a = [(ai)iEN]a

R = p(a) <=
[i EN|RE ¢(a;)} € F.

Ve,y.(x <yVae=yVaz>y)
Thm. (Constants for reals, not hyper V. (w # 0 — dy. (wy = 1))
For any first-order sentence ¢,

Ril=w e 0 IR = w .

— —

r T "
ve € R.y I*-transform Ve € "R I
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I HE
COAUTHOR

Kohel Suenaga

e PhD (U.Tokyo, 2008)
with Naoki Kobayashi

* Program verification, static analysis,
type systems

* [ndustiral experience

(IBM Research)
e Assist. Prof. at Kyoto U. (2012.4-)

[Fixed pt. obs., Braga, PT, 200/]
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Whiledt
'SECTIONWISE SEMANTICS




Whilet : Semantics

ae— 0 : =
while (£ < 1) do { while (true) do {
Lt :=11 dt t:=1 1+ dt

} }




Whilet : Semantics

ae— 0 : =10 <
while (£ < 1) do { while (true) do {
Lt :=11 dt t:=1 1+ dt

}

L ee— O

.

L (divergence)




Whilet : Semantics

ae— 0 : =10 <
while (£ < 1) do { while (true) do {
Lt :=11 dt 9= 1) = CF
} [[dt]]

1
' 37
& (dlvergence)

)]




Whilet : Semantics

=) a0

while (t 1) do { while (true) do {
e

t =t 4+ dt t:=1t4dt
}

[at]

= w

1
' :[(1957 9 oo

1
3
t=14dt L (divergence)

)|




Sectionwise Semantics

* Execute sectionwise and bundle up the outcomes!

18 83403
while (t < 1)
| T T S 0 o
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Sectionwise Semantics

* Execute sectionwise and bundle up the outcomes!

== (O
while (t < 1)
1 T iy S 0 o
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Sectionwise Semantics

* Execute sectionwise and bundle up the outcomes!

= (000,00 . )
while (t < (1,1,1,...))
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Sectionwise Semantics

* Execute sectionwise and bundle up the outcomes!

Oth section | st section 2nd section

RO t := 0; 15 S=0)0
while (t < 1) while (t < 1) while (t < 1)

il il
=+ 1 i e e e Tt := € & =i
2 3
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Sectionwise Semantics

* Execute sectionwise and bundle up the outcomes!

Oth section | st section 2nd section

RO t := 0; 15 S=0)0
while (t < 1) while (t < 1) while (t < 1)

°
b

il il
=+ 1 i e e e t (=t + —
2 3
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Sectionwise Semantics

* Execute sectionwise and bundle up the outcomes!

= (0, 0,0, 5.5 )
while (t < (1,1,1,...))
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Sectionwise Semantics

* Execute sectionwise and bundle up the outcomes!

== (O
while (t < 1)
1 T iy S 0 o

E——

5=
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Sectionwise Semantics

* Execute sectionwise and bundle up the outcomes!

18 83403
while (t <= 1)
| T T S 0 o
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Sectionwise Semantics

* Execute sectionwise and bundle up the outcomes!

== (O
while (t <= 1)
1 T iy S 0 o
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Sectionwise Semantics

* Execute sectionwise and bundle up the outcomes!

= (00,0 . )
while (t <= (1,1,1,...))
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Sectionwise Semantics

* Execute sectionwise and bundle up the outcomes!

Oth section | st section 2nd section

RO t := 0; 15 S=0)0
while (t <= 1) while (t <= 1) while (t <= 1)

il il
=+ 1 i e e e Tt := € & =i
2 3
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Sectionwise Semantics

* Execute sectionwise and bundle up the outcomes!

Oth section

== (0
while (t <= 1)

| st section

C 5= 1003

while (t <= 1)

B

1
| P
2

t

1

+

1
2

2nd section

G =k
while (t <= 1)

t

=B

°
b

t

il
3

1
1+ —
3

—

T

Wednesday, November 9, 2011



Sectionwise Semantics

* Execute sectionwise and bundle up the outcomes!

= (0,0,0,. ..);
while (t <= (1,1,1,...))
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Sectionwise Semantics

* Execute sectionwise and bundle up the outcomes!

== (O
while (t <= 1)
1 T iy S 0 o

E——

= R Gl
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Sectionwise Semantics

* Execute sectionwise and bundle up the outcomes!

18 83403
while (true)
| T T S 0 o

Wednesday, November 9, 2011



Sectionwise Semantics

* Execute sectionwise and bundle up the outcomes!

== (O
while (true)
1 T iy S 0 o
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Sectionwise Semantics

* Execute sectionwise and bundle up the outcomes!

= (00,0 . )
while (true)
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Sectionwise Semantics

* Execute sectionwise and bundle up the outcomes!

Oth section | st section 2nd section
== (0 C 5= 1003 G =k
while (true) while (true) while (true)

il il
=+ 1 i e e e Tt := € & =i
2 3
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Sectionwise Semantics

* Execute sectionwise and bundle up the outcomes!

Oth section | st section 2nd section
== (0 C 5= 1003 G =k
while (true) while (true) while (true)
1 1
=t 1 R P e T = b=
2 3

— R— S
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Sectionwise Semantics

* Execute sectionwise and bundle up the outcomes!

= (0,0,0,. ..);
while (true)
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Sectionwise Semantics

* Execute sectionwise and bundle up the outcomes!

== (O
while (true)
1 T iy S 0 o

e
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Sectionwise Semantics

Defn. (Section)

Let e: a WHILE®-expr., and 7 € N.
e|;, the 2-th section of e, is obtained by
replacing

1
dt — and oo— 1+ 1.

1+ 1
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Sectionwise Semantics

Defn. (Section)
Let e: a WHILE®-expr., and 7 € N.
e|;, the 2-th section of e, is obtained by

replacing
1 .
dt — - and oo+ 1.
1+ 1

T ——— ——

A While-expression
=» standard semantics
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Sectionwise Semantics

Defn. (Section)
Let e: a WHILE®-expr., and 7 € N.
e|;, the 2-th section of e, is obtained by

replacing
1 .
dt — and oo— 1+ 1.

1+ 1

- —

A While-expression et doclo — o 2%
=» standard semantics | *°=7 =4
e there exists a finite sequence o = 0¢,01,...,0, = o’ such that:
1 ¢ [b']on = ff; and for each j € [0,n). ( [b']o; = tt & [c']o; =
Ojt1 ); Or

. e such a finite sequence does not exist and o/ = L.

Wednesday, November 9, 2011



While<t : Denotational Semantics

|x]o = o(x) lcr|o
[EnRa 0P az]]O’ = [[al]]a' aop [[a,2]]0'
[dt]o = [(1,%,%,...)} [oo]lo
[true]o = [false]o :=
[b1 A b2l = [bi]o A |[b2]o [—b]o —
a1 < azlo = [ai]o < [az]o
[skip]lo = o |z := a]o = o|xz — [a]o]
|[if b then c; else ca]o := {[[0110' ?f :b]]a =

lca]o  if [b]o = ff

[while b do c]o := ( | (while b do c)|;

:(U|i))

1EN

<= ¢ foreachr € R

= w = MR
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While<t : Denotational Semantics

Hyperstate (stores hyperreals)

|x]o = _o(x) lcr]lo = r foreachr €R

|a1 aop azllc := [ai]o aop [az]o

[dt]o o @, 5,5 [oc]an =" o =2 N
[true|o — [false]|oc := ff

[b1 Abzllo = [bi]o A [bz]o [—b]o = =([b]o)

__CL1 < CLQ]]O' = [[al]]a' < [[0,2]]0'

[skip]lo = o [z :=a]o := o|z+— [a]o] lersea]loe = [e2]([ei]o)

lc1]o  if [b]lo =t
lca]o  if [b]o = ff

|[if b then c; else ca]o := {

[while b do c]o := ( [[(while b do ¢)|; (ol:) )ieN

R — ——_
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While<t : Denotational Semantics

l Hyperstate (stores hyperreals) '

|x]o = _o(x) lcr]o
[EnRa 0P az]]O' = [[al]]a' aop [[a2]]0'
[dt]o = [(1,%,%,...)} [oo]o
[true]o = [false]o :=
[b1 A b2l = [bi]o A |[b2]o [—b]o —
a1 < azlo = [ai]o < [az]o
[skip]lo = o |z := a]o = o|xz — [a]o]
|[if b then c; else ca]o := {[[CIIG ?f :b]]a =

lca]o  if [b]o = ff
[while b do c]o := ( | (while b do ¢)|; | (o]s) )iEN

<= ¢ foreachr € R

= w = MR

F

Section of a program |
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While<t : Denotational Semantics

l Hyperstate (stores hyperreals) '

|x]o = _o(x) lcr]Jlo = r foreachr €R

|a1 aop as]loc := J|ai]o aop [az]o

[dt]o o @, 5,5 [oc]e = w=1][(1,2,3,...)]
[true|o — [false]|oc := ff

[b1 Abzllo = [bi]o A [bz]o [—b]o = —([b]o)

__CL1 < CLz]]O' = [[0,1]]0' < [[Clz]]a'

[skip]lo = o [z :=a]o := o|z+— [a]o] lersea]loe = [e2]([ei]o)

lc1]o  if [b]lo =t
lca]o  if [b]o = ff

|[if b then c; else ca]o := {

[while b do c]o := ( [[(while b do c)|; ﬂ) )ieN

—F A%

Section of a program Applied to a section
of a memory state
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While<t : Denotational Semantics

l Hyperstate (stores hyperreals) '

|x]o = _o(x) lcr]Jlo = r foreachr €R

|a1 aop aslloc = [[al]]a' aop [[(12]]0'

[dt]o — [(1727 39" )] [oc]loe = w= [(172939“')}
[true|o — [false]|oc := ff

[b1 Abz]o := [bi]o A [bz]o [—b]o = —([b]o)

__CL1 < CLz]]O' = [[0,1]]0' < [[CLz]]O'

[skip]lo = o [z :=a]o := o|z+— [a]o] lersea]loe = [e2]([ei]o)

[if b then c; else ca]o := led]o 1 | Jo
[ce]o if [b]o = ff

vt docho o= ([ Ghite ba0 Ol ety o | Bundled up l
Section of a program Applied to a section
of a memory state
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“Sectionwise” Lemmas

Sectionwise Execution Lemma.
For any expr. e and 7 € N,

[elo = [ ([elil(a]i) );en ] -




Q. Is a While? program executable?




Q. Is a While? program executable?

- A. Not exactly.
* A modeling language

* Advantage: close to a common programming
style




Q. Does the choice of dt matter?




Q. Does the choice of dt matter?

* A.Yes, for “pathological” programs

t:=0; Terminates with dt = (1, 1/2, 1/3, ...)
while (t # 1) | Doesn’t with dt = (1/x, 1/2w, 1/3x, ...)

t:=t+dt;

Wednesday, November 9, 2011



Assnd® AND Hoaredt
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Assertion Language Assndt

true | false | Ay AN Ay | 7A | a1 < as |
Ve € *N. A |V € *R. A

e —— R




Assertion Language Assndt

AR — true | false | Ay AN Ay | 7A | a1 < as |
Ve € *N. A |V € *R. A

* Only hyperquantifiers are allowed
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Assertion Language Assndt

AR — true | false | Ay AN Ay | 7A | a1 < as |
Ve € *N. A |V € *R. A

* Only hyperquantifiers are allowed
» Standard quantifiers =¥ failure of
* sectionwise semantics

» soundness of Hoare logic ...
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Assertion Language Assndt

AR — true | false | Ay AN Ay | 7A | a1 < as |
Ve € *N. A |V € *R. A

* Only hyperquantifiers are allowed
» Standard quantifiers =¥ failure of
* sectionwise semantics

» soundness of Hoare logic ...

- Drawback: can’t say “infinitely close”: Vr € R. |z —y| <

Wednesday, November 9, 2011



“Sectionwise” Lemmas

Sectionwise Execution Lemma.
For any expr. e and 7 € N,

[elo = [ ([elil(a]i) );en ] -

Sectionwise Satisfaction Lemma.
For any hyperstate o and an ASSN®
formula ¢:

o= <

ol; = pl|; for almost every 4.
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“Sectionwise” Lemmas

Sectionwise Execution
For any expr. e and 7 € N,

odtl—>i_|%1

(same for oo)

ﬂeﬂg — [(ﬂe‘zﬂ(alz)) o Vx € "R +— Vx € R
(same for N, 3)

S ———

O

| Te—— RES———
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“Sectionwise” Lemmas

Sectionwise Execution Lemma.
For any expr. e and 7 € N,

[elo = [ ([elil(a]i) );en ] -

Sectionwise Satisfaction Lemma.
For any hyperstate o and an ASSN®
formula ¢:

o= <

ol; = pl|; for almost every 4.
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“Sectionwise” Lemmas

Sectionwise Execution Lemma.
For any expr. e and 7 € N,

[elo = [ ([elil(a]i) );en ] -

-

Sectionwise Satisfaction Lemma.
For any hyperstate o and an ASSN®
formula ¢:

! t os’ Theorem
o= <

ol; = pl|; for almost every 4.

Wednesday, November 9, 2011



Program Logic Hoare*

» Hoare triple {A} c{B}

* Hoare logic: rule-based derivation of valid Hoare triples

* =» Formal/automated verif. of programs (hybrid systems!)
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Program Logic Hoare*

» Hoare triple {A} c{B}

If A holds prior

to execution,
(precondition)

* Hoare logic: rule-based derivation of valid Hoare triples

* =» Formal/automated verif. of programs (hybrid systems!)
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Program Logic Hoare*

» Hoare triple {A}c{B}
r A

If A holds prior

to execution,
(precondition)

after successful
execution of ¢,

* Hoare logic: rule-based derivation of valid Hoare triples

* =» Formal/automated verif. of programs (hybrid systems!)
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Program Logic Hoare*

* Hoare triple {A} pA {B}
Iftél :;elzlzt?c';rr after successful B holds
’ execution of ¢, | (postcondition)

(precondition)

* Hoare logic: rule-based derivation of valid Hoare triples

* =» Formal/automated verif. of programs (hybrid systems!)
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Program Logic Hoare*

* Hoare triple

L

If A holds prior

to execution,
(precondition)

A} c{B}
A

after successful
execution of ¢,

B holds
(postcondition)

* Hoare logic: rule-based derivation of valid Hoare triples
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Program Logic Hoare*

* Hoare triple {A} pA {B}
Iftél :;elzlzt?c';rr after successful B holds
’ execution of ¢, | (postcondition)

(precondition)

* Hoare logic: rule-based derivation of valid Hoare triples

* =» Formal/automated verif. of programs (hybrid systems!)

Wednesday, November 9, 2011



Program Logic Hoare*

(SKIP) (ASSIGN)

{A} skip{A} {Ala/z] } z := a {A}

{A}c1 {C} {C}c2{B} {AANb}ci {B} {AA-b}c{B} (IF)
{A}c15¢c2{B} {A} if b then c; else cz {B}
{AADb}c{A} = A= A" {A'}te{B'} =B =25
SPRRCTERENE 5 o {A A —b) - LE) (A} c{B}

(SEQ)

(CONSEQ)

* Precisely the same rules as with Hoare
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Program Logic Hoare*

(SKIP) (ASSIGN)

{A} skip{A} {Ala/z] } z := a {A}

{A}c1 {C} {C}c2{B} {AANb}cs {B} {AA-b}cy{B} (IF)
{A}c15¢c2{B} {A} if b then c; else cz {B}

{AAb}c{A) — A= A’ {A}c{B'} =B =B
SPRRCTERENE 5 o {A A —b) - LE) (A} c{B}

(SEQ)

(CONSEQ)

* Precisely the same rules as with Hoare

Thm.

HOARE™ rules are sound and relatively
complete.
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“Sectionwise” Lemmas

Sectionwise Execution Lemma.
For any expr. e and 7 € N,

[elo = [ ([elil(a]i) );en ] -

Sectionwise Satisfaction Lemma.
For any hyperstate o and an ASSN®
formula ¢:

o= <

ol; = pl|; for almost every 4.
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Verification example

t:=0; x:=0;
v:i=0;a:=1;
while (t < 4) {

v :=v+a*dt;
X' :=x+v*dt;
v:=Vv; x:=x;
if (t<2)thena:=1
else a:=-1;
t:=t+dt;

}




Verification example

t:=0;x:=0; Loop invariant:

while (< ) e A

whniie (T <

v’;=v+a*dt; t<2+dt
v=n¥*dt&a=1&

X' :=x+v*dt;
v:i=vVv:X:=x;

if (t<2)thena:=1 t>=2+dt >
else a:=-1; v=(2n+4-n)* dt &
t:=t+dt; a=-1&

X=Xy+(3n,+7=n)(n—=n, - 2)*dt?/ 2

}
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Verification example

t:=0;x:=0; Loop invariant:

while (< ) e

whniie (T <

v’;=v+a*dt; t<2+dt
v=n¥*dt&a=1&

X' :=x+v*dt;
v:i=vVv:X:=x;

if (t<2)thena:=1 t>=2+dt >
else a:=-1; v=(2n+4-n)* dt &
t:=t+dt; a=-1&

X=Xy+(3n,+7=n)(n—=n, - 2)*dt?/ 2

}
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Verification example

t:=0;x:=0; Loop invariant:

while (< ) e A

whniie (T <

v’;=v+a*dt; t<2+dt
v=n*dt&a=1&

X' :=x+v*dt;
v:i=vVv:X:=x;

if (t<2)thena:=1 t>=2+dt >
else a:=-1; v=(2n,+4-n) * dt &
t:=t+dt; a=-1&

X=Xy+(3n,+7-=n)(n—n, -2)*dt?/ 2

}
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Verification example

— Using the loop invariant

—

t=0;,x:=0;v:=0;a:=1;
v :i=v+a*dt;

{t ru e} e 11X < 4.0 1}

a:=(t<2)?1:-1;
}
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RELATED & FUTURE WORK
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Related Work

1‘ W thermo N =) % ' _
Fie Edit Yiew Simulation Format Tools Heb & /O /® p ﬁ @ @ 9 E
D @ g é i - . b = [Nu'n'a L] o {S} . “ -g,
i ’_’{E ) |::‘ e Heat Cost ()
ool
Gain
-
[o°
pl U >
: e
o Thermo
fin o 8 10 12 14 16

4

x10

House Themmodynamics ? I Double click
(Double dick on the *7 for more info) here for
Simuli

To start and stop the simulation, use the “Start”
i selection in the *Simulation” pull-down menu

: Ready 100% ode4S

* Simulink [Mathwork Inc]
* Industrial standard for hybrid system design
- Control-theory oriented

« Test/simulation, rather than verification
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Related VWork

f = a

* Hybrid automaton [Alur & others,'90s-] \ //\ ——— i
=a +

>_, -
/ accel\( o= — \/ brake\
> = U 'I
—J / ‘|

ﬁ(y

* Model-checking:“push-button” verif. algorlthms
* Flow-dynamics restricted T L Al
» Differential dynamic logic [paczer & others,07-] oo

* Dynamic logic (= Hoare logic) + differential equations

* Automatic prover KeYmaera
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Related VWork

* Use of NSA for hybrid systems

[Benveniste et al., Bliudze & Krob, Nakamura & Fusaoka, Rust]

* Ours: clean integration with existing verification
framework; actually proves something!
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Future VWork: Practical

 Automatic prover (prototype under development)

* (Any program verification techniques)®

» Simulink as (a stream processing language)*
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Future Work: I heoretical

* Internalize the whole framework in a topos

- Ultrapower construction of toposes!?

* Characterize computing power of While®

& Preliminar'y results: [Miyabe-Suenaga]
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Summary

While AsSsn Hoare

Programming lang. First-order assertion Hoare-style program
lang. logic
while (t<a) do {
t:=t+1; HZ(X=2*Z N y=3*z) {A VAN b} C{A}
it ... {A}while b do c{A A —b}

+
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Summary

. L dt dt
While Assn Hoare
Programming lang. First-order assertion Hoare-style program
lang. logic
while (t<a) do {
ti=t+1; 3z (x=2%z A y=3%z) {AANDb}c{A}
if ... {A} while b do c{A A —b}

+
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While®"

Programming lang.

while (t<a) do {
t:=t+1;
if ...

}

Summary

Assncjlt

First-order assertion
lang.

3z (x=2*z A y=3*z)

HoaredJc

Hoare-style program
logic

{AADB}c{A)}

{A}while b do c{A A —b}

Rigorous semantics by non-standard analysis
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While®"

Programming lang.

while (t<a) do {
t:=t+1;
if ...

}

Summary

Assn(jlt

First-order assertion
lang.

3z (x=2*z A y=3*z)

HoarecrC

Hoare-style program
logic

[AAD}c{A)}

{A}while b do c{A A —b}

Rigorous semantics by non-standard analysis

* Hoare : sound and relatively complete

* Program verification/static analysis of hybrid systems

* Actual verification with NSA
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Thank you for your attention!
Ichiro Hasuo (Dept. CS, U Tokyo)

http:// WWW-mmm.is.s.u-tokyo.ac. Jp/Tichiro/

Summary
. L dt dt
While Assn Hoare
Programming lang. First-order assertion Hoare-style program
lang. logic

while (t<a) do {

ti=t+1; 3z (x=2%z A y=3%z) {AND}c{A}

it ... {A} while b do c{A A —b}
+

Rigorous semantics by non-standard analysis

* Hoare : sound and relatively complete

* Program verification/static analysis of hybrid systems

* Actual verification with NSA
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