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1 (Lemma 3.4.9).
(M)

(if): Assume A € U',B € U’ and AN B ¢ U’. Because (U’,V’) is a maximally consitent pair,
AN B € V'. However, this contradicts consistency of (U’, V'), because - A, B = A A B by

A=A B=B
A B=AAB

(only if): Assume AA B € U'. We show A € U'. If A ¢ U’, by maximal consistency of (U’, V")
we have A € V', which contradicts H AN B = A.

A=A
ANB= A

B € U’ can be shown in the same way.

3 (D)

(if): Assume A U' or BeU',and AD B¢ U'".
(if-i) if A ¢ U’: By maximal consistency of (U, V') we have A;A D B € V', which contradicts
F= A, A D B.
A=A
A= A B
= A ADB

(if-ii) if B € U’: By maximal consistency of (U’, V') we have A D B € V', which contradicts

FB=A>B.
B=B

A,B=B
B=ADB
(only if): Assume A D B € U’, A € U' and B’ ¢ U’. By maximal consistency of (U', V') we
have B € V', which contradicts - A D B, A = B.

A=A B=B
ADB,A=B




good

Consistency 0 00000000000 A¢U' 000000000 ACV 00D00D0OFA=A
00000000000000000000000000000000 (DAeU'0D00OFA= A
000 ACVO000000D00000000)A:=A0000000000000D0000O0
00000000 .)000000DMFAAB=AO0OOOOOOOO A=AQ0B=A0000
00000000000 0oO0o0DOoOOoooooD A=AANBO0OO0O0ODOOODOOOODOO

2 (Exercise 4.2).
) (@)/y] = R(z, f(z))
(Q(@) A Jz. R(z,y))[9(y) /2] = Qg(y)) A z. R(z, y)
(Q(y) ATz R(z,y))[f (2)/y] = Q(f(2)) A Fz. R(z, f(z))

(Renaming is needed.)

(Va. R(x,y))[f(x)/2] = Vo R(z,y)

3.
Question

Consider the following formulas.
a) V. (P(z) D Q(x)) D Va. P(x) D V. Q(x)
) (Vz.P(z) > V2.Q(z)) D Va. (P(z) > Q(x))
(c) Va. (P(z) D Q(x)) D Jx. P(x) D Jz. Q(x)
(d) (Gz.P(z) > 3z.Q(x)) D Vz. (P(z) D Q(z))
For each of those formulas, answer
o if it is valid (give a countermodel if it is not);

e if it is derivable (give a derivation tree if it is); and

e if it is satisfiable (give a model that satisfies the formula, if it is).

Answer

(a) Derivable, valid and satisfiable. A derivation tree is:




Since the formula is derivable, it is valid by soundness. It is satisfied by any model, so in

particular a model

= ({+},0,([Pls, [Qls))

satisfies it, where
[Pls: * — tt; [Q]s: * — tt .

(b) Not derivable, not valid and satisfiable. A countermodel is, for example,

= ({17 2}7 0, ([[P]]S7 [[Q]]S))

where
[Pls: 1 —tt,2—ff; [Qs: 1~ tt,2— tt .

The model given in (0) satisfies the formula.

(c¢) Derivable, valid and satisfiable. The derivation tree is:

P(z) = P(z)  Qz) =

P(z) 2 Q(z),P(z) = Q

Vz. (P(z) D Q()), P(2) =
Va. (P(z) D Q(x)), P(2) =
Va. (P(z) D Q(x)),Jz. P(x) = Jz.Q(x)
Vz. (P(z) D Q(x)) = Jz. P(x) D Jz. Q(x)

= Vz.(P(x) D Q(x)) D Jz. P(x) D Jx.Q(x)

Validity is easy by soundness. The trivial model () satisfies the formula.

(1)

(d) Not derivable, not valid and satisfiable. A countermodel is, for example, the model given by

(B). The model given in () satisfies the formula.
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