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1 (Exercise 6.4).

Proof. As P,Q ⊆ Nn are PR predicates, their characteristic functions χP , χQ : Nn → 2 ↪→ N are
all PR (see Def. 6.1.13).

We show that χ¬P , χP∨Q, χP∧Q : Nn → N are all PR.
For ¬P , we have:

χ¬P (x⃗) =

{
0 (x⃗ ∈ Nn \ P )

1 (otherwise)
=

{
0 (χP (x⃗) = 1)

1 (otherwise)
= 1 .− χ¬P (x⃗) .

As the constant 1 = succ(zero) : N0 → N and the normalized subtraction .− : N2 → N (Example
6.1.9) are both PR, χ¬P is also PR.

For P ∨Q, we have:

χP∨Q(x⃗) =

{
0 (x⃗ ∈ P ∪Q)

1 (otherwise)
=

{
0 (χP (x⃗) = 0 or χP (x⃗) = 0)

1 (otherwise)
= mult(χP (x⃗), χQ(x⃗)) .

As the multiplication mult : N2 → N is PR, χP∨Q(x⃗) is also PR.
For P ∧Q, we have:

P ∧ Q = Nn \
(
(Nn \ P ) ∪ (Nn \ Q)

)
= ¬(¬P ∨ ¬Q) .

As we have already shown that ¬ and ∨ preserve PR predicates. Hence P ∧ Q is also a PR
predicate.

2 (Exercise 6.6).

For x⃗ ∈ N2, we have:

max(x⃗) =

{
proj20(x⃗) (if proj20(x⃗) ≥ proj21(x⃗) is true)

proj21(x⃗) (if proj20(x⃗) < proj21(x⃗) is true) .

By Example 6.1.14, ( 1 ≤ 2) ⊆ N2 is a PR predicate. Hence by Lem. 6.1.17, ( 1 ≥ 2) = ( 2 ≤
1) ⊆ N2 is a PR predicate. By Lem. 6.1.15, ( 1 < 2) =

(
( 1 ≤ 2) ∧ (¬( 1 = 2))

)
⊆ N2 is

also a PR predicate. By Lemma 6.1.18, the case distinction is a PR function. Hence max : N2 → N
is PR.

Similarly, for x⃗ ∈ N2, we have:

min(x⃗) =

{
proj20(x⃗) (if proj20(x⃗) ≤ proj21(x⃗) is true)

proj21(x⃗) (if proj20(x⃗) > proj21(x⃗) is true) .

Therefore min : N2 → N is also PR.
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