Weighted Rewriting

Akihisa Yamada
ERATO HASUO Meta-Mathematics System Design Project

(ongoing joint work with Martin Avanzini)
50th TRS Meeting




Background

* We now know probabilistic systems, e.g.:
f(s(x)) S {%:f(x), %:f(s(s(x)))}

* but no good correspondence to rewriting
e can be seen as an ARS, but over sub-multi-distributions

e.g.)
(L)} <M {5:£0), 5:6(D)]
oM { 2:£(1),5:£(3)]
oM { S (0), 2 £(2),2:£(2), 5 £(4)

* for termination:
only ranking functions (interpretations, supermartingale)

e for confluence: hard to formulate
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Weighted Abstract Reduction System

Y WARS: N\ E RZO XAXA
e W= {(a, b) | (w,a,b) € A}

* weighted order: a wARS > which is
. reflexive: a >1% g
e transitive: g W p =Vl ¢ = g =lw+vl ¢

» A2 the least weighted order extending ~»
o AaW:= W]

e t = w

A

o na¥ = UWZO AW

 NF., :={a|#b. a ~* b}
* confluence: a »* o 2™ h = q ~» o™ p



ARS

e ARS: » C AXA

ARS
= {1}x~={(1,a,b) | a - b}

* Remarks:
° |\—/)n = I—)n
° |\—/)+ = I—)+
° |\—/)* = I—)>I<

g NF,\_/) —_ NF,_)



Relative ARS

e for two ARSs —, ~» C AXA,
> /) 1= (+>%0 > 0 ™)
* let WARS: = /- = ({1}x ») U ({0} )
* Remarks:
s /" = (=/-)" forn >0




Weighted Term Rewriting

* WTRS R: wARS over T(F,V)
0+ xR x
x+s@) RE s(x + y)
x+y ROy 4 x
* R is closed under contexts and substitutions if
e sRWlt = Fl,s, )RMWI F(t, . forfEF
e sRWt = sogRW tg

g least weighted order closed under contexts &

substs (weighted rewrite order) extending R
x + s(0) 32 s(x + 0) ;go s(0 + x) ;gl s(x)



Distribution reduction system

> : WARS over distributions
1 1 [56.5] [1 1
e.g.) {2 HCL, > NaOH} - {2 NaCl, HZO}

* > is (CUSQ): iff
for Xipi =1,
Vi »MWil v = p; ) el (3p; - v)
: least CUCS weighted order, extending =

{0.2 HC[, 0.8 NaOH} »113

{0.1 NaCl,0.1 H,0,0.1 HCI, 0.7 NaOH} »113
{0.2 NaCl,0.2 H,0,0.6 NaOH} € NF,,

... WN but not SN



Probabilistic ARS

: & € AXDist(4)
e.g.) f(s(x)) S {%:f(x), %:f(s(s(x)))}
* see as WARS < over MDist(4): In MDist,
{1: a} L)[l] U S a N u 4{{0.5:%0.5:61} +* {1:a}}
e WARS ~» over MDist(4) is
(CUCMS) if Vi.py; Wil y, =
(Wi i+ ) Pl (Y p; - vy) for Byp; = 1
: least CUCMS weighted order, extending ©
{L:£(1)} S {2:£0), 2:£(2)}
S1/2 £2:£(0), :£(1),5:£(3)]

SU2 2:6(0), 2:£(0),5:£(2), 5 £(2), 2 ()} ©3/8 .

AN
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Termination-like properties for wARS

* WARS s

* normalizing(??)on S € A if WN..,.(S)
Va€S. b € NF... a~*b

* terminatingon S € A if SN...(S)
There is no infinite seq. S 3 ay »Wol g, ~alwal ...

« weakly boundedon S € A if WB..(S)
S3ag~wWl g il o= FJp e R,y Tienw; S v

* strongly bounded on S C A if SB..(S)

Vao € S. dv € RZO' Ao ’\’[WO] aq ’\7‘[W1] e T/ ZiENwi <v

e Remark:
WN WB

* ranking functions (interpretation method)
on R are sound & complete for SB \/\

SN SB=r.f.




Counterexamples

Ww
SN SB=rf.

generalizes a counterexample in [Avanzini+, FLOPS 2018]
r.f. are incomplete for "positive almost sure termination”




Non-Zeno O O0—0—=0

* sequence ay ol g, ~alwil s if

* LienW; < 0
* but);—g Wi < XjenyW; foranyn

e j.e., An.w, =Wy 1 =-=0
* WARS s if it admits no Zeno sequence
* Proposition: If ~ is non-Zeno, then
WB., & SN.,
* Remark: e
* ranking functions are sound for SN
SN=WB

* ARSs, relative ARSs are non-Zeno
* but pARS/dARS are not SBerf



Non-Zeno A WB # SB




Finite branching

 WARS ~ is FB if for every a € A,
* the set {b | w. g Wl b} is finite

* Proposition: if ~ is FB then
SN.. = SB..

* Remark:
* ranking functions are complete (maybe unsound) for SN
* finite ARSs (TRSs), pARSs are FB
 relative ARSs, dARSs are not

WN  WB

SB=r.f.

SN



Summary of termination properties

WN

SN=WB

SB=r.f.

relative ARS

WN

N

SN

WB

SB=r.f.

WARS, dARS %

&

SN=WB=SB=r.f.

WN

finite ARS/TRS

WN  WB

|
SB=r.f.

SN

PARS
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Potential

* The of a € A w.r.t. WARS ~:
* pot.(a) :==sup{w | 3Ib.a W b} <

* Remark:
 for ARS —, potx(a) = dh,,(a), derivation height
* For pARS &, pote,(a) = IE(dh;,(a))

* Proposition:
SB..(S) & pot.(S) € |0, )




Embedding

* Let ~» be WARS on A and > wARS on A’

en:A—- Aisan A to > if
a "' b= nia) =My

*misa if QT >
a ~Y'p = nia) =¥ n()

* Lemma:
~ Q1 > = pot.,(a) < pot. (n(a))

e Corollary:
Suppose ~» 27 >, Then SB.,.(S) if SB>(77(S))




Ranking function

* WARS >, on [0, o]:
a>gb:a=w+b

*nisa for .
~ QN >p

* Lemma:
pOt>R(a) = a

* Corollary:
if n is a r.f. for ~ then pot..(a) < n(a)

* Theorem:
SB..(S§) & thereis r.f. n with n(S) <€ |0, )




for (weighted) TRS...

* recall R: wARS over T(F,V)
. least ( ) extending R

* Lemma:
If R <" > for rewrite order >, then

pot_(a) < pot, (n(a))

e Corollary:
SB?e)(S) iff

R Q" > for rewrite order > s.t. SB>(77(S))




F-algebra

A over A:
* fixes interpretation f4 : A - A forn-ary f € F

of term under assignment a : V — A:
* [x]% = a(x)

* [f sy, )1 = fa(lsalas )
e Ais w.r.t. weighted order > if
e Vi.s; SVit; = fa(sqy,...) =2iWi fa(ty,...)
e define by s =% t := Va. [s]% == [t]%
* Theorem: SB_, (S) iff
R C >dﬁ‘or monotone F-algebra with SB. (S)



for dARS...

* Recall > : WARS over Dist(A)
: least CUCS weighted order extending ~

* Lemma:
If = 2" > for CUCS weighted order >, then
pot,,(a) < pot,(n(a)), so
so, SB.(S) < SB>(17(S))




Barycentric algebra

fixes E : Dist(4) — A4 s.t.

« E{1:a}) =a
* EQpi - 1i) = 2 pi E(u;)
e Eis w.r.t. WARS > over A iff

vi.a; =i by = E({p;: a;}) >ZPvid E({p;: b})
e define > byu >F v:= E(u) >V E(v)
* Lemma: pot, (¢) = pot. (]E(u))
* Theorem: If » 2" > for dARS -, [E mono >, then
* pot..(u) < pot, (E(n(w)))
. SB_,(S) < SB. (IE(n(S)))




remark

e from > (i.e.a>g b: < a=w+Db)
* we get (U >ge Ve E(w) =w+ E(v))



For pARS...

* Recall : & € AXDist(4)
* ...same story as dARS.

*7ns.t. Q" >priscalled a
* probabilistic ranking function [Bournez&Garnier'05]
* Lyapnov ranking function [Ferrer-Fioriti&Hermanns'11]
* ranking super-martingale [Chakarov&Sankaranarayanan'13]



Summary

* Introduced weighted ARSs
* reduction steps have non-uniform weight
e generalizes ARSs, relative ARSs, probabilistic ARSs
e termination, boundedness, cost analysis
e (omitted) incremental cost analysis

* Future work
* Implement in NaTT?



