Probabilistic Verification via Category Theory:
Categorical Generalization of
Fair Simulation and Ranking Function by
Kleisli Coalgebras, and Its Concretization

BEmiC & 51 “%EI’\J?@?E :
754 2B OSFAREIC
NERBE TV TREMDE EAEI’J ;'H:J L& B4R

12311, 2019 PhD thesis presentation
48-167101 /MR E MERER

These slides are available on http://group-mmm.org/~nurabe/slides/doctor_final_printing.pdf (search with “Natsuki Urabe)5



http://group-mmm.org/~nurabe/slides/doctor_final_printing.pdf

Outline

Overview

Short Preliminaries on Category Theory

Categorical Trace Semantics for Blchi and
(Chapter 3, [U., Shimizu & Hasuo, CONCUR ’16]

Parity Automata
[U., & Hasuo, CMCS ’18])

Categorical Fair Simulation (Chapter 4, [U. &

Categorical Ranking Function (Chapter 5, [U.

Hasuo, LMCS ’17])

, Hara & Hasuo, LICS ’17])

7 -Scaled Submartingale for Probabilistic Programs and its Synthesis

(Chapter 6, [Takisaka,

Conclusion

yabu, U. & Hasuo, ATVA ‘18])

2175



Goal

» Verification method for probabilistic systems

* Verification of nonprobabilistic systems ——— \
- prove a given (_nor_1)deterministic system Whieiipzt(()) io
satisfies a qualitative property % 1= x - 1
- Example: elie,= s
Q. Does the program terminate? ! )

» Verification of probabilistic systems
- prove a given probabilistic system satisfies a qualitative property, o

- prove a given probabilistic system satisfies a quan}itative property .
X := 10;

- more difficult than qualitative verification while x > 0 {
1f prob(0.25)
- Example: x 1= x - 1

else

Q. Does the program terminate in probability 17?
Q. In what probability does the program terminate?




Category Theory and Coalgebra

(see e.g. [Mac Lane, 1971])
- Category theory

An abstract and general mathematical theory

Theory of structures regarding “objects” and “arrows” between them

c: X —-PX

(nondeterministic program) an arrow
(PX :={A C X})

c: X > FX
c: X DX (probabilistic program)
(DX :={d: X — [0,1] | V.0 < d(x),0 < > _d(x)})

Coalgebra
An arrow of a form X —— FX

Model of various transition systems

Example:

Nondeterministic automaton, Probabilistic automaton, etc...
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Example: BiSimUIation (see e.g. [Baier & Katoen])

» For proving equivalence between transition systems

- Example:
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Example: BiSimUIation (see e.g. [Baier & Katoen])

Definition

A bisimulation from Ato B isarelation R C X XY
between the state spaces such that:

. tRyand z = ' = 3Jy’.y = ¢’ and =’ Ry’

/

. zRyandy —» vy’ = Fz’.x = «’ and 'Ry

! rRy = (a?@<:>y@>

~

J

- - .
--------
- ~
- n
s’ ~

e e ~..* Bisimulation implies
O Y © £ 7 equivalence
;X /); bzx /7 (soundness)
O O

L 4
.. ‘4
.. -
.. "
......
- omom -
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Bisimulation for Probabilistic Systems?

A B
© ©
b+ > b| b\ 1
1 O 2
P
A\ A\
br— 2z - b— 2
alw—)i abl—>i

aabn—)% aab — 1
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PrObabiIiStiC BiSimUIatiOn (see e.g. [Baier & Katoen])

Definition
For R C X x Y ,wedefine R C[0,1]* x [0,1]" by:
> Flzyy) = d(x)

dRd’ < Af: X XY — [0,1]. '~

f(wa ):d,()
\ 2w =dw

Definition \

A probabilistic bisimulation from 4 to B 1s a relation
R C X x Y between the state spaces such that:

e tRyandz > d = 3d’.y = d’ and dRd’

« rRyandy > d = 3d.x = d and dRd’

- #Ry = (z:© © y:©) - Bisimulation implies
equivalence




Comparison

nondeterministic

probabilistic

Definition
A bisimulation from Ato B 1sarelation p ¢ X « YV
between the state spaces such that -

. xRy and x = '’ = 3Ty/. y—)y and =’ Ry’

. zRyandy > vy’ = Fz'’.x = 2’ and 'Ry’

ta;Ry:»( .0 o y: @)

~

Definition

A probabilistic bisimulation from A to B 1s a relation
R C X x Y between the state spaces such that:

« tRyandz > d = 3d'.y > d’ and dRd’
« Ryandy > d = 3d.x = d and dRd’

- Ry = (m:@@y:@)

_
<

9 /75



Comparison

nondeterministic

probabilistic

Definition \

A bisimulation from Ato B 1sarelation p C X « Y
between the state spaces such that: -
X x {0,1} < R® x {0,1} ——2, ¥ x {0,1}

_ A
ar. & — T'r — Td

Definition

\_ X - e R 2 .Y )
\

A probabilistic bisimulation from A to B 1s a relation
R C X x Y between the state spaces such that:

[0,1]%%= x {0, 1} «[0, 1]7*** x {0,1} ~[0,1]* ** x {0,1}

\_




Unification (see e.g. [Jacobs, '16))

7% X idgo,1) 72 X idgo,13 nondeterministic
X* x {0,1} «——— R* x {0,1} »Y > x {0,1} bisimulation
Tc T Td F=()*x{0,1}
X 1 R 2 .Y
FX < FR > F'Y
| _ A Fea A Fr A
 We can axiomatize ) r )
soundness at this level
X < e R e ~Y

[0, 1]XXZ x {0,1}«[0, 1]RXZJ x {0, 1} +[0, 1]YXZ x {0,1}

T T b P =10,1]%% x {0,1}
c T d

B T probabilistic
X< - R 2 Y bisimulation
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Verlflcatlon Method via Category Theory

nondeterministic

X x {0, 1} — RT x {0,1} R Ly 10,1} bisimulation
i i -
X < T R 2 » Y
FX < FR > FY
» We can prove A Fry A Fr A
soundness at this c r d
level
X < e R o -Y

New verification method ] ° Soundness
iInherited

e.g. probabilistic bisimulation
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Our Strategy

- Induce a quantitative verification method by

- categorically generalize (axiomatize) existing qualitative
method, and

- concretize it

Categorically
generalized method

Quantitative system

Existing _ -
quahtatlve method]Generallze Coalgebraically |Concretize {Q”a"t'tat“’e meth"dJ
represented system \
Qualitative System

» Existing work:

Kleisli Simulation

wd./Bwd. Simulation [Hasuo, 06] . {Matrix Simulation ]
[Lynch & Vaandrager, '95] Generalize V Concretize [Urabe & Hasuo, '14]

)* { Coalgebraically J » v

represented system (Weighted automaton)

13/75
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. . Categorical
Contributions )'\

- Apply the framework to the following qualitative methods
- Fair simulation [Etessami, Wilke & Schuller, ‘05]

- Ranking function [Floyd, '67]

- Concretize for probabilistic systems

Mt

“Probabilistic fair simulation”
& “Probabilistic ranking function”
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Coalgebra

* An (F-)coalgebra is a function of the following form:

FX F : functor
N X = FX
T (f: X—=Y) — (Ff: FX — FY)

X

X : carrier

- Coalgebras model transition systems

Natsuki Urabe (U. Tokyo) 17/ 29



Examples

F

F'-coalgebra

A X ()

X - Ax X

14+AX ()
(1={v})

X —-1+AXx X

(_)* x {0,1}

X —» X" x {0,1}

X—>ﬁ2i><Xi
1=0

deterministic (generative)
transition system

deterministic transition
system with accepting state

deterministic automaton

deterministic tree automaton
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Final Coalgebra

Def: )
For a functor F : C — C ,acoalgebra¢ : vF — F(vF) is final if
for each ¢ : X — FX | there exists unique f : X — VvF st.

FX - -2 . FwF)
A

A
c — ¢

X / >V F

unique homomorphism

“Greatest fixed point” of F' (coinductive datatype)
v F'is a domain of behaviors of F'-coalgebras

- J characterizes behavior of an F' -coalgebra
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Examples

F

F'-coalgebra

final coalgebra

AX()| X —-AxX A%
A
L+AX () X 51+Ax X | A(=A" +A")
(1={v})
(O x (0.1} | X - x"x{o,13| {0,1}*
f[ D x (L)X = ] 3 x X7 Treeco (2)
i=0 i=0 (infinitary trees labeled

by 3 = (Ei)iéw)
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Example:
Ff

FX > F'(VF)
A _ A
c ¢
X U >pvkF = {Oa 1}A*

unique homomorphism

f(x)(ag...ap_1) =1 &

wo,ooo,wnEXQ

ma(c(x)) =1
(A x{0.1} | X - x*x{o,13| {0,1}*
f[ S x ()X — ]_[ >, X X° Treeoo(Z)
i=0 i=0 (infinitary trees labeled
by 3 = (Ei)iéw)

rg = T, Ti+1 € m1(c(x;)(a;)) and
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Final Coalgebra for Nondeterministic Automata®?

Nondeterministic Automaton

A= (X,A,9, Acc)
where 0 C X X A X X

FX

> |

X

Ff in Sets

f

> F'(vF)

¥

>V F

where F =P{v}+A X ())

- P constitutes a monad » Kleisli category 1C¢(P)

f: X —PY in Sets

f: X+Y in KL(P)

c: X > FX=P{v}+A x X)

c: X»FX={/}+AxX

- Rem: {f: X »Y}={f: X — PY} carries an order
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Coalgebraic Trace Semantics via Weak Finality

. - in Sets [Jacobs, '04]
r) Fx Ry FuF
weakly A
+c — JC+ .
final ¢| final
X | >vF= A* U A¥
: = = A* U A“
(F={v}+Ax () EXIStS Vi
Take the least/greatest homomorphism e
Least homomorphism is given by: i - ﬁ
N <(a1...an dxgy...,x, € X. x = T, \> f’j'
| €A (a1, @in1) € (@), Ec(an) | o
FX = *FvF
Greatest homomorphism is given by: % = 4
X * >v

a/lalZ e o o

xr — above u{
e A¥

3To, T1,... € X. T = To, | infinitary
(a;t+1,Tit1) € c(x;) trace
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Summary

-+ Coalgebra is a model for state-based dynamics

Final coalgebra captures the behavior

Fx T (beh(c)) Py
Tc e 2||T< final in Sets
X---->2

For nondeterministic automata,

a weakly final coalgebra in the Kleisli category captures
finite and infinitary trace semantics

FX = *Fv F FX = *Fv F
A
1 . weakly
% e % =v JCF final
X ; > F X ! > F

in ’CE(P) 2475



Extension to Various Systems

F=1+Ax(_) = F=]%x ()
(polynomial functor)
- Words to Trees

- T'="P * T — G (the sub-Giry monad)

- Nondeterministic to (generative) Probabilistic

25/75



Outline

Overview

Short Preliminaries on Category Theory

Categorical Trace Semantics for Blchi and
(Chapter 3, [U., Shimizu & Hasuo, CONCUR ’16]

Parity Automata
[U., & Hasuo, CMCS ’18])

Categorical Fair Simulation (Chapter 4, [U. &

Categorical Ranking Function (Chapter 5, [U.

Hasuo, LMCS ’17])

, Hara & Hasuo, LICS ’17])

7 -Scaled Submartingale for Probabilistic Programs and its Synthesis

(Chapter 6, [Takisaka,

Conclusion

yabu, U. & Hasuo, ATVA ‘18])

26/ 75



Overview

- Theoretical foundation for categorically generalizing fair
simulation (simulation notion for Buchi automata)

- We introduce two categorical characterization of languages
of Blchi automata

Logical fixed point-based characterization
- Categorical fixed point-based characterization

-+ They make use of well-known relationship between Blchi
(and parity) automata and alternating fixed point

- They differ in how “alternating fixed point” is involved

27175



Buchi Automaton and Its Language

- Buchi automaton: an automaton accepting infinite words
- Arun is accepting if it visits © infinitely many times
- Aword is accepted if it labels an accepting run

- Language L%, : X — PA“assigns the set of accepted words

—Example°

LB (CB()) — LB ($1) —

C@ Q w | w contains infinitely many b’s}

- Linear temporal logic formula — Buchi automaton

see e.g. [Baier & Katoen
( J [ 28 ;)75



Characterization via Logical Fixed Point

- Recall:

weakly final ., Weakly final

FX —— FuF rXx
%; —, J% : finite trace % = J%: infinitary trace
X ——uUF X —vF

- Buchi condition is known to be their alternation

0% 025 00505025 0O 50 — -+
FX— —+4->FvF

o[ =n |

{OYO} FX - +->FvF Xl———|—>I/F
Xl’XzLi i Ff —l>F¥F
- — 4 — >V J¢

Xy——+4—>uF
trB(C) . X]_ —I— X2 —+ v F Thm:

trB(C) : Xl + Xz N P(VF) < This characterizes Buchi languages

—0




Discussion and Next Step

- Logical fixed point-based characterization

FGIE X?t@

language as datatype as final coalgebra
alternating fixed-point (i.e. greatest fixed-point)

v v

greatest fixed-point alternating fixed-point

30/75



Final Coalgebra & Initial Algebra
F-algebra: ' X — X

Final coalgebra Initial algebra

rx-"“-Fz FI-" >~ FX

A A
C — >~ | ¢ L | = — Qa
\ \
X [/ I- -LsXx
unique unique
“Greatest fixed point” of F - “Least fixed point” of F
- Z collects infinitary behaviors| - I collects finite behaviors

of F'-coalgebras of F'-coalgebras
Coinductive datatype *Inductive datatype

We alternate them

31/75



Alternating Fixed Point of Functor
- We use parameterized fixed point

For f: L1 X Ly — L1 X LZ, (L1, Lo : complete lattices)
- Fix uo € Lo » ™1 Of(_,’le) : L1 — L4

:{> We can consider its least/greatest fixed point

(parameterized fixed point)

For a functor F' : C — C,

- FxYeC = F( 4Y):C—>C
(4 : coproduct (disjoint sum))

- The carrier of initial F(_ + Y)-algebra F+Y
':{> - The carrier of final F(_ + Y) -coalgebra FPY

- We alternate and obtain F‘|‘€B O (i.e. (FT)®0)

32/75



Examples
For F = A x (_)

(A1)«
inductive datatypes (least fixed-point
A~ = A~ = A /Lp ( P )

= AT AT AT AT ..
—/_/
coinductive datatype (greatest fixed-point)

12

FT90

Note: B
LBUchi condition satisfied

.

(a00a01 c oo aOnO)(aloall c oo alnl) c oo €& (A_I_)w
decorated
word

@m@ﬂgg...@%@ﬂggﬂgg...gﬂg@_}...

YThe first state is accepting

33/75



Examples

For F = A X (_)
FH(FT90) >~ o+ x (A1)

inductive datatvpes (least fixed-point)

e EEEEEE—
AN AN AN AN

=A...A(AT AT AT AT )
—— —,—,—,_—_——
coinductive datatype (greatest fixed-point)

Ao « « . an(a00a01 ¢ oo aOno)(aloall ¢ oo alnl) cee € A+(A‘|‘)w

Qﬂ)@ﬂ)@...@“_n)@ﬂ@&@...@%@&@%@...@%@_}...

YThe first state is nonaccepting

Natsuki Urabe (U. Tokyo) 34 /49



Language via Categorical Fixed Point

-+ We can consider the following function

)
To — T —% £o —> ++--:aTun on A)
ao ail
\ o; = O for infinitely many 4’s )

-+ We gave categorical definition
Def:

We define dtri(A) : X3 — P(AT(AT)*) and
dtrz(A) : X2 — P((AT)®) by:

F(dtrq(c) + dtra(c)) F(dtri(c) + dtrz(c))
F(X1 + X3) —+— F(FH(F+®0) + F+©0) F(X1+ X2) —+— F(FT(FT%0) + F+©0)

JL_1$E
J nY

: -
b'é @ (FHO0) X, LR

1%




Logical Fixed Point vs. Categorical Fixed Point

F(dtrl (C) + dtl’z (C))

FX— +4—->FvF F(X; + X5) > F(F+(F+EB())_|_F+EB())
Cl$ :l'l' %JC ck‘» =, JL1<‘>§
X]_ - — 4 — > I/F = Aw X, clltrl(c) F+(F+@O): A—I— (A-I—)w
F(dtr{(c) + dtrs(c
FX — +—->FvF V.S. F(X; + Xz() t_(,_)>F(tF+£(¥+ea0) + F+®()

JL_1$§
c2 = J¢ e2 = FH(F+90)

— J¢ e
Xz ——q4—s>vF = A“ X dtrz (c) Ff@o o (A+)w

- There exist functions that “removes” decorations

- dtr(c) and tr®(c) are connected by the
“flattening function” dt,<A>/>A+<A+>“’ + (AT)”

X1 + Xo — A%
- We gave categorical counterpart v
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Extension

- Words to Trees

F=Ax(_)mp F=][Zix ()

(polynomial functor)

- Nondeterministic to (generative) Probabilistic

T=Pwp T=G

(the sub-Giry monad)
- Buchi to Parity

f([ul ..... ’u,zn]) F([ul 99999 u2n]) F(['u’l ''''' ’Lbzn])
FX ~A~= F3¥ FX ~A~> F>¥ FX ~—A~= F3¥

% =, zu% % =, z@C 024 —, zn%;

wu U2n

Xlwzw 9 szl{{zvx&z“’ 9 o o o o Xop ~es 2%
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Summary
- Logical fixed point-based characterization

:Xl—l—X2—>
- /@

language as datatype as
alternating fixed-point greatest fixed-point

- Categorical fixed point-based characterization

C (

language as datatypes as
greatest fixed-point alternating fixed-point

- They coincide
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Related Work

Deterministic Muller automaton as a coalgebra
[Ciancia & Venema, CMCS ’12]

Trick with lasso characterization

= Coalgebra on Sets?

- Compared to our characterization:
Final coalgebra-based characterization — well-behaved

lThm: Bisimilarity and language equivalence coincide

Characterization of simulation seems difficult
Finite-state restriction

39/75
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Overview

‘, categorical fair
1 simulation

falr simulation

iconcretize

generallze | e :
Buch| automaton i | represented Biichi |} ‘ !
automaton } L automaton

Categorically prove soundness -> soundness

4

We use the categorical characterization of Blchi automata

41/75



Simulation

Used to prove inclusion between transition systems

Example :
A B

accept oo
. .. . . ... notaccept 00
nondeterministic nondeterministic P

@accept 00
_ automaton ,

‘ ' automaton 5
C (L(B)
—the set of accepted words

Problem: language inclusion is often a difficult problem

» Prove that BB can simulate A in a step-wise manner
(step-wise language inclusion)

A simulation from A to B exists
— L(A) C L(B)

(soundness of simulation)
42 [ 75



Forward Simulation [Lynch & Vaandrager, ‘95]

D.f Simulation notion for nondeterministic automata
Cl.

def -3y
ALrF B & JR. °| _ — "’1 af
—_ _y _ _y
g A B A B,
+ game-theoretic characterization

oo e ;
o7 § o TS 4

challenger

- W O1 N

simulator

4! N

wins if it can continue to simulate

simulator wins < forward simulation exists 43/75



Fair Simulation [Etessami et al., '05]

- Simulation notion for Bulichi automata

: L3 Ys

7 @2, T3> Haz faz :
2

5 @ /T\al y/T\zal 6
3 (@o, Ty- * 1 Y1 * 4
1 o oo :

L0 Yo

challenger /T\ ’T\ SImuIator
A B

wins if it can continue to simulate, and
if challenger visits (©) infinitely then simulator also does

-+ Representable as a parity game

4475



Kleisli Simulation [Hasuo ‘06]

Forward Simulation

Kleisli Simulation
[Hasuo, '06]

[Lynch & Vaandrager, '95] | Generalize V

-
. Nondet. automaton y

v ~ * [ Coalgebraically

represented syste

J

Categorical generalization of forward simulation

D(j:forward Kleisli simulation from ¢ : X + FX to d:Y - FY 18
FX < FY
F:Y X st _A_c C _A_d in 1C0(T)
X<+t v

45/ 75



Towards Kleisli Fair Simulation

. Definition of fair simulation requires if occurs infinitely then
or (© ©Joccurs infinitely

» We count down until or occurs

46/ 75



Kleisli Fair Simulation with Dividing
Def:

A (Kleisli, a-bounded) fair simulation with dividing from X to ) is an arrow f :Y -+ X that satisfies the following conditions.
A. The arrow f:Y -» X is a forward Kleisli simulation from X to ).

B. There exist a pair dq1,di2 : Y1 + FY of arrows such that idsy,idgy ] © (di1,d12)) = di and a pair of increasing transfinite sequences

fl<(1)> Effp C--- ;f1<1 Y1 -+ X1 and f12 Ef11> L - Ef1<23>1 YT + Xo,

such that a codomain join ( fﬁl ), 1<§>>> exists for each a <@, and the following conditions are satisfied:

(
(

a) (Approximate f1; and fi2) We have fl@ = f11 and f1<26> = fio.

b (f1<$>) For each a, ¢; @f1<$> EF[« 11 af12 ) <<f21,f22>>} © d11 . Counts downS

)

)

(c) (f12 , the base case) If a = 0, then f12 —

(d) (f12 , the step case) If a is a successor ordinal, then ¢y ® f1<3> C F[((fﬁ‘_”, f1<;l—1>>>7 (for, f22>>] ® dis.
)

(e) (f{2, the limit case) If a is a limit ordinal, then the supremum Lo ca ff;‘,> exists and f{3 C oo f1<;'>

We call the pair dy1, dy5 of arrows a dividing of di, and the sequences f1<(1)> cC..-C fﬁi) and f1<3> C..-C fl@ approximating sequences.

simulate f[(( ff>, 1<§>>>a<<f21,f22>>] simulate [« 11 1<2a>>>a<<f21,f22>>]
Fa C. FY FX

| ] a C1 \ ] a Cc2
states s 1’tates 2 o

X9
-+ Sound
- D|V|d|ng requirement is problema’uc for the probabilistic setting

S

O
W=

47175



Kleisli Fair Simulation without Dividing?
Def:

A (Kleisli a-bounded) fair simulation without dividing from X = (X, ¢, (X1,X2),) to Y =
(Y, d, (Yq, YQ),) is defined almost the same way as one with dividing, except that Condition 1 is
replaced by the following condition.

1’ There exists a pair of increasing transfinite sequences The components fi1: Y7 - X7 and
f123 Yl —+ X2 come

M ERCCHY:Yi» Xand ffy THY T C A5 Y1 » X,
that satisfies Conditions 1(a), 1(c) and 1(e) and the following two conditions.

(b7) (f{3) For each a, ¢1 © i3 CE[(F, £13), (fo1, f22)] O d .

(d?) (ff;l> , the step case) If a is a successor ordinal, then 02®f1<§> C F[({fﬁl_n, ff§_1>>>, (f21, f22)]®
di2 .

F| (0,588, (Fa1,f2) | Fl (8,588, (Fa1,f22) |
2% FX r

| |
_ 1<f> 4‘01 _ f1<§+1> 4‘02
1 i Xl 1 f XQ

.

- Not necessarily sound

- Two (categorical) additional conditions for soundness
(proposition 4.3.11 & 4.3.13)
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Kleisli Fair Simulation for Probabilistic Blchi Automata

simulation

, categorical fair

falr simulation
generallze ; s
* Categorically !
Buch| automaton {| represented Biichi |
P automaton }

Categorically prove soundness -> soundness

49 /75



Fair Simulation with Dividing for Probabilistic Blchi Tree Automata
Def: A

- (a-bounded) fair simulation with dividing from <7 to % is a measurable function f : (Y,Fy) — G(X,§x) that satisfies the following cond
i,j S {1,2}, we define fji : (ij,gyj) — Q(XZ,SXZ) by fﬂ(y)(A) = f(y)(A N Xz) for (TRS Y} and A € SX)

Foreach ye Y, neN,a € X, and Ay,..., A, € Fx, we have:

/EXT(w)({a} x A x - x A)f()(de) < / IO ) B < X dy

.....

of measurable functions with respect to the pointwise order such that the following conditions are satisfied:

(a) (Approximate f1; and fi2) We have fl@ = f11 and fl@ = fia.
(b) (ff?) For each a, y € Y] and Aq,..., A, € §x,

/ . r(z)({a} x A1 x -+ x A) £ (y)(dz) < / FO%0)AD) - F Y% ) (An) - 0n(y)({al x dyr x - x dy

y17"'7yney

Here f(* :Y — GX is defined by
AV @A) + 15 W)(A) (yen)

(a) _
s {le(y)(A)+fzz(y)(A) (veYa).

(c) (f1<§>, the base case) If a = 0, then f1<5> (y)(X2) =0 for each y € Y3.
(d) (f1<§>, the step case) If a is a successor ordinal, then for each y € Y7 and Ay,..., A, € §x,

/GX T(z)({a} x A1 x -+ x Ay)f13 (y)(dz) < / FOP )AL - O () (An) - O1a(y)({a} x dyr x -0 x dy

y1’~-'7yn€Y

Here f(* is defined as above.

(e) (£, the limit case) If a is a limit ordinal, then for each y € Y1 and A € Fx,, £5' (y)(A) < Voca f;/>(y)(A) : y

-
- Dividing requirement

< -

W[
o~
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Fair Simulation without Dividing for Probabilistic Buchi Automata

- For finite-state probabilistic Buchi word automata,
we can remove the dividing requirement

Def:

A fair matriz simulation from </ to % is a matrix A € [0,1]¥ *¥X satisfying the following conditions. (Here M, ;(a) €
Mg ;(a) € [0,1]¥7%Y and Aj; € [0,1]¥7%¥Xi are the obvious partial matrices of M (a) € [0,1]X %X, Mg(a) € [0,1]¥ *¥ and A € [0, 1]Y><X
respectively. Moreover, < denotes the elementwise order between matrices.)

[071 X; ><X

O. The matrix A is a substochastic matrix, i.e. Vy € Y. erX Ay <1

A. The matrix A is a forward matriz simulation from o/ to A, i.e. Va € AL A- My (a) < My(a)- A.

B. There exist a pair of increasing sequences of matrices of length @ < w
AfY <Al < < AT €01 and AfY <A <o <A €01
such that:
(a) (Approximate A;; and A;5) We have A@ = Aj; and A@ = Ajs.
(a)

(a)
(b) (Afy) For each a <@ and a € A we have: Aﬁ‘) My 1(a) < My1(a) - (ill ilg )
21 22

Af,, the base case) The 0-th approximant A is the zero matrix O.
12 12

a—|-1 A<a> A<a>
(d) (Af,y, the step case) For each a < @ and a € A: A My o(a) < My(a)- All All :
21 22

(e) (AY,, the limit case) When @ = w, (A§°§>)yx = supu,<w(A$I>)W for each y € Y7 and = € Xo.

~
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Applicability and Future Work

Our notion can prove (quantitative) inclusion between
generative probabilistic Bichi automata

vC C A%, Pr(w € C is accepted by .A) < Pr(w € C is accepted by B)

For comparing probabilistic systems wrt. a logic

A & Bso L B ® Bcp
—> Pr(A

PrA BA PrA BA
Matrix simulation for probable innocence Haswetal, 10 = security verification?

Reactive probabilistic Bluchi automata are more extensively
studied as a (qualitative) language acceptor [Baier & GroBer, ‘05]

= ¢) < Pr(B | ¢)

Lio(a:) = {’w | Pr(w is accepted) > O}

- More expressible than nondeterministic Buchi [Baier & GréBer, 05]
- Language inclusion is undecidable [Baier et. al., *08]

-> Future work

generative: X — D(A X X)) reactive: X X A — D(X)

v 15
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Overview

Short Preliminaries on Category Theory

Categorical Trace Semantics for Blchi and
(Chapter 3, [U., Shimizu & Hasuo, CONCUR ’16]

Parity Automata
[U., & Hasuo, CMCS ’18])

Categorical Fair Simulation (Chapter 4, [U. &

Categorical Ranking Function (Chapter 5, [U.

Hasuo, LMCS ’17])

, Hara & Hasuo, LICS ’17])

7 -Scaled Submartingale for Probabilistic Programs and its Synthesis

(Chapter 6, [Takisaka,

Conclusion

yabu, U. & Hasuo, ATVA ‘18])
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Overview

he system terminates

@system termin@ in probability > 00”

/ | categorically generalized;

ranklng functlon ranking function

; [“probabilistic ranking]
fconcretize function”

generallze ‘ |
nondetermlnlstlc categorically
system i| represented system | probabilistic system

We prove soundness at this level -} soundness

We follow existing result [Hasuo, '15] for categorically
characterizing behaviors of systems
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Ranking Function [Floyd, ’67]
- A method for checking reachability

Def: ™

A function b : X — N is aranking function if:
min b(x’)+1 < b(x)

x—rx’/
for each nonaccepting state x (Noo = NU {o0o} )
\_ 7/
- Example:
o\i/ > min{a, b, CD
L @ 4 b

accepting nonaccepting




Soundness of Ranking Functions

éo (z) > (dlstance to an )

accepting state from @

>
Thm: (see e.g. [Floyd, PSAM ’67]) ~
b is a ranking function an accepting state
and b(x) < oo is reachable from

\_ /
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Ranking Function = Ranking Arrow

Def:

~
A function b : X — N, is a ranking function if:
min b(z")+1 < b(x)
xr—x’/
for each nonaccepting state x (Noo = NU {oo} )
\ /
A ranking domain wrt. o : F — 2 is a triple
(r:FR— R, q: R— Q, CLr) s.t.
1. R is a complete lattice and ®. , 1S monotone
2. g 1s monotone, | -preserving and continuous
N 3.gor L oo Fqg 4. r 1s corecursive ,
Def: R
An arrow b : X — R 1s aranking arrow wrt.(r,q,Cgr) 1f.
bLrroFboc
\_ 57175




Categorical Ranking Function

Def: ~
A ranking domain wrt. o : F2 — € is a triple
(r:FR— R, q: R— Q, CLr) s.t.
1. R is a complete lattice and ®. , 1s monotone
2. g 1s monotone, | -preserving and continuous
N 3.gor L oo Fqg 4. r 1s corecursive ,
Def: ~

bL_rprroFboc

An arrow p : X — R 1s aranking arrow wrt.(r,q,Cgr) 1f:

\ — /58
. . . FX > FR > F'()
fix a ranking domain ) Fb Fq
* c || r C o
tion of ranking functi b ! q Y
notuon of ranking runction X - R e




Categorical Soundness Theorem

Thm: (see e.g. [Floyd, PSAM ’67])

\_

b is a ranking function an accepting state

and b(x) < oo

1s reachable from x

J

-

Natsuki Urabe (U. Tokyo)
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Categorical Characterization of Reachability
(see e.g. [Hasuo '15])

- Reachability is often modeled as the least fixed point

- We model reachability as the least coalgebra-algebra
homomorphism

rx Flrole po

A
c — L

[nwo]e Y
X > () «ordered

coalgebra o algebra
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Cateqorical Soundness Theorem

Thm: (see e.g. [Floyd, PSAM °67])

N
1z | b(z) < oo}

b is a ranking function =—> {
T

- accepting states
— reachable
\ )
FX > FR > F'Q)
\ F'b Fq
C | || T C o
b \ \
X - R - Q

Thm (soundness):

b is a ranking arrow

wrt. (T, q, ;R)
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Concretization

he system terminates

@system termin@ in probability > 00”

/ categorlcally generallzed

[ranklng functlon ranking function probablllstlc ranklng
generallze concretlze function”
nondetermlnlstlc categorlcally
system represented system probablllstlc system

one ranking domain induces soundness

one notion of “ranking function™

We induced two definitions of “probabilistic ranking function”
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Distribution-valued Ranking Function

Def: R
For a probabilistic transition system, a function b : X — DN

1s a distribution-valued ranking function if:

Va € N. ( Z Pr(x — z') - b(w')) ([0,a —1]) > b(x)([0,a])

\_ zeX J

By soundness of (categorical) ranking arrows,
Thm: ~

b 0, < P
(x) ([ OO)) — ’ ( is reached from x
N %

an accepting State)

* Quantitative reasoning
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y-scaled Submartingale

Def: ™
For ¥ € (0,1) afunction b : X — [0,1] is
a 7Y -scaled submartingale if:

~- Z Pr(x — z') - b(x") > b(x)
\ x’c X %

By soundness of (categorical) ranking arrows,

Thm: ~
an accepting state
b(z) < Pr( PHES )

1s reached from x

* Quantitative reasoning
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Related Work

More popular problem: almost-sure termination

Pr(an accepting state 1s reached) =1
- Many existing work
(e.g. [Esparza et. al., CAV ’12], [Fioriti & Hermanns, POPL ’'15], etc...)

- A ranking function-notion is known (ranking supermartingale)
[Chakarov & Sankaranarayanan, CAV ’13]

In contrast, our notions can prove

Pr(an accepting state is reached) > (OO0

(quantitative reasoning)

Existing algorithm: [Chatterjee, Novotny & Zikelié, "17]
We shall compare in the next part

“pasic and fundamental questions for the static analysis of

probabilistic programs” ([Chatterjee, Novotny & Zikeli¢, *17]) o5 /75



Outline

Overview

Short Preliminaries on Category Theory

Categorical Trace Semantics for Buchi and
(Chapter 3, [U., Shimizu & Hasuo, CONCUR ’16]

Parity Automata
[U., & Hasuo, CMCS ’18])

Categorical Fair Simulation (Chapter 4, [U. &

Categorical Ranking Function (Chapter 5, [U.

Hasuo, LMCS ’17])

, Hara & Hasuo, LICS ’17])

“Y-Scaled Submartingale for Probabilistic Programs and its Synthesis

(Chapter 6, [Takisaka,

Conclusion

yabu, U. & Hasuo, ATVA ‘18])
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Target

Probabilistic Program + invariant + terminal configuration

» probabilistic program Example
>~ while program
+ probabilistic branching if prob(0.2) then ...
+ probabilistic assignment x = Gauss(0.1)

>~ model for:
- randomized algorithms
- physical phenomena

10
1]

Al

.
{0 <= v}{||Vv
while 1 <= v do

{1 <= v} if prob(0.75) then
{1 <= v} v i=v—1

else

{1 <= v} v i=v + 1

fi
od

© 00 ~J O Ol Wi+~

* Invariant
> specify reachable states

» make synthesis of y-scaled submartingale easy
> synthesis algorithm exists (e.g. [Katoen et al., SAS *10])

» terminal configuration

> specify accepting states
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Template-based Synthesis of Ranking Supermartingale

[Chakarov & Sankaranarayanan, CAV 2013], [Chatterjee et al., CAV 2016]

- Existing algorithm for ranking supermartingale is applicable

Def ([Chakarov & Sankaranarayanan, CAV ’13]): N
A function b: X — [0,00] is a ranking supermartingale if:
K Swex Pr@ = a') - b(a) +1 < b(x)
/
Thm:
b is a ranking supermartingale S Pr (an accepting State>

\and b(x) < oo is reached

)

D translate the program to (2 assign each
a probabilistic control location a template

flow graph

@ reduce the axioms to
constraints on the parameters

v Vv € R
invariant ting stat A : ,
IO<rvaccep gsae”,¢ . a,'U_I_b ' ’UZOﬁa’U—I—bZO
{ .’ . (linear template) * v>1=>
0.75 C 3 0.25 5 E av+b >
vi=v—1 vi=v+1 0.75(a(v — 1) + b) + 0.25(a(v + 1) + b) + 1
v =10 E 5
linear programming Farkas’ lemma
@ turn to a form solvable problem

with numeric solvers (solvable with LP solver) 68/ 75



Our Implementation

* Implemented in OCaml
* Input:

- probabilistic program

- v €10,1)

» Qutput:

- an input for an LP solver (glpk)

» Experiments conducted on MacBook Pro laptop with a
Core i5 processor (2.6 GHz, 2 cores) and 16 GB RAM
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Experimental Results |

 Linear template-based algorithm for probabilistic programs in

literature
param. time (s) bound true prob.
n = 10 1—1.3127 |
O 0.023638 | >0.90437 |~ Tsg
m—T ; > 1 — 2.8680 _ L
p=o0.1 || VU892 2040757 | 4q-10 || simple random walk (gambler’s ruin
n = 10 2.8680 ;
0 0.9 0.018067 > 0 - 1010 problem) [Ash, '70]
g — (5)?5 0.018341 >0 0.5
2 C=1 0.047402 >0 — 1 a model of air-conditioning control
c=10 [ 0.009987 | 2 0.75937 — | system [Chakarov et al, TACAS ’16]
C = 100 0.071837 | > 0.95676 —
C = —0.01
3| 5= o001 |l 0028786 > 0 —
C=-1 .
D=1 0.027086 2 0 — | an approximated model of pendulum
Si gl 0.025237 >0 — [Steinhardt et al, '12]
C=-1
5 — 99 0.025537 >0 —
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Experimental Results ||

. Comparison with existing algorithm [Chatterjee, Novotny & Zikeli¢, '17]
- underapproximate reachability probability by synthesizing a repulsing

supermartingale

« Implementation is not provided
* we compared probability bounds

param. algorithm by Chatterjee et al. our algorithm true prob.
4 | =10 > 1 — 5.2959 x 10 1° > 0.90347 —
x = 50 > 1 — 1.25427 X 10~ ¢ > 0.58836 -
x = 100 >1—1.8083 x 10~ ° > 0.19448 —
5 | x,y = 1000, 10 >1—1.7674 X 10~ 1'¢ >0 —
x,y = 500, 40 >1—1.2930 X 10~ ° > 5.9952 X 10~ ° —
x,y = 400, 50 > 1 — 1.4439 X 10~ ~ >0 —
6 | x,y,z= 100,100, 100 >1—1.91158 X 10~ "° > 6.5725 X 10— 14 —
x,y,z = 100, 150, 200 > 1 — 1.5420 X 10~ °° > 3.2085 X 10~ —
x,y,z = 300, 100, 150 > 1 —2.1891 x 10~ ** >0 —
7 | n,p=10,0.1 > 0.010200 > 0.90437 1 —1.3127 x 1086
n,p = 90, 0.1 >0 > 0.10757 1 — 2.8680 x 10— "
n,p = 10, 0.9 >0 >0 2.8680 X 10~ 1°
n,p = 50,0.5 infeasible >0 0.5

+ 4-6: examples used in [Chatterjee, Novotny & Zikeli¢, *17]

« 7:simple random walk
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Outline

Overview

Short Preliminaries on Category Theory

Categorical Trace Semantics for Blchi and
(Chapter 3, [U., Shimizu & Hasuo, CONCUR ’16]

Parity Automata
[U., & Hasuo, CMCS ’18])

Categorical Fair Simulation (Chapter 4, [U. &

Categorical Ranking Function (Chapter 5, [U.

Hasuo, LMCS ’17])

, Hara & Hasuo, LICS ’17])

7 -Scaled Submartingale for Probabilistic Programs and its Synthesis

(Chapter 6, [Takisaka,

Conclusion

yabu, U. & Hasuo, ATVA ‘18])
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Conclusion

Existin o
quall ta)t(ll\fel rr?eth od [Quantltatlve method]
Concretize

Generallze
oresentod system | ™=
Qualitative System represented system Quantitative system

- For fair simulation,

categorical characterization of Blichi automata
categorical generalization of fair simulation
concretization to probabilistic systems

=> “probabilistic fair simulation”

Categorically
generalized method

For ranking function,
- categorical generalization of ranking function

+ concretization to probabilistic systems
|:> two types of “probabilistic ranking function”

Implementation for y-scaled submartingale
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