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Probabilistic Verification via Category Theory:
Categorical Generalization of 

Fair Simulation and Ranking Function by
Kleisli Coalgebras, and Its Concretization

1月31日, 2019 PhD thesis presentation
48-167101 小林研究室 卜部夏木 

圏論による確率的検証：
クライスリ圏の余代数による

公平模倣とランキング関数の圏論的一般化と具体化

These slides are available on http://group-mmm.org/~nurabe/slides/doctor_final_printing.pdf (search with “Natsuki Urabe”)

http://group-mmm.org/~nurabe/slides/doctor_final_printing.pdf
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Outline
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�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• Overview

• Short Preliminaries on Category Theory
• Categorical Trace Semantics for Büchi and Parity Automata      

(Chapter 3, [U., Shimizu & Hasuo, CONCUR ’16] [U., & Hasuo, CMCS ’18])

• Categorical Fair Simulation (Chapter 4, [U. & Hasuo, LMCS ’17])

• Categorical Ranking Function (Chapter 5, [U., Hara & Hasuo, LICS ’17])

•    -Scaled Submartingale for Probabilistic Programs and its Synthesis 
(Chapter 6, [Takisaka, Oyabu, U. & Hasuo, ATVA ‘18])

• Conclusion
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Goal
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- prove a given (non)deterministic system 
satisfies a qualitative property

x := 10;
while x > 0 {
  if input()=0 
    x := x - 1
  else          
    x := x + 1  
}Q. Does the program terminate?

- Example:

x := 10;
while x > 0 {
  if prob(0.25) 
    x := x - 1
  else          
    x := x + 1  
}

Q. Does the program terminate in probability 1?
- Example:

Q. In what probability does the program terminate?

- prove a given probabilistic system satisfies a qualitative property, or
- prove a given probabilistic system satisfies a quantitative property

- more difficult than qualitative verification

• Verification method for probabilistic systems

• Verification of nonprobabilistic systems

• Verification of probabilistic systems
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Category Theory and Coalgebra 
(see e.g. [Mac Lane, 1971]) 
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• Category theory
- An abstract and general mathematical theory
- Theory of structures regarding “objects” and “arrows” between them

• Coalgebra
- An arrow of a form

- Model of various transition systems

X
c��! FX

<latexit sha1_base64="xpR+xkpTEAnVT0HtK5zzgYs6IyI="></latexit><latexit sha1_base64="xpR+xkpTEAnVT0HtK5zzgYs6IyI="></latexit><latexit sha1_base64="xpR+xkpTEAnVT0HtK5zzgYs6IyI="></latexit><latexit sha1_base64="xpR+xkpTEAnVT0HtK5zzgYs6IyI="></latexit>

Nondeterministic automaton, Probabilistic automaton, etc…
Example: 

(nondeterministic program)c : X ! PX
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(PX := {A ✓ X})
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(probabilistic program)c : X ! DX
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(DX := {d : X ! [0, 1] | 8x. 0  d(x), 0 
P

x d(x)})
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> 8

<

:
<latexit sha1_base64="ZKnT0qAdBOrbOfWgn5drEGtcqcI="></latexit> <latexit sha1_base64="V5UfbTKbNE1RLjmk5SPhDYxyivs="></latexit> <latexit sha1_base64="V5UfbTKbNE1RLjmk5SPhDYxyivs="></latexit> <latexit sha1_base64="WJiPS9NuGsOgSFxJrpZctEPRJhs="></latexit>

an arrow

c : X ! FX
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Example: Bisimulation (see e.g. [Baier & Katoen])

• For proving equivalence between transition systems

• Example:

<latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit><latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit><latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit><latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit>

<latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit>

a
<latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit> <latexit sha1_base64="XM7mzNmrEXBmXfm7V5IwOhnbhA4="></latexit><latexit sha1_base64="XM7mzNmrEXBmXfm7V5IwOhnbhA4="></latexit><latexit sha1_base64="XM7mzNmrEXBmXfm7V5IwOhnbhA4="></latexit><latexit sha1_base64="XM7mzNmrEXBmXfm7V5IwOhnbhA4="></latexit>

b
<latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit>

<latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit>  <latexit sha1_base64="XM7mzNmrEXBmXfm7V5IwOhnbhA4="></latexit><latexit sha1_base64="XM7mzNmrEXBmXfm7V5IwOhnbhA4="></latexit><latexit sha1_base64="XM7mzNmrEXBmXfm7V5IwOhnbhA4="></latexit><latexit sha1_base64="XM7mzNmrEXBmXfm7V5IwOhnbhA4="></latexit>

a
<latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit>

<latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit><latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit><latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit><latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit>

<latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit>

b
<latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit>

b
<latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit>

a
<latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit>

A
<latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit>

B
<latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit>

{b, ab, aab, . . .}
<latexit sha1_base64="IYEpH9+QF6BMWlLlsT4hHl2E7QY="></latexit><latexit sha1_base64="IYEpH9+QF6BMWlLlsT4hHl2E7QY="></latexit><latexit sha1_base64="IYEpH9+QF6BMWlLlsT4hHl2E7QY="></latexit><latexit sha1_base64="IYEpH9+QF6BMWlLlsT4hHl2E7QY="></latexit>

{b, ab, aab, . . .}
<latexit sha1_base64="IYEpH9+QF6BMWlLlsT4hHl2E7QY="></latexit><latexit sha1_base64="IYEpH9+QF6BMWlLlsT4hHl2E7QY="></latexit><latexit sha1_base64="IYEpH9+QF6BMWlLlsT4hHl2E7QY="></latexit><latexit sha1_base64="IYEpH9+QF6BMWlLlsT4hHl2E7QY="></latexit>
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Example: Bisimulation (see e.g. [Baier & Katoen])

Definition
A

<latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit>

B
<latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit>

A bisimulation from      to      is a relation                        
between the state spaces such that:

R ✓ X ⇥ Y
<latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit><latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit><latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit><latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit>

•  xRy and y
a�! y0 ) 9x0. x

a�! x0 and x0Ry0
<latexit sha1_base64="sr5VfOvz16L5e7eJxEhtVoDNmBE="></latexit><latexit sha1_base64="sr5VfOvz16L5e7eJxEhtVoDNmBE="></latexit><latexit sha1_base64="sr5VfOvz16L5e7eJxEhtVoDNmBE="></latexit><latexit sha1_base64="sr5VfOvz16L5e7eJxEhtVoDNmBE="></latexit>

•  xRy and x
a�! x0 ) 9y0. y

a�! y0 and x0Ry0
<latexit sha1_base64="IYeNwlYEK/3XVHQ1geHYk0u+OC0="></latexit><latexit sha1_base64="IYeNwlYEK/3XVHQ1geHYk0u+OC0="></latexit><latexit sha1_base64="IYeNwlYEK/3XVHQ1geHYk0u+OC0="></latexit><latexit sha1_base64="IYeNwlYEK/3XVHQ1geHYk0u+OC0="></latexit>

•  xRy )
⇣
x : , y :

⌘

<latexit sha1_base64="yNZtrw6ypwVbw1OE3eemu4YY6js="></latexit><latexit sha1_base64="yNZtrw6ypwVbw1OE3eemu4YY6js="></latexit><latexit sha1_base64="yNZtrw6ypwVbw1OE3eemu4YY6js="></latexit><latexit sha1_base64="yNZtrw6ypwVbw1OE3eemu4YY6js="></latexit>

<latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit>

<latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit><latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit><latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit><latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit>

b
<latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="> </latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="> </latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="> </latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="> </latexit>

a
<latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit>

<latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit>

<latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit>

<latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit><latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit><latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit><latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit>

b
<latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit>

a
<latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit>

<latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit>

<latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit>

a
<latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit>

• Bisimulation implies 
equivalence 
(soundness)
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Bisimulation for Probabilistic Systems?

<latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit><latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit><latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit><latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit>

<latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit>

a
<latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit> <latexit sha1_base64="XM7mzNmrEXBmXfm7V5IwOhnbhA4="></latexit><latexit sha1_base64="XM7mzNmrEXBmXfm7V5IwOhnbhA4="></latexit><latexit sha1_base64="XM7mzNmrEXBmXfm7V5IwOhnbhA4="></latexit><latexit sha1_base64="XM7mzNmrEXBmXfm7V5IwOhnbhA4="></latexit>

b
<latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="> </latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="> </latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="> </latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="> </latexit>

<latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit>  <latexit sha1_base64="XM7mzNmrEXBmXfm7V5IwOhnbhA4="></latexit><latexit sha1_base64="XM7mzNmrEXBmXfm7V5IwOhnbhA4="></latexit><latexit sha1_base64="XM7mzNmrEXBmXfm7V5IwOhnbhA4="></latexit><latexit sha1_base64="XM7mzNmrEXBmXfm7V5IwOhnbhA4="></latexit>

a
<latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit>

<latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit><latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit><latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit><latexit sha1_base64="kzaynBkKTV7BeND938qFNrA7GFs="></latexit>

<latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit><latexit sha1_base64="gEJ4Cvjk6IovuZDQUsPW8BQjdmo="></latexit>

b
<latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit>

b
<latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit><latexit sha1_base64="Tb5PjUhx2zxIT3AoEkMrWKwQzxM="></latexit>

a
<latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit><latexit sha1_base64="GMavsqbwtuWxkJbki2EuQhgiDk4="></latexit>

A
<latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit>

B
<latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit>

1

2
<latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit><latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit><latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit><latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit>

1

2
<latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit><latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit><latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit><latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit>

1

2
<latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit><latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit><latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit><latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit>

1

2
<latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit><latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit><latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit><latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit>

1

2
<latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit><latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit><latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit><latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit>

1

2
<latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit><latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit><latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit><latexit sha1_base64="qO1QHnOmcR2SSGsMuoYnxxtRQjg="></latexit>

2

6664

b 7! 1
2

ab 7! 1
4

aab 7! 1
8

...

3

7775

<latexit sha1_base64="plUtdG7sIEWsKFTYtw1Evx35B+8="></latexit><latexit sha1_base64="plUtdG7sIEWsKFTYtw1Evx35B+8="></latexit><latexit sha1_base64="plUtdG7sIEWsKFTYtw1Evx35B+8="></latexit><latexit sha1_base64="plUtdG7sIEWsKFTYtw1Evx35B+8="></latexit>

2

6664

b 7! 1
2

ab 7! 1
4

aab 7! 1
8

...

3

7775

<latexit sha1_base64="plUtdG7sIEWsKFTYtw1Evx35B+8="></latexit><latexit sha1_base64="plUtdG7sIEWsKFTYtw1Evx35B+8="></latexit><latexit sha1_base64="plUtdG7sIEWsKFTYtw1Evx35B+8="></latexit><latexit sha1_base64="plUtdG7sIEWsKFTYtw1Evx35B+8="></latexit>
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Probabilistic Bisimulation (see e.g. [Baier & Katoen])

Definition
A

<latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit>

B
<latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit>

A probabilistic bisimulation from      to      is a relation                        
                         between the state spaces such that:R ✓ X ⇥ Y

<latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit><latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit><latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit><latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit>

•  

•  

•  xRy )
⇣
x : , y :

⌘

<latexit sha1_base64="yNZtrw6ypwVbw1OE3eemu4YY6js="></latexit><latexit sha1_base64="yNZtrw6ypwVbw1OE3eemu4YY6js="></latexit><latexit sha1_base64="yNZtrw6ypwVbw1OE3eemu4YY6js="></latexit><latexit sha1_base64="yNZtrw6ypwVbw1OE3eemu4YY6js="></latexit>

xRy and x
a�! d ) 9d0. y

a�! d0 and dRd0
<latexit sha1_base64="KPRGwfHWtbsvOQ1z4SZ7cDkvzbk="></latexit><latexit sha1_base64="KPRGwfHWtbsvOQ1z4SZ7cDkvzbk="></latexit><latexit sha1_base64="KPRGwfHWtbsvOQ1z4SZ7cDkvzbk="></latexit><latexit sha1_base64="KPRGwfHWtbsvOQ1z4SZ7cDkvzbk="></latexit>

xRy and y
a�! d0 ) 9d. x a�! d and dRd0

<latexit sha1_base64="KSr8dd85de2fXkAWDzbTxhaNYA4="></latexit><latexit sha1_base64="KSr8dd85de2fXkAWDzbTxhaNYA4="></latexit><latexit sha1_base64="KSr8dd85de2fXkAWDzbTxhaNYA4="></latexit><latexit sha1_base64="KSr8dd85de2fXkAWDzbTxhaNYA4="></latexit>

Definition
For                         , we define                                       by:R ✓ X ⇥ Y

<latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit><latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit><latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit><latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit>

R ✓ [0, 1]X ⇥ [0, 1]Y
<latexit sha1_base64="fQ8cTBeK1930bkRbu0A+GcTb4q0="></latexit><latexit sha1_base64="fQ8cTBeK1930bkRbu0A+GcTb4q0="></latexit><latexit sha1_base64="fQ8cTBeK1930bkRbu0A+GcTb4q0="></latexit><latexit sha1_base64="fQ8cTBeK1930bkRbu0A+GcTb4q0="></latexit>

dRd0 ,
<latexit sha1_base64="H832h5LVFqWod6QmnvFH6zI+r5s="></latexit><latexit sha1_base64="H832h5LVFqWod6QmnvFH6zI+r5s="></latexit><latexit sha1_base64="H832h5LVFqWod6QmnvFH6zI+r5s="></latexit><latexit sha1_base64="H832h5LVFqWod6QmnvFH6zI+r5s="></latexit>

9f : X ⇥ Y ! [0, 1].
<latexit sha1_base64="YDRlMokSluJXKMqeIqStVpCsX+w="></latexit><latexit sha1_base64="YDRlMokSluJXKMqeIqStVpCsX+w="></latexit><latexit sha1_base64="YDRlMokSluJXKMqeIqStVpCsX+w="></latexit><latexit sha1_base64="YDRlMokSluJXKMqeIqStVpCsX+w="></latexit>

X

y2Y

f(x, y) = d(x)

<latexit sha1_base64="UJEEwHFv9Y2TaHjLnA0KRpV26/Q="></latexit><latexit sha1_base64="UJEEwHFv9Y2TaHjLnA0KRpV26/Q="></latexit><latexit sha1_base64="UJEEwHFv9Y2TaHjLnA0KRpV26/Q="></latexit><latexit sha1_base64="UJEEwHFv9Y2TaHjLnA0KRpV26/Q="></latexit> X

x2X

f(x, y) = d0(y)
<latexit sha1_base64="G3OAyIYnyBnO61msnzixeLtx3JM="></latexit><latexit sha1_base64="G3OAyIYnyBnO61msnzixeLtx3JM="></latexit><latexit sha1_base64="G3OAyIYnyBnO61msnzixeLtx3JM="></latexit><latexit sha1_base64="G3OAyIYnyBnO61msnzixeLtx3JM="></latexit>

• Bisimulation implies 
equivalence
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Comparison

Definition
A

<latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit>

B
<latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit>

A probabilistic bisimulation from      to      is a relation                        
                         between the state spaces such that:R ✓ X ⇥ Y

<latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit><latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit><latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit><latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit>

•  

•  xRy )
⇣
x : , y :

⌘

<latexit sha1_base64="yNZtrw6ypwVbw1OE3eemu4YY6js="></latexit><latexit sha1_base64="yNZtrw6ypwVbw1OE3eemu4YY6js="></latexit><latexit sha1_base64="yNZtrw6ypwVbw1OE3eemu4YY6js="></latexit><latexit sha1_base64="yNZtrw6ypwVbw1OE3eemu4YY6js="></latexit>

xRy and x
a�! d ) 9d0. y

a�! d0 and dRd0
<latexit sha1_base64="KPRGwfHWtbsvOQ1z4SZ7cDkvzbk="></latexit><latexit sha1_base64="KPRGwfHWtbsvOQ1z4SZ7cDkvzbk="></latexit><latexit sha1_base64="KPRGwfHWtbsvOQ1z4SZ7cDkvzbk="></latexit><latexit sha1_base64="KPRGwfHWtbsvOQ1z4SZ7cDkvzbk="></latexit>

•  xRy and y
a�! d0 ) 9d. x a�! d and dRd0

<latexit sha1_base64="KSr8dd85de2fXkAWDzbTxhaNYA4="></latexit><latexit sha1_base64="KSr8dd85de2fXkAWDzbTxhaNYA4="></latexit><latexit sha1_base64="KSr8dd85de2fXkAWDzbTxhaNYA4="></latexit><latexit sha1_base64="KSr8dd85de2fXkAWDzbTxhaNYA4="></latexit>

Definition

•  xRy and y
a�! y0 ) 9x0. x

a�! x0 and x0Ry0
<latexit sha1_base64="sr5VfOvz16L5e7eJxEhtVoDNmBE="></latexit><latexit sha1_base64="sr5VfOvz16L5e7eJxEhtVoDNmBE="></latexit><latexit sha1_base64="sr5VfOvz16L5e7eJxEhtVoDNmBE="></latexit><latexit sha1_base64="sr5VfOvz16L5e7eJxEhtVoDNmBE="></latexit>

•  xRy and x
a�! x0 ) 9y0. y

a�! y0 and x0Ry0
<latexit sha1_base64="IYeNwlYEK/3XVHQ1geHYk0u+OC0="></latexit><latexit sha1_base64="IYeNwlYEK/3XVHQ1geHYk0u+OC0="></latexit><latexit sha1_base64="IYeNwlYEK/3XVHQ1geHYk0u+OC0="></latexit><latexit sha1_base64="IYeNwlYEK/3XVHQ1geHYk0u+OC0="></latexit>

•  xRy )
⇣
x : , y :

⌘

<latexit sha1_base64="yNZtrw6ypwVbw1OE3eemu4YY6js="></latexit><latexit sha1_base64="yNZtrw6ypwVbw1OE3eemu4YY6js="></latexit><latexit sha1_base64="yNZtrw6ypwVbw1OE3eemu4YY6js="></latexit><latexit sha1_base64="yNZtrw6ypwVbw1OE3eemu4YY6js="></latexit>

A
<latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit>

B
<latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit>

A bisimulation from      to      is a relation                        
between the state spaces such that:

R ✓ X ⇥ Y
<latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit><latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit><latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit><latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit>

no
nd

et
er

m
in

is
tic

pr
ob

ab
ili

st
ic
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Comparison

Definition
A

<latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit>

B
<latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit>

A probabilistic bisimulation from      to      is a relation                        
                         between the state spaces such that:R ✓ X ⇥ Y

<latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit><latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit><latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit><latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit>

[0, 1]X⇥⌃ ⇥ {0, 1}

X

c

OO

<latexit sha1_base64="HEDcAYIxlFpIDgXHMUSM7Zpc4dg="></latexit><latexit sha1_base64="HEDcAYIxlFpIDgXHMUSM7Zpc4dg="></latexit><latexit sha1_base64="HEDcAYIxlFpIDgXHMUSM7Zpc4dg="></latexit><latexit sha1_base64="HEDcAYIxlFpIDgXHMUSM7Zpc4dg="></latexit>

[0, 1]Y ⇥⌃ ⇥ {0, 1}

Y

d

OO

<latexit sha1_base64="9Fp/RlBkUJe1pGwf7F+KYxoDv2E="></latexit><latexit sha1_base64="9Fp/RlBkUJe1pGwf7F+KYxoDv2E="></latexit><latexit sha1_base64="9Fp/RlBkUJe1pGwf7F+KYxoDv2E="></latexit><latexit sha1_base64="9Fp/RlBkUJe1pGwf7F+KYxoDv2E="></latexit>

⇡1
<latexit sha1_base64="LPzuz3QITlqFjzi4TjSdpfl1MG4="></latexit><latexit sha1_base64="LPzuz3QITlqFjzi4TjSdpfl1MG4="></latexit><latexit sha1_base64="LPzuz3QITlqFjzi4TjSdpfl1MG4="></latexit><latexit sha1_base64="LPzuz3QITlqFjzi4TjSdpfl1MG4="></latexit>

⇡2
<latexit sha1_base64="LFdNtAZ1YRT7DIQUC12gl15zeSU="></latexit><latexit sha1_base64="LFdNtAZ1YRT7DIQUC12gl15zeSU="></latexit><latexit sha1_base64="LFdNtAZ1YRT7DIQUC12gl15zeSU="></latexit><latexit sha1_base64="LFdNtAZ1YRT7DIQUC12gl15zeSU="></latexit>

[0, 1]R⇥⌃ ⇥ {0, 1}

R

r

OO

<latexit sha1_base64="+tmxz1paV14yw5uP84qjnmLgiUc="></latexit><latexit sha1_base64="+tmxz1paV14yw5uP84qjnmLgiUc="></latexit><latexit sha1_base64="+tmxz1paV14yw5uP84qjnmLgiUc="></latexit><latexit sha1_base64="+tmxz1paV14yw5uP84qjnmLgiUc="></latexit>

Definition
A

<latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit><latexit sha1_base64="feYaQLXyOz/8nYtw/ZxDRTlENkw="></latexit>

B
<latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit><latexit sha1_base64="59jfKCU4TvTHq2UYXBqAb5/Ju6k="></latexit>

A bisimulation from      to      is a relation                        
between the state spaces such that:

R ✓ X ⇥ Y
<latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit><latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit><latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit><latexit sha1_base64="k7xuGj7RgfBudnZpvmrgWqjRSbc="></latexit>

X⌃ ⇥ {0, 1}

X

c

OO

<latexit sha1_base64="PNM+CkbepbRA+B+PSs0XCRm1IT4="></latexit><latexit sha1_base64="PNM+CkbepbRA+B+PSs0XCRm1IT4="></latexit><latexit sha1_base64="PNM+CkbepbRA+B+PSs0XCRm1IT4="></latexit><latexit sha1_base64="PNM+CkbepbRA+B+PSs0XCRm1IT4="></latexit>

Y ⌃ ⇥ {0, 1}

Y

d

OO

<latexit sha1_base64="Ix1gly7PmhptSbQ9ywUPqkeVgP8="></latexit><latexit sha1_base64="Ix1gly7PmhptSbQ9ywUPqkeVgP8="></latexit><latexit sha1_base64="Ix1gly7PmhptSbQ9ywUPqkeVgP8="></latexit><latexit sha1_base64="Ix1gly7PmhptSbQ9ywUPqkeVgP8="></latexit>

R⌃ ⇥ {0, 1}

R

r

OO

<latexit sha1_base64="7ONT9sqmy2aRMyzpRon8Z763RP8="></latexit><latexit sha1_base64="7ONT9sqmy2aRMyzpRon8Z763RP8="></latexit><latexit sha1_base64="7ONT9sqmy2aRMyzpRon8Z763RP8="></latexit><latexit sha1_base64="7ONT9sqmy2aRMyzpRon8Z763RP8="></latexit>

⇡1
<latexit sha1_base64="LPzuz3QITlqFjzi4TjSdpfl1MG4="></latexit><latexit sha1_base64="LPzuz3QITlqFjzi4TjSdpfl1MG4="></latexit><latexit sha1_base64="LPzuz3QITlqFjzi4TjSdpfl1MG4="></latexit><latexit sha1_base64="LPzuz3QITlqFjzi4TjSdpfl1MG4="></latexit>

⇡2
<latexit sha1_base64="LFdNtAZ1YRT7DIQUC12gl15zeSU="></latexit><latexit sha1_base64="LFdNtAZ1YRT7DIQUC12gl15zeSU="></latexit><latexit sha1_base64="LFdNtAZ1YRT7DIQUC12gl15zeSU="></latexit><latexit sha1_base64="LFdNtAZ1YRT7DIQUC12gl15zeSU="></latexit>

⇡⌃
1 ⇥ id{0,1}

<latexit sha1_base64="pj4TtPriuGUHKMEPistzZt96n7I="></latexit><latexit sha1_base64="pj4TtPriuGUHKMEPistzZt96n7I="></latexit><latexit sha1_base64="pj4TtPriuGUHKMEPistzZt96n7I="></latexit><latexit sha1_base64="pj4TtPriuGUHKMEPistzZt96n7I="></latexit>

⇡⌃
2 ⇥ id{0,1}

<latexit sha1_base64="1C0UdfaJqhP7POHwM+Ag2Qt2Y64="></latexit><latexit sha1_base64="1C0UdfaJqhP7POHwM+Ag2Qt2Y64="></latexit><latexit sha1_base64="1C0UdfaJqhP7POHwM+Ag2Qt2Y64="></latexit><latexit sha1_base64="1C0UdfaJqhP7POHwM+Ag2Qt2Y64="></latexit>

=<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> =<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>=<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

no
nd

et
er

m
in

is
tic

pr
ob

ab
ili

st
ic

9r.
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

9r.
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Unification (see e.g. [Jacobs, ’16])

X⌃ ⇥ {0, 1}

X

c

OO

<latexit sha1_base64="PNM+CkbepbRA+B+PSs0XCRm1IT4="></latexit><latexit sha1_base64="PNM+CkbepbRA+B+PSs0XCRm1IT4="></latexit><latexit sha1_base64="PNM+CkbepbRA+B+PSs0XCRm1IT4="></latexit><latexit sha1_base64="PNM+CkbepbRA+B+PSs0XCRm1IT4="></latexit>

Y ⌃ ⇥ {0, 1}

Y

d

OO

<latexit sha1_base64="Ix1gly7PmhptSbQ9ywUPqkeVgP8="></latexit><latexit sha1_base64="Ix1gly7PmhptSbQ9ywUPqkeVgP8="></latexit><latexit sha1_base64="Ix1gly7PmhptSbQ9ywUPqkeVgP8="></latexit><latexit sha1_base64="Ix1gly7PmhptSbQ9ywUPqkeVgP8="></latexit>

R⌃ ⇥ {0, 1}

R

r

OO

<latexit sha1_base64="7ONT9sqmy2aRMyzpRon8Z763RP8="></latexit><latexit sha1_base64="7ONT9sqmy2aRMyzpRon8Z763RP8="></latexit><latexit sha1_base64="7ONT9sqmy2aRMyzpRon8Z763RP8="></latexit><latexit sha1_base64="7ONT9sqmy2aRMyzpRon8Z763RP8="></latexit>

⇡1
<latexit sha1_base64="LPzuz3QITlqFjzi4TjSdpfl1MG4="></latexit><latexit sha1_base64="LPzuz3QITlqFjzi4TjSdpfl1MG4="></latexit><latexit sha1_base64="LPzuz3QITlqFjzi4TjSdpfl1MG4="></latexit><latexit sha1_base64="LPzuz3QITlqFjzi4TjSdpfl1MG4="></latexit>

⇡2
<latexit sha1_base64="LFdNtAZ1YRT7DIQUC12gl15zeSU="></latexit><latexit sha1_base64="LFdNtAZ1YRT7DIQUC12gl15zeSU="></latexit><latexit sha1_base64="LFdNtAZ1YRT7DIQUC12gl15zeSU="></latexit><latexit sha1_base64="LFdNtAZ1YRT7DIQUC12gl15zeSU="></latexit>

⇡⌃
1 ⇥ id{0,1}

<latexit sha1_base64="pj4TtPriuGUHKMEPistzZt96n7I="></latexit><latexit sha1_base64="pj4TtPriuGUHKMEPistzZt96n7I="></latexit><latexit sha1_base64="pj4TtPriuGUHKMEPistzZt96n7I="></latexit><latexit sha1_base64="pj4TtPriuGUHKMEPistzZt96n7I="></latexit>

⇡⌃
2 ⇥ id{0,1}

<latexit sha1_base64="1C0UdfaJqhP7POHwM+Ag2Qt2Y64="></latexit><latexit sha1_base64="1C0UdfaJqhP7POHwM+Ag2Qt2Y64="></latexit><latexit sha1_base64="1C0UdfaJqhP7POHwM+Ag2Qt2Y64="></latexit><latexit sha1_base64="1C0UdfaJqhP7POHwM+Ag2Qt2Y64="></latexit>

⇡1
<latexit sha1_base64="LPzuz3QITlqFjzi4TjSdpfl1MG4="></latexit><latexit sha1_base64="LPzuz3QITlqFjzi4TjSdpfl1MG4="></latexit><latexit sha1_base64="LPzuz3QITlqFjzi4TjSdpfl1MG4="></latexit><latexit sha1_base64="LPzuz3QITlqFjzi4TjSdpfl1MG4="></latexit>

⇡2
<latexit sha1_base64="LFdNtAZ1YRT7DIQUC12gl15zeSU="></latexit><latexit sha1_base64="LFdNtAZ1YRT7DIQUC12gl15zeSU="></latexit><latexit sha1_base64="LFdNtAZ1YRT7DIQUC12gl15zeSU="></latexit><latexit sha1_base64="LFdNtAZ1YRT7DIQUC12gl15zeSU="></latexit>

[0, 1]X⇥⌃ ⇥ {0, 1}

X

c

OO

<latexit sha1_base64="HEDcAYIxlFpIDgXHMUSM7Zpc4dg="></latexit><latexit sha1_base64="HEDcAYIxlFpIDgXHMUSM7Zpc4dg="></latexit><latexit sha1_base64="HEDcAYIxlFpIDgXHMUSM7Zpc4dg="></latexit><latexit sha1_base64="HEDcAYIxlFpIDgXHMUSM7Zpc4dg="></latexit>

[0, 1]Y ⇥⌃ ⇥ {0, 1}

Y

d

OO

<latexit sha1_base64="9Fp/RlBkUJe1pGwf7F+KYxoDv2E="></latexit><latexit sha1_base64="9Fp/RlBkUJe1pGwf7F+KYxoDv2E="></latexit><latexit sha1_base64="9Fp/RlBkUJe1pGwf7F+KYxoDv2E="></latexit><latexit sha1_base64="9Fp/RlBkUJe1pGwf7F+KYxoDv2E="></latexit>

[0, 1]R⇥⌃ ⇥ {0, 1}

R

r

OO

<latexit sha1_base64="+tmxz1paV14yw5uP84qjnmLgiUc="></latexit><latexit sha1_base64="+tmxz1paV14yw5uP84qjnmLgiUc="></latexit><latexit sha1_base64="+tmxz1paV14yw5uP84qjnmLgiUc="></latexit><latexit sha1_base64="+tmxz1paV14yw5uP84qjnmLgiUc="></latexit>

FX FR
F⇡2

//

F⇡1

oo FY

X

c

OO

R

r

OO

⇡2
//

⇡1
oo Y

d

OO

<latexit sha1_base64="cYLrI9Xr2j/6FLC0lfdqG8fjMic="></latexit><latexit sha1_base64="cYLrI9Xr2j/6FLC0lfdqG8fjMic="></latexit><latexit sha1_base64="cYLrI9Xr2j/6FLC0lfdqG8fjMic="></latexit><latexit sha1_base64="cYLrI9Xr2j/6FLC0lfdqG8fjMic="></latexit>

• We can axiomatize 
soundness at this level

F = ( )⌃ ⇥ {0, 1}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

F = [0, 1]( )⇥⌃ ⇥ {0, 1}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

nondeterministic 
bisimulation

probabilistic 
bisimulation
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Verification Method via Category Theory
X⌃ ⇥ {0, 1}

X

c

OO

<latexit sha1_base64="PNM+CkbepbRA+B+PSs0XCRm1IT4="></latexit><latexit sha1_base64="PNM+CkbepbRA+B+PSs0XCRm1IT4="></latexit><latexit sha1_base64="PNM+CkbepbRA+B+PSs0XCRm1IT4="></latexit><latexit sha1_base64="PNM+CkbepbRA+B+PSs0XCRm1IT4="></latexit>

Y ⌃ ⇥ {0, 1}

Y

d

OO

<latexit sha1_base64="Ix1gly7PmhptSbQ9ywUPqkeVgP8="></latexit><latexit sha1_base64="Ix1gly7PmhptSbQ9ywUPqkeVgP8="></latexit><latexit sha1_base64="Ix1gly7PmhptSbQ9ywUPqkeVgP8="></latexit><latexit sha1_base64="Ix1gly7PmhptSbQ9ywUPqkeVgP8="></latexit>

R⌃ ⇥ {0, 1}

R

r

OO

<latexit sha1_base64="7ONT9sqmy2aRMyzpRon8Z763RP8="></latexit><latexit sha1_base64="7ONT9sqmy2aRMyzpRon8Z763RP8="></latexit><latexit sha1_base64="7ONT9sqmy2aRMyzpRon8Z763RP8="></latexit><latexit sha1_base64="7ONT9sqmy2aRMyzpRon8Z763RP8="></latexit>

⇡1
<latexit sha1_base64="LPzuz3QITlqFjzi4TjSdpfl1MG4="></latexit><latexit sha1_base64="LPzuz3QITlqFjzi4TjSdpfl1MG4="></latexit><latexit sha1_base64="LPzuz3QITlqFjzi4TjSdpfl1MG4="></latexit><latexit sha1_base64="LPzuz3QITlqFjzi4TjSdpfl1MG4="></latexit>

⇡2
<latexit sha1_base64="LFdNtAZ1YRT7DIQUC12gl15zeSU="></latexit><latexit sha1_base64="LFdNtAZ1YRT7DIQUC12gl15zeSU="></latexit><latexit sha1_base64="LFdNtAZ1YRT7DIQUC12gl15zeSU="></latexit><latexit sha1_base64="LFdNtAZ1YRT7DIQUC12gl15zeSU="></latexit>

⇡⌃
1 ⇥ id{0,1}

<latexit sha1_base64="pj4TtPriuGUHKMEPistzZt96n7I="></latexit><latexit sha1_base64="pj4TtPriuGUHKMEPistzZt96n7I="></latexit><latexit sha1_base64="pj4TtPriuGUHKMEPistzZt96n7I="></latexit><latexit sha1_base64="pj4TtPriuGUHKMEPistzZt96n7I="></latexit>

⇡⌃
2 ⇥ id{0,1}

<latexit sha1_base64="1C0UdfaJqhP7POHwM+Ag2Qt2Y64="></latexit><latexit sha1_base64="1C0UdfaJqhP7POHwM+Ag2Qt2Y64="></latexit><latexit sha1_base64="1C0UdfaJqhP7POHwM+Ag2Qt2Y64="></latexit><latexit sha1_base64="1C0UdfaJqhP7POHwM+Ag2Qt2Y64="></latexit>

FX FR
F⇡2

//

F⇡1

oo FY

X

c

OO

R

r

OO

⇡2
//

⇡1
oo Y

d

OO

<latexit sha1_base64="cYLrI9Xr2j/6FLC0lfdqG8fjMic="></latexit><latexit sha1_base64="cYLrI9Xr2j/6FLC0lfdqG8fjMic="></latexit><latexit sha1_base64="cYLrI9Xr2j/6FLC0lfdqG8fjMic="></latexit><latexit sha1_base64="cYLrI9Xr2j/6FLC0lfdqG8fjMic="></latexit>

New verification method
e.g. probabilistic bisimulation

• We can prove 
soundness at this 
level

• soundness 
inherited

nondeterministic 
bisimulation
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Our Strategy

 13

- concretize it

Qualitative System

Existing
qualitative method

Categorically 
generalized method

Coalgebraically 
represented system

Generalize

Quantitative system

Quantitative methodConcretize

• Existing work:

Nondet. automaton

Fwd./Bwd. Simulation
[Lynch & Vaandrager, ’95] Generalize Concretize

Kleisli Simulation
[Hasuo, ’06]

Coalgebraically 
represented system Weighted automaton

Matrix Simulation
[Urabe & Hasuo, ’14]

- categorically generalize (axiomatize) existing qualitative 
method, and

• Induce a quantitative verification method by
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Contributions
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• Apply the framework to the following qualitative methods

- Fair simulation [Etessami, Wilke & Schuller, ‘05]

- Ranking function [Floyd, ’67]

• Concretize for probabilistic systems

“Probabilistic fair simulation”
“Probabilistic ranking function”&

Qualitative

Categorical

Quantitative
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Outline
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�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• Overview

• Short Preliminaries on Category Theory
• Categorical Trace Semantics for Büchi and Parity Automata      

(Chapter 3, [U., Shimizu & Hasuo, CONCUR ’16] [U., & Hasuo, CMCS ’18])

• Categorical Fair Simulation (Chapter 4, [U. & Hasuo, LMCS ’17])

• Categorical Ranking Function (Chapter 5, [U., Hara & Hasuo, LICS ’17])

•    -Scaled Submartingale for Probabilistic Programs and its Synthesis 
(Chapter 6, [Takisaka, Oyabu, U. & Hasuo, ATVA ‘18])

• Conclusion
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Coalgebra

• An (F-)coalgebra is a function of the following form:

 17

• Coalgebras model transition systems

X : carrier

FX

X

OO

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

     : functorF
X 7!

(f : X ! Y ) 7!
FX
(Ff : FX ! FY )
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Examples

 18

F
<latexit sha1_base64="GJl94cDHjmkc1wu2mhW9O9g0VYY="></latexit><latexit sha1_base64="GJl94cDHjmkc1wu2mhW9O9g0VYY="></latexit><latexit sha1_base64="GJl94cDHjmkc1wu2mhW9O9g0VYY="></latexit><latexit sha1_base64="GJl94cDHjmkc1wu2mhW9O9g0VYY="></latexit>

A ⇥ ( )
<latexit sha1_base64="zIx+B6MBaWOqgmbQxJd7Pmmb6JE=">AAA5DHicxVvNchvHER7bSewwf7JdPvkCmRJLNimGICmHrkQuhVZIp0TbiinGqiIoFrBYgBvuAgh2IYJC8Ax5hhxwSc45pXLNO+Qt8gjp/mYG+78zIBKbLIC7M9O/0z3d0zNsDXwvjLa2/v3a62987/s/ePOtH6786Mc/+enPbr39zu/D/mjouCdO3+8Pn7eaoet7Pfck8iLffT4Yus2g5bvftC4/4/5vXrrD0Ov3nkXXA/csaH </latexit><latexit sha1_base64="zIx+B6MBaWOqgmbQxJd7Pmmb6JE=">AAA5DHicxVvNchvHER7bSewwf7JdPvkCmRJLNimGICmHrkQuhVZIp0TbiinGqiIoFrBYgBvuAgh2IYJC8Ax5hhxwSc45pXLNO+Qt8gjp/mYG+78zIBKbLIC7M9O/0z3d0zNsDXwvjLa2/v3a62987/s/ePOtH6786Mc/+enPbr39zu/D/mjouCdO3+8Pn7eaoet7Pfck8iLffT4Yus2g5bvftC4/4/5vXrrD0Ov3nkXXA/csaH </latexit><latexit sha1_base64="zIx+B6MBaWOqgmbQxJd7Pmmb6JE=">AAA5DHicxVvNchvHER7bSewwf7JdPvkCmRJLNimGICmHrkQuhVZIp0TbiinGqiIoFrBYgBvuAgh2IYJC8Ax5hhxwSc45pXLNO+Qt8gjp/mYG+78zIBKbLIC7M9O/0z3d0zNsDXwvjLa2/v3a62987/s/ePOtH6786Mc/+enPbr39zu/D/mjouCdO3+8Pn7eaoet7Pfck8iLffT4Yus2g5bvftC4/4/5vXrrD0Ov3nkXXA/csaH </latexit><latexit sha1_base64="zIx+B6MBaWOqgmbQxJd7Pmmb6JE=">AAA5DHicxVvNchvHER7bSewwf7JdPvkCmRJLNimGICmHrkQuhVZIp0TbiinGqiIoFrBYgBvuAgh2IYJC8Ax5hhxwSc45pXLNO+Qt8gjp/mYG+78zIBKbLIC7M9O/0z3d0zNsDXwvjLa2/v3a62987/s/ePOtH6786Mc/+enPbr39zu/D/mjouCdO3+8Pn7eaoet7Pfck8iLffT4Yus2g5bvftC4/4/5vXrrD0Ov3nkXXA/csaH </latexit>

!a

i=0

⌃i ⇥ ( )i

<latexit sha1_base64="gnzyBL4K5zoWaI4O3i2bZafy/Y0=">AAA5I3icxVvNchvHER47P3aYPzk5+gKZkko2KYYgKYeuRC6FVkinRNuKKcaqIigWsFiAG+5iEexCBIXgJfIOyDPkmpxzSuWSQ94hj5Dub2aw/zsDMrHJArg7M/073dM9PcPO0PeieHPzX2+8+a1vf+e7b739vZXv/+CHP/rxrXd+8rsoHI8c99gJ/XD0otOOXN8buMexF/vui+HIbQcd3/2qc/EJ9 </latexit><latexit sha1_base64="gnzyBL4K5zoWaI4O3i2bZafy/Y0=">AAA5I3icxVvNchvHER47P3aYPzk5+gKZkko2KYYgKYeuRC6FVkinRNuKKcaqIigWsFiAG+5iEexCBIXgJfIOyDPkmpxzSuWSQ94hj5Dub2aw/zsDMrHJArg7M/073dM9PcPO0PeieHPzX2+8+a1vf+e7b739vZXv/+CHP/rxrXd+8rsoHI8c99gJ/XD0otOOXN8buMexF/vui+HIbQcd3/2qc/EJ9 </latexit><latexit sha1_base64="gnzyBL4K5zoWaI4O3i2bZafy/Y0=">AAA5I3icxVvNchvHER47P3aYPzk5+gKZkko2KYYgKYeuRC6FVkinRNuKKcaqIigWsFiAG+5iEexCBIXgJfIOyDPkmpxzSuWSQ94hj5Dub2aw/zsDMrHJArg7M/073dM9PcPO0PeieHPzX2+8+a1vf+e7b739vZXv/+CHP/rxrXd+8rsoHI8c99gJ/XD0otOOXN8buMexF/vui+HIbQcd3/2qc/EJ9 </latexit><latexit sha1_base64="gnzyBL4K5zoWaI4O3i2bZafy/Y0=">AAA5I3icxVvNchvHER47P3aYPzk5+gKZkko2KYYgKYeuRC6FVkinRNuKKcaqIigWsFiAG+5iEexCBIXgJfIOyDPkmpxzSuWSQ94hj5Dub2aw/zsDMrHJArg7M/073dM9PcPO0PeieHPzX2+8+a1vf+e7b739vZXv/+CHP/rxrXd+8rsoHI8c99gJ/XD0otOOXN8buMexF/vui+HIbQcd3/2qc/EJ9 </latexit>

F -coalgebra
<latexit sha1_base64="mBn9e9vZhTn/+RzFA0jTfrsNgcQ="></latexit><latexit sha1_base64="mBn9e9vZhTn/+RzFA0jTfrsNgcQ="></latexit><latexit sha1_base64="mBn9e9vZhTn/+RzFA0jTfrsNgcQ="></latexit><latexit sha1_base64="mBn9e9vZhTn/+RzFA0jTfrsNgcQ="></latexit>

initial algebra
<latexit sha1_base64="HUheQzZACHIkr1JNLNqWWEQqJFs="></latexit><latexit sha1_base64="HUheQzZACHIkr1JNLNqWWEQqJFs="></latexit><latexit sha1_base64="HUheQzZACHIkr1JNLNqWWEQqJFs="></latexit><latexit sha1_base64="HUheQzZACHIkr1JNLNqWWEQqJFs="></latexit>

final coalgebra
<latexit sha1_base64="YzaExCpZTpDoaAyEhosLUB4xu6g="></latexit><latexit sha1_base64="YzaExCpZTpDoaAyEhosLUB4xu6g="></latexit><latexit sha1_base64="YzaExCpZTpDoaAyEhosLUB4xu6g="></latexit><latexit sha1_base64="YzaExCpZTpDoaAyEhosLUB4xu6g="></latexit>

X !
!a

i=0

⌃i ⇥ Xi

<latexit sha1_base64="3C0tyxVI2ddtZb9o/7e4+NLVqpw="></latexit><latexit sha1_base64="3C0tyxVI2ddtZb9o/7e4+NLVqpw="></latexit><latexit sha1_base64="3C0tyxVI2ddtZb9o/7e4+NLVqpw="></latexit><latexit sha1_base64="3C0tyxVI2ddtZb9o/7e4+NLVqpw="></latexit>

X ! A ⇥ X
<latexit sha1_base64="UQ+Yf04NJivBSC2UOw8mUglc40Q="></latexit><latexit sha1_base64="UQ+Yf04NJivBSC2UOw8mUglc40Q="></latexit><latexit sha1_base64="UQ+Yf04NJivBSC2UOw8mUglc40Q="></latexit><latexit sha1_base64="UQ+Yf04NJivBSC2UOw8mUglc40Q="></latexit> ;

<latexit sha1_base64="lL+QCi9mTiBKYrJsqxmA0r5XSjg="></latexit><latexit sha1_base64="lL+QCi9mTiBKYrJsqxmA0r5XSjg="></latexit><latexit sha1_base64="lL+QCi9mTiBKYrJsqxmA0r5XSjg="></latexit><latexit sha1_base64="lL+QCi9mTiBKYrJsqxmA0r5XSjg="></latexit>

A!
<latexit sha1_base64="WvSJlEUX3oUNczCopelWcErHYYI="></latexit><latexit sha1_base64="WvSJlEUX3oUNczCopelWcErHYYI="></latexit><latexit sha1_base64="WvSJlEUX3oUNczCopelWcErHYYI="></latexit><latexit sha1_base64="WvSJlEUX3oUNczCopelWcErHYYI="></latexit>

A⇤
<latexit sha1_base64="ScMJU/qgpSXHk2iGnc9HFlO4EAs="></latexit><latexit sha1_base64="ScMJU/qgpSXHk2iGnc9HFlO4EAs="></latexit><latexit sha1_base64="ScMJU/qgpSXHk2iGnc9HFlO4EAs="></latexit><latexit sha1_base64="ScMJU/qgpSXHk2iGnc9HFlO4EAs="></latexit>

A1(= A⇤ + A!)
<latexit sha1_base64="nV5qqBVA3r74KPmks01PztkCYU4="></latexit><latexit sha1_base64="nV5qqBVA3r74KPmks01PztkCYU4="></latexit><latexit sha1_base64="nV5qqBVA3r74KPmks01PztkCYU4="></latexit><latexit sha1_base64="nV5qqBVA3r74KPmks01PztkCYU4="></latexit>

Tree⇤(⌃)
<latexit sha1_base64="yLI39SWVS6wE+ivAK5EVnvox1iI="></latexit><latexit sha1_base64="yLI39SWVS6wE+ivAK5EVnvox1iI="></latexit><latexit sha1_base64="yLI39SWVS6wE+ivAK5EVnvox1iI="></latexit><latexit sha1_base64="yLI39SWVS6wE+ivAK5EVnvox1iI="></latexit>

(finite trees labeled
by ⌃ = (⌃i)i2!)

<latexit sha1_base64="PiWyselTamuW9YCxy71wV6l6phg="></latexit><latexit sha1_base64="PiWyselTamuW9YCxy71wV6l6phg="></latexit><latexit sha1_base64="PiWyselTamuW9YCxy71wV6l6phg="></latexit><latexit sha1_base64="PiWyselTamuW9YCxy71wV6l6phg="></latexit>

Tree1(⌃)
<latexit sha1_base64="6kKTYeledH9Khpb+1JGATMrqLeI="></latexit><latexit sha1_base64="6kKTYeledH9Khpb+1JGATMrqLeI="></latexit><latexit sha1_base64="6kKTYeledH9Khpb+1JGATMrqLeI="></latexit><latexit sha1_base64="6kKTYeledH9Khpb+1JGATMrqLeI="></latexit>

(infinitary trees labeled
by ⌃ = (⌃i)i2!)

<latexit sha1_base64="o59KLytY36oXSFnO4953y1WZseU="></latexit><latexit sha1_base64="o59KLytY36oXSFnO4953y1WZseU="></latexit><latexit sha1_base64="o59KLytY36oXSFnO4953y1WZseU="></latexit><latexit sha1_base64="o59KLytY36oXSFnO4953y1WZseU="></latexit>

A+Y
<latexit sha1_base64="RiJ6bCg0sJtAxBvRBJJ2l8gUWi0="></latexit><latexit sha1_base64="RiJ6bCg0sJtAxBvRBJJ2l8gUWi0="></latexit><latexit sha1_base64="RiJ6bCg0sJtAxBvRBJJ2l8gUWi0="></latexit><latexit sha1_base64="RiJ6bCg0sJtAxBvRBJJ2l8gUWi0="></latexit>

A+Y + A!
<latexit sha1_base64="EVvgsx0z55Y07sIGHJWidhH2WtU="></latexit><latexit sha1_base64="EVvgsx0z55Y07sIGHJWidhH2WtU="></latexit><latexit sha1_base64="EVvgsx0z55Y07sIGHJWidhH2WtU="></latexit><latexit sha1_base64="EVvgsx0z55Y07sIGHJWidhH2WtU="></latexit>

deterministic (generative) 
transition system

deterministic automaton

deterministic tree automaton

X ! XA ⇥ {0, 1}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

( )A ⇥ {0, 1}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

X ! 1 + A ⇥ X
<latexit sha1_base64="8e5eiITRIC8uL8frOFsKLDqosx0="></latexit><latexit sha1_base64="8e5eiITRIC8uL8frOFsKLDqosx0="></latexit><latexit sha1_base64="8e5eiITRIC8uL8frOFsKLDqosx0="></latexit><latexit sha1_base64="8e5eiITRIC8uL8frOFsKLDqosx0="></latexit>

deterministic transition 
system with accepting state

1 + A ⇥ ( )
<latexit sha1_base64="9lYKc7t34b/kXEeYw/r7cbS+ygQ="></latexit><latexit sha1_base64="9lYKc7t34b/kXEeYw/r7cbS+ygQ="></latexit><latexit sha1_base64="9lYKc7t34b/kXEeYw/r7cbS+ygQ="></latexit><latexit sha1_base64="9lYKc7t34b/kXEeYw/r7cbS+ygQ="></latexit>

(1 = {X})
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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• “Greatest fixed point” of       (coinductive datatype)F
<latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit><latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit><latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit><latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit>

unique homomorphism

=<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

For a functor                      , a coalgebra                            is final if 
for each                        , there exists unique                        s.t.

F : C ! C
<latexit sha1_base64="89Ek3aIEwtuLk0YMDX9MwzsnqgE="></latexit><latexit sha1_base64="89Ek3aIEwtuLk0YMDX9MwzsnqgE="></latexit><latexit sha1_base64="89Ek3aIEwtuLk0YMDX9MwzsnqgE="></latexit><latexit sha1_base64="89Ek3aIEwtuLk0YMDX9MwzsnqgE="></latexit>

c : X ! FX
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇣ : ⌫F ! F (⌫F )
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

f : X ! ⌫F
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

FX
Ff

// F (⌫F )

X

c

OO

f
// ⌫F

⇣

OO

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

•       is a domain of behaviors  of     -coalgebrasF
<latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit><latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit><latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit><latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit>

⌫F
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

•      characterizes behavior of an      -coalgebraF
<latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit><latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit><latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit><latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit>

f
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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F
<latexit sha1_base64="GJl94cDHjmkc1wu2mhW9O9g0VYY="></latexit><latexit sha1_base64="GJl94cDHjmkc1wu2mhW9O9g0VYY="></latexit><latexit sha1_base64="GJl94cDHjmkc1wu2mhW9O9g0VYY="></latexit><latexit sha1_base64="GJl94cDHjmkc1wu2mhW9O9g0VYY="></latexit>

A ⇥ ( )
<latexit sha1_base64="zIx+B6MBaWOqgmbQxJd7Pmmb6JE=">AAA5DHicxVvNchvHER7bSewwf7JdPvkCmRJLNimGICmHrkQuhVZIp0TbiinGqiIoFrBYgBvuAgh2IYJC8Ax5hhxwSc45pXLNO+Qt8gjp/mYG+78zIBKbLIC7M9O/0z3d0zNsDXwvjLa2/v3a62987/s/ePOtH6786Mc/+enPbr39zu/D/mjouCdO3+8Pn7eaoet7Pfck8iLffT4Yus2g5bvftC4/4/5vXrrD0Ov3nkXXA/csaH </latexit><latexit sha1_base64="zIx+B6MBaWOqgmbQxJd7Pmmb6JE=">AAA5DHicxVvNchvHER7bSewwf7JdPvkCmRJLNimGICmHrkQuhVZIp0TbiinGqiIoFrBYgBvuAgh2IYJC8Ax5hhxwSc45pXLNO+Qt8gjp/mYG+78zIBKbLIC7M9O/0z3d0zNsDXwvjLa2/v3a62987/s/ePOtH6786Mc/+enPbr39zu/D/mjouCdO3+8Pn7eaoet7Pfck8iLffT4Yus2g5bvftC4/4/5vXrrD0Ov3nkXXA/csaH </latexit><latexit sha1_base64="zIx+B6MBaWOqgmbQxJd7Pmmb6JE=">AAA5DHicxVvNchvHER7bSewwf7JdPvkCmRJLNimGICmHrkQuhVZIp0TbiinGqiIoFrBYgBvuAgh2IYJC8Ax5hhxwSc45pXLNO+Qt8gjp/mYG+78zIBKbLIC7M9O/0z3d0zNsDXwvjLa2/v3a62987/s/ePOtH6786Mc/+enPbr39zu/D/mjouCdO3+8Pn7eaoet7Pfck8iLffT4Yus2g5bvftC4/4/5vXrrD0Ov3nkXXA/csaH </latexit><latexit sha1_base64="zIx+B6MBaWOqgmbQxJd7Pmmb6JE=">AAA5DHicxVvNchvHER7bSewwf7JdPvkCmRJLNimGICmHrkQuhVZIp0TbiinGqiIoFrBYgBvuAgh2IYJC8Ax5hhxwSc45pXLNO+Qt8gjp/mYG+78zIBKbLIC7M9O/0z3d0zNsDXwvjLa2/v3a62987/s/ePOtH6786Mc/+enPbr39zu/D/mjouCdO3+8Pn7eaoet7Pfck8iLffT4Yus2g5bvftC4/4/5vXrrD0Ov3nkXXA/csaH </latexit>

!a

i=0

⌃i ⇥ ( )i

<latexit sha1_base64="gnzyBL4K5zoWaI4O3i2bZafy/Y0=">AAA5I3icxVvNchvHER47P3aYPzk5+gKZkko2KYYgKYeuRC6FVkinRNuKKcaqIigWsFiAG+5iEexCBIXgJfIOyDPkmpxzSuWSQ94hj5Dub2aw/zsDMrHJArg7M/073dM9PcPO0PeieHPzX2+8+a1vf+e7b739vZXv/+CHP/rxrXd+8rsoHI8c99gJ/XD0otOOXN8buMexF/vui+HIbQcd3/2qc/EJ9 </latexit><latexit sha1_base64="gnzyBL4K5zoWaI4O3i2bZafy/Y0=">AAA5I3icxVvNchvHER47P3aYPzk5+gKZkko2KYYgKYeuRC6FVkinRNuKKcaqIigWsFiAG+5iEexCBIXgJfIOyDPkmpxzSuWSQ94hj5Dub2aw/zsDMrHJArg7M/073dM9PcPO0PeieHPzX2+8+a1vf+e7b739vZXv/+CHP/rxrXd+8rsoHI8c99gJ/XD0otOOXN8buMexF/vui+HIbQcd3/2qc/EJ9 </latexit><latexit sha1_base64="gnzyBL4K5zoWaI4O3i2bZafy/Y0=">AAA5I3icxVvNchvHER47P3aYPzk5+gKZkko2KYYgKYeuRC6FVkinRNuKKcaqIigWsFiAG+5iEexCBIXgJfIOyDPkmpxzSuWSQ94hj5Dub2aw/zsDMrHJArg7M/073dM9PcPO0PeieHPzX2+8+a1vf+e7b739vZXv/+CHP/rxrXd+8rsoHI8c99gJ/XD0otOOXN8buMexF/vui+HIbQcd3/2qc/EJ9 </latexit><latexit sha1_base64="gnzyBL4K5zoWaI4O3i2bZafy/Y0=">AAA5I3icxVvNchvHER47P3aYPzk5+gKZkko2KYYgKYeuRC6FVkinRNuKKcaqIigWsFiAG+5iEexCBIXgJfIOyDPkmpxzSuWSQ94hj5Dub2aw/zsDMrHJArg7M/073dM9PcPO0PeieHPzX2+8+a1vf+e7b739vZXv/+CHP/rxrXd+8rsoHI8c99gJ/XD0otOOXN8buMexF/vui+HIbQcd3/2qc/EJ9 </latexit>

F -coalgebra
<latexit sha1_base64="mBn9e9vZhTn/+RzFA0jTfrsNgcQ="></latexit><latexit sha1_base64="mBn9e9vZhTn/+RzFA0jTfrsNgcQ="></latexit><latexit sha1_base64="mBn9e9vZhTn/+RzFA0jTfrsNgcQ="></latexit><latexit sha1_base64="mBn9e9vZhTn/+RzFA0jTfrsNgcQ="></latexit>

final coalgebra
<latexit sha1_base64="YzaExCpZTpDoaAyEhosLUB4xu6g="></latexit><latexit sha1_base64="YzaExCpZTpDoaAyEhosLUB4xu6g="></latexit><latexit sha1_base64="YzaExCpZTpDoaAyEhosLUB4xu6g="></latexit><latexit sha1_base64="YzaExCpZTpDoaAyEhosLUB4xu6g="></latexit>

X !
!a

i=0

⌃i ⇥ Xi

<latexit sha1_base64="3C0tyxVI2ddtZb9o/7e4+NLVqpw="></latexit><latexit sha1_base64="3C0tyxVI2ddtZb9o/7e4+NLVqpw="></latexit><latexit sha1_base64="3C0tyxVI2ddtZb9o/7e4+NLVqpw="></latexit><latexit sha1_base64="3C0tyxVI2ddtZb9o/7e4+NLVqpw="></latexit>

X ! A ⇥ X
<latexit sha1_base64="UQ+Yf04NJivBSC2UOw8mUglc40Q="></latexit><latexit sha1_base64="UQ+Yf04NJivBSC2UOw8mUglc40Q="></latexit><latexit sha1_base64="UQ+Yf04NJivBSC2UOw8mUglc40Q="></latexit><latexit sha1_base64="UQ+Yf04NJivBSC2UOw8mUglc40Q="></latexit> A!

<latexit sha1_base64="WvSJlEUX3oUNczCopelWcErHYYI="></latexit><latexit sha1_base64="WvSJlEUX3oUNczCopelWcErHYYI="></latexit><latexit sha1_base64="WvSJlEUX3oUNczCopelWcErHYYI="></latexit><latexit sha1_base64="WvSJlEUX3oUNczCopelWcErHYYI="></latexit>

Tree1(⌃)
<latexit sha1_base64="6kKTYeledH9Khpb+1JGATMrqLeI="></latexit><latexit sha1_base64="6kKTYeledH9Khpb+1JGATMrqLeI="></latexit><latexit sha1_base64="6kKTYeledH9Khpb+1JGATMrqLeI="></latexit><latexit sha1_base64="6kKTYeledH9Khpb+1JGATMrqLeI="></latexit>

(infinitary trees labeled
by ⌃ = (⌃i)i2!)

<latexit sha1_base64="o59KLytY36oXSFnO4953y1WZseU="></latexit><latexit sha1_base64="o59KLytY36oXSFnO4953y1WZseU="></latexit><latexit sha1_base64="o59KLytY36oXSFnO4953y1WZseU="></latexit><latexit sha1_base64="o59KLytY36oXSFnO4953y1WZseU="></latexit>

X ! XA ⇥ {0, 1}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

( )A ⇥ {0, 1}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1 + A ⇥ ( )
<latexit sha1_base64="9lYKc7t34b/kXEeYw/r7cbS+ygQ="></latexit><latexit sha1_base64="9lYKc7t34b/kXEeYw/r7cbS+ygQ="></latexit><latexit sha1_base64="9lYKc7t34b/kXEeYw/r7cbS+ygQ="></latexit><latexit sha1_base64="9lYKc7t34b/kXEeYw/r7cbS+ygQ="></latexit>

X ! 1 + A ⇥ X
<latexit sha1_base64="8e5eiITRIC8uL8frOFsKLDqosx0="></latexit><latexit sha1_base64="8e5eiITRIC8uL8frOFsKLDqosx0="></latexit><latexit sha1_base64="8e5eiITRIC8uL8frOFsKLDqosx0="></latexit><latexit sha1_base64="8e5eiITRIC8uL8frOFsKLDqosx0="></latexit>

A1(= A⇤ + A!)
<latexit sha1_base64="nV5qqBVA3r74KPmks01PztkCYU4="></latexit><latexit sha1_base64="nV5qqBVA3r74KPmks01PztkCYU4="></latexit><latexit sha1_base64="nV5qqBVA3r74KPmks01PztkCYU4="></latexit><latexit sha1_base64="nV5qqBVA3r74KPmks01PztkCYU4="></latexit>

{0, 1}A⇤

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(1 = {X})
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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!a

i=0

⌃i ⇥ ( )i

<latexit sha1_base64="gnzyBL4K5zoWaI4O3i2bZafy/Y0=">AAA5I3icxVvNchvHER47P3aYPzk5+gKZkko2KYYgKYeuRC6FVkinRNuKKcaqIigWsFiAG+5iEexCBIXgJfIOyDPkmpxzSuWSQ94hj5Dub2aw/zsDMrHJArg7M/073dM9PcPO0PeieHPzX2+8+a1vf+e7b739vZXv/+CHP/rxrXd+8rsoHI8c99gJ/XD0otOOXN8buMexF/vui+HIbQcd3/2qc/EJ9 </latexit><latexit sha1_base64="gnzyBL4K5zoWaI4O3i2bZafy/Y0=">AAA5I3icxVvNchvHER47P3aYPzk5+gKZkko2KYYgKYeuRC6FVkinRNuKKcaqIigWsFiAG+5iEexCBIXgJfIOyDPkmpxzSuWSQ94hj5Dub2aw/zsDMrHJArg7M/073dM9PcPO0PeieHPzX2+8+a1vf+e7b739vZXv/+CHP/rxrXd+8rsoHI8c99gJ/XD0otOOXN8buMexF/vui+HIbQcd3/2qc/EJ9 </latexit><latexit sha1_base64="gnzyBL4K5zoWaI4O3i2bZafy/Y0=">AAA5I3icxVvNchvHER47P3aYPzk5+gKZkko2KYYgKYeuRC6FVkinRNuKKcaqIigWsFiAG+5iEexCBIXgJfIOyDPkmpxzSuWSQ94hj5Dub2aw/zsDMrHJArg7M/073dM9PcPO0PeieHPzX2+8+a1vf+e7b739vZXv/+CHP/rxrXd+8rsoHI8c99gJ/XD0otOOXN8buMexF/vui+HIbQcd3/2qc/EJ9 </latexit><latexit sha1_base64="gnzyBL4K5zoWaI4O3i2bZafy/Y0=">AAA5I3icxVvNchvHER47P3aYPzk5+gKZkko2KYYgKYeuRC6FVkinRNuKKcaqIigWsFiAG+5iEexCBIXgJfIOyDPkmpxzSuWSQ94hj5Dub2aw/zsDMrHJArg7M/073dM9PcPO0PeieHPzX2+8+a1vf+e7b739vZXv/+CHP/rxrXd+8rsoHI8c99gJ/XD0otOOXN8buMexF/vui+HIbQcd3/2qc/EJ9 </latexit>

X !
!a

i=0

⌃i ⇥ Xi

<latexit sha1_base64="3C0tyxVI2ddtZb9o/7e4+NLVqpw="></latexit><latexit sha1_base64="3C0tyxVI2ddtZb9o/7e4+NLVqpw="></latexit><latexit sha1_base64="3C0tyxVI2ddtZb9o/7e4+NLVqpw="></latexit><latexit sha1_base64="3C0tyxVI2ddtZb9o/7e4+NLVqpw="></latexit>

Tree1(⌃)
<latexit sha1_base64="6kKTYeledH9Khpb+1JGATMrqLeI="></latexit><latexit sha1_base64="6kKTYeledH9Khpb+1JGATMrqLeI="></latexit><latexit sha1_base64="6kKTYeledH9Khpb+1JGATMrqLeI="></latexit><latexit sha1_base64="6kKTYeledH9Khpb+1JGATMrqLeI="></latexit>

(infinitary trees labeled
by ⌃ = (⌃i)i2!)

<latexit sha1_base64="o59KLytY36oXSFnO4953y1WZseU="></latexit><latexit sha1_base64="o59KLytY36oXSFnO4953y1WZseU="></latexit><latexit sha1_base64="o59KLytY36oXSFnO4953y1WZseU="></latexit><latexit sha1_base64="o59KLytY36oXSFnO4953y1WZseU="></latexit>

X ! XA ⇥ {0, 1}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

( )A ⇥ {0, 1}
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

{0, 1}A⇤

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(1 = {X})
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Examples
F

<latexit sha1_base64="GJl94cDHjmkc1wu2mhW9O9g0VYY="></latexit><latexit sha1_base64="GJl94cDHjmkc1wu2mhW9O9g0VYY="></latexit><latexit sha1_base64="GJl94cDHjmkc1wu2mhW9O9g0VYY="></latexit><latexit sha1_base64="GJl94cDHjmkc1wu2mhW9O9g0VYY="></latexit>

A ⇥ ( )
<latexit sha1_base64="zIx+B6MBaWOqgmbQxJd7Pmmb6JE=">AAA5DHicxVvNchvHER7bSewwf7JdPvkCmRJLNimGICmHrkQuhVZIp0TbiinGqiIoFrBYgBvuAgh2IYJC8Ax5hhxwSc45pXLNO+Qt8gjp/mYG+78zIBKbLIC7M9O/0z3d0zNsDXwvjLa2/v3a62987/s/ePOtH6786Mc/+enPbr39zu/D/mjouCdO3+8Pn7eaoet7Pfck8iLffT4Yus2g5bvftC4/4/5vXrrD0Ov3nkXXA/csaH </latexit><latexit sha1_base64="zIx+B6MBaWOqgmbQxJd7Pmmb6JE=">AAA5DHicxVvNchvHER7bSewwf7JdPvkCmRJLNimGICmHrkQuhVZIp0TbiinGqiIoFrBYgBvuAgh2IYJC8Ax5hhxwSc45pXLNO+Qt8gjp/mYG+78zIBKbLIC7M9O/0z3d0zNsDXwvjLa2/v3a62987/s/ePOtH6786Mc/+enPbr39zu/D/mjouCdO3+8Pn7eaoet7Pfck8iLffT4Yus2g5bvftC4/4/5vXrrD0Ov3nkXXA/csaH </latexit><latexit sha1_base64="zIx+B6MBaWOqgmbQxJd7Pmmb6JE=">AAA5DHicxVvNchvHER7bSewwf7JdPvkCmRJLNimGICmHrkQuhVZIp0TbiinGqiIoFrBYgBvuAgh2IYJC8Ax5hhxwSc45pXLNO+Qt8gjp/mYG+78zIBKbLIC7M9O/0z3d0zNsDXwvjLa2/v3a62987/s/ePOtH6786Mc/+enPbr39zu/D/mjouCdO3+8Pn7eaoet7Pfck8iLffT4Yus2g5bvftC4/4/5vXrrD0Ov3nkXXA/csaH </latexit><latexit sha1_base64="zIx+B6MBaWOqgmbQxJd7Pmmb6JE=">AAA5DHicxVvNchvHER7bSewwf7JdPvkCmRJLNimGICmHrkQuhVZIp0TbiinGqiIoFrBYgBvuAgh2IYJC8Ax5hhxwSc45pXLNO+Qt8gjp/mYG+78zIBKbLIC7M9O/0z3d0zNsDXwvjLa2/v3a62987/s/ePOtH6786Mc/+enPbr39zu/D/mjouCdO3+8Pn7eaoet7Pfck8iLffT4Yus2g5bvftC4/4/5vXrrD0Ov3nkXXA/csaH </latexit>

F -coalgebra
<latexit sha1_base64="mBn9e9vZhTn/+RzFA0jTfrsNgcQ="></latexit><latexit sha1_base64="mBn9e9vZhTn/+RzFA0jTfrsNgcQ="></latexit><latexit sha1_base64="mBn9e9vZhTn/+RzFA0jTfrsNgcQ="></latexit><latexit sha1_base64="mBn9e9vZhTn/+RzFA0jTfrsNgcQ="></latexit>

final coalgebra
<latexit sha1_base64="YzaExCpZTpDoaAyEhosLUB4xu6g="></latexit><latexit sha1_base64="YzaExCpZTpDoaAyEhosLUB4xu6g="></latexit><latexit sha1_base64="YzaExCpZTpDoaAyEhosLUB4xu6g="></latexit><latexit sha1_base64="YzaExCpZTpDoaAyEhosLUB4xu6g="></latexit>

X ! A ⇥ X
<latexit sha1_base64="UQ+Yf04NJivBSC2UOw8mUglc40Q="></latexit><latexit sha1_base64="UQ+Yf04NJivBSC2UOw8mUglc40Q="></latexit><latexit sha1_base64="UQ+Yf04NJivBSC2UOw8mUglc40Q="></latexit><latexit sha1_base64="UQ+Yf04NJivBSC2UOw8mUglc40Q="></latexit> A!

<latexit sha1_base64="WvSJlEUX3oUNczCopelWcErHYYI="></latexit><latexit sha1_base64="WvSJlEUX3oUNczCopelWcErHYYI="></latexit><latexit sha1_base64="WvSJlEUX3oUNczCopelWcErHYYI="></latexit><latexit sha1_base64="WvSJlEUX3oUNczCopelWcErHYYI="></latexit>

1 + A ⇥ ( )
<latexit sha1_base64="9lYKc7t34b/kXEeYw/r7cbS+ygQ="></latexit><latexit sha1_base64="9lYKc7t34b/kXEeYw/r7cbS+ygQ="></latexit><latexit sha1_base64="9lYKc7t34b/kXEeYw/r7cbS+ygQ="></latexit><latexit sha1_base64="9lYKc7t34b/kXEeYw/r7cbS+ygQ="></latexit>

X ! 1 + A ⇥ X
<latexit sha1_base64="8e5eiITRIC8uL8frOFsKLDqosx0="></latexit><latexit sha1_base64="8e5eiITRIC8uL8frOFsKLDqosx0="></latexit><latexit sha1_base64="8e5eiITRIC8uL8frOFsKLDqosx0="></latexit><latexit sha1_base64="8e5eiITRIC8uL8frOFsKLDqosx0="></latexit>

A1(= A⇤ + A!)
<latexit sha1_base64="nV5qqBVA3r74KPmks01PztkCYU4="></latexit><latexit sha1_base64="nV5qqBVA3r74KPmks01PztkCYU4="></latexit><latexit sha1_base64="nV5qqBVA3r74KPmks01PztkCYU4="></latexit><latexit sha1_base64="nV5qqBVA3r74KPmks01PztkCYU4="></latexit>

= {0, 1}A⇤

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

unique homomorphism

=<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

FX
Ff

// F (⌫F )

X

c

OO

f
// ⌫F

⇣

OO

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

,
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

9x0, . . . , xn 2 X.
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

x0 = x,
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

f(x)(a0 . . . an�1) = 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

and
⇡2(c(x)) = 1

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

xi+1 2 ⇡1(c(xi)(ai))
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Example:
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Final Coalgebra for Nondeterministic Automata?
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Nondeterministic Automaton

where

A = (X,A, �,Acc)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

� ✓ X ⇥ A ⇥ X
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

f : X!p Y in K`(P)

f : X ! PY in Sets

• 　 constitutes a monadP Kleisli category K`(P)

where F = P({X} + A ⇥ ( ))
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Setsin
FX

X

c

OO

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇠ =

• Rem:                                                          carries an order{f : X !p Y }
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

= {f : X ! PY }
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

c : X!p F 0X = {X} + A ⇥ X
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

c : X ! FX = P({X} + A ⇥ X)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Ff
// F (⌫F )

f
// ⌫F

⇣

OO

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Coalgebraic Trace Semantics via Weak Finality
[Jacobs, ’04]

• Take the least/greatest homomorphism

K`(P)
Sets

final

F⌫F

⌫F

⇣

OO

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

= A⇤ [ A!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

in
FX

X

_c

OO

weakly
final

F⌫F

⌫F

_J⇣

OO

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p���������!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p���������!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

exists(F = {X} + A ⇥ ( ))
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• Least homomorphism is given by:

x 7!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(
a1 . . . an

2 A⇤

�����
9x0, . . . , xn 2 X. x = x0,

(ai+1, xi+1) 2 c(xi),X 2 c(xn)

)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• Greatest homomorphism is given by:

x 7!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> [

(
a1a2 . . .

2 A!

�����
9x0, x1, . . . 2 X. x = x0,

(ai+1, xi+1) 2 c(xi)

)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

above

=µ
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

FX

X

_c

OO

F⌫F

⌫F

_J⇣

OO

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p���������!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p���������!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=⌫
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

FX

X

_c

OO

F⌫F

⌫F

_J⇣

OO

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p���������!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p���������!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

finite 
trace

infinitary 
trace

= A⇤ [ A!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Summary
• Coalgebra is a model for state-based dynamics

• Final coalgebra captures the behavior
FX

X

c

OO FZ

Z

⇣

OO

final=

F (beh(c)) //

beh(c) //

⇠ = Setsin

• For nondeterministic automata, 
- a weakly final coalgebra in the Kleisli category captures 

finite and infinitary trace semantics

K`(P)in

weakly
final=⌫

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

FX

X

_c

OO

F⌫F

⌫F

_J⇣

OO

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p���������!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p���������!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=µ
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

FX

X

_c

OO

F⌫F

⌫F

_J⇣

OO

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p���������!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p���������!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Extension to Various Systems

•                                                   T = P

•                                                   
                                                                 

T = G (the sub-Giry monad)
- Nondeterministic to (generative) Probabilistic

- Words to Trees

F =
`

i ⌃i ⇥ ( )i

(polynomial functor)

0F = 1 + A ⇥ ( )
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Outline

 26

�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• Overview

• Short Preliminaries on Category Theory
• Categorical Trace Semantics for Büchi and Parity Automata      

(Chapter 3, [U., Shimizu & Hasuo, CONCUR ’16] [U., & Hasuo, CMCS ’18])

• Categorical Fair Simulation (Chapter 4, [U. & Hasuo, LMCS ’17])

• Categorical Ranking Function (Chapter 5, [U., Hara & Hasuo, LICS ’17])

•    -Scaled Submartingale for Probabilistic Programs and its Synthesis 
(Chapter 6, [Takisaka, Oyabu, U. & Hasuo, ATVA ‘18])

• Conclusion

8
<

:
<latexit sha1_base64="ZKnT0qAdBOrbOfWgn5drEGtcqcI="></latexit><latexit sha1_base64="V5UfbTKbNE1RLjmk5SPhDYxyivs="></latexit><latexit sha1_base64="V5UfbTKbNE1RLjmk5SPhDYxyivs="></latexit><latexit sha1_base64="WJiPS9NuGsOgSFxJrpZctEPRJhs="></latexit>8
<

:
<latexit sha1_base64="ZKnT0qAdBOrbOfWgn5drEGtcqcI="></latexit><latexit sha1_base64="V5UfbTKbNE1RLjmk5SPhDYxyivs="></latexit><latexit sha1_base64="V5UfbTKbNE1RLjmk5SPhDYxyivs="></latexit><latexit sha1_base64="WJiPS9NuGsOgSFxJrpZctEPRJhs="></latexit>
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Overview

• They make use of well-known relationship between Büchi 
(and parity) automata and alternating fixed point

• They differ in how “alternating fixed point” is involved

• We introduce two categorical characterization of languages 
of Büchi automata

- Logical fixed point-based characterization
- Categorical fixed point-based characterization

• Theoretical foundation for categorically generalizing fair 
simulation (simulation notion for Büchi automata)

 27
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Büchi Automaton and Its Language

 28

• Büchi automaton: an automaton accepting infinite words

• A run is accepting if it visits     infinitely many times
• A word is accepted if it labels an accepting run
• Language                         assigns the set of accepted words LB

A : X ! PA!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Example:

x0 x1
a

%%
b
##

bee

a

cc
n
w

���w contains infinitely many b’s
o

<latexit sha1_base64="6ZjOxBjjLXE7v09gKXJT1cW3NOk="></latexit><latexit sha1_base64="6ZjOxBjjLXE7v09gKXJT1cW3NOk="></latexit><latexit sha1_base64="6ZjOxBjjLXE7v09gKXJT1cW3NOk="></latexit><latexit sha1_base64="6ZjOxBjjLXE7v09gKXJT1cW3NOk="></latexit>

LB
A(x0) = LB

A(x1) =
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• Linear temporal logic formula → Büchi automaton
(see e.g. [Baier & Katoen])
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Characterization via Logical Fixed Point

 29

X1, X2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> =<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

{ }
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

{ }
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• Recall: 
weakly final

=⌫
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

FX

X

_c

OO

F⌫F

⌫F

_J⇣

OO

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p���������!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p���������!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=µ
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

FX

X

_c

OO

F⌫F

⌫F

_J⇣

OO

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p���������!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p���������!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

: finite trace : infinitary trace

• Büchi condition is known to be their alternation

=<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

FX �
// F⌫F

X

_c

OO

�
// ⌫F

_J⇣

OO

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

weakly final

FX �
// F⌫F

X1

_c1

OO

�
// ⌫F

_J⇣

OO

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

FX �
// F⌫F

X2

_c2

OO

�
// ⌫F

_J⇣

OO

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=µ
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=⌫
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

a00��! a01��! · · ·
a0n0���! a10��! a11��! · · ·

a1n1���! ! · · ·
<latexit sha1_base64="lRmvNVQ5gKEJPt+PG8p30L7SqrA="></latexit><latexit sha1_base64="lRmvNVQ5gKEJPt+PG8p30L7SqrA="></latexit><latexit sha1_base64="lRmvNVQ5gKEJPt+PG8p30L7SqrA="></latexit><latexit sha1_base64="lRmvNVQ5gKEJPt+PG8p30L7SqrA="></latexit>

<latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit>

<latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit>

<latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit>

trB(c) : X1 + X2 !p ⌫F
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

trB(c) : X1 + X2 ! P(⌫F )
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Thm:
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

This characterizes Büchi languages
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trB(c) : X1 + X2 !p ⌫F
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

language as       
alternating fixed-point

datatype as final coalgebra          
(i.e. greatest fixed-point)

• Logical fixed point-based characterization

greatest fixed-point alternating fixed-point
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I
<latexit sha1_base64="vztt+a+zXhQ/N4r8orxwPuL/TRY="></latexit><latexit sha1_base64="vztt+a+zXhQ/N4r8orxwPuL/TRY="></latexit><latexit sha1_base64="vztt+a+zXhQ/N4r8orxwPuL/TRY="></latexit><latexit sha1_base64="vztt+a+zXhQ/N4r8orxwPuL/TRY="></latexit>

F
<latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit><latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit><latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit><latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit>

Initial algebra

• “Least fixed point” of F<latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit><latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit><latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit><latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit>

•     collects finite behaviors  
of     -coalgebras

• Inductive datatype

FI

◆ ⇠=
✏✏

// FX

a

✏✏
I // X

<latexit sha1_base64="XUqlw8tX3BRYBlOgPCXjzOI3uTU="></latexit><latexit sha1_base64="XUqlw8tX3BRYBlOgPCXjzOI3uTU="></latexit><latexit sha1_base64="XUqlw8tX3BRYBlOgPCXjzOI3uTU="></latexit><latexit sha1_base64="XUqlw8tX3BRYBlOgPCXjzOI3uTU="></latexit>

unique
f

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Ff
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Final coalgebra

• “Greatest fixed point” of F<latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit><latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit><latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit><latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="></latexit>

• Coinductive datatype

•     collects infinitary behaviors  
of     -coalgebrasF

<latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="> </latexit><latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="> </latexit><latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="> </latexit><latexit sha1_base64="NxB28bSydZ2JWtpmVA0npQjmejA="> </latexit>

Z
<latexit sha1_base64="dNztLx3JApq70xiEF2km3bpz7Ts="> </latexit><latexit sha1_base64="dNztLx3JApq70xiEF2km3bpz7Ts="> </latexit><latexit sha1_base64="dNztLx3JApq70xiEF2km3bpz7Ts="> </latexit><latexit sha1_base64="dNztLx3JApq70xiEF2km3bpz7Ts="> </latexit>

FX // FZ

X

c

OO

// Z

⇣⇠=

OO

<latexit sha1_base64="9oTreWK67RaYT1Z8Jp79nz1AHFc="></latexit><latexit sha1_base64="9oTreWK67RaYT1Z8Jp79nz1AHFc="></latexit><latexit sha1_base64="9oTreWK67RaYT1Z8Jp79nz1AHFc="></latexit><latexit sha1_base64="9oTreWK67RaYT1Z8Jp79nz1AHFc="></latexit>

unique
f

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Ff
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• F-algebra: FX ! X

• We alternate them
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• For a functor                       ,F : C ! C
<latexit sha1_base64="89Ek3aIEwtuLk0YMDX9MwzsnqgE="></latexit><latexit sha1_base64="89Ek3aIEwtuLk0YMDX9MwzsnqgE="></latexit><latexit sha1_base64="89Ek3aIEwtuLk0YMDX9MwzsnqgE="></latexit><latexit sha1_base64="89Ek3aIEwtuLk0YMDX9MwzsnqgE="></latexit>

• For                                      ,f : L1 ⇥ L2 ! L1 ⇥ L2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(L1, L2 : complete lattices)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

- Fix u2 2 L2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇡1 � f( , u2) : L1 ! L1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

We can consider its least/greatest fixed point
(parameterized fixed point)

• We alternate and obtain F+�0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(i.e. (F+)�0)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

- Fix Y 2 C
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

F ( + Y ) : C ! C
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(+ : coproduct (disjoint sum))
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

- The carrier of initial                 -algebra F+Y
<latexit sha1_base64="yyCUoZk5f4yNUl6WVRxsxjkIYkE="></latexit><latexit sha1_base64="yyCUoZk5f4yNUl6WVRxsxjkIYkE="></latexit><latexit sha1_base64="yyCUoZk5f4yNUl6WVRxsxjkIYkE="></latexit><latexit sha1_base64="yyCUoZk5f4yNUl6WVRxsxjkIYkE="></latexit>

F ( + Y )
<latexit sha1_base64="d2wm2a+xnRnLNji4mUcqa3qJCmI="></latexit><latexit sha1_base64="d2wm2a+xnRnLNji4mUcqa3qJCmI="></latexit><latexit sha1_base64="d2wm2a+xnRnLNji4mUcqa3qJCmI="></latexit><latexit sha1_base64="d2wm2a+xnRnLNji4mUcqa3qJCmI="></latexit>

F ( + Y )
<latexit sha1_base64="d2wm2a+xnRnLNji4mUcqa3qJCmI="></latexit><latexit sha1_base64="d2wm2a+xnRnLNji4mUcqa3qJCmI="></latexit><latexit sha1_base64="d2wm2a+xnRnLNji4mUcqa3qJCmI="></latexit><latexit sha1_base64="d2wm2a+xnRnLNji4mUcqa3qJCmI="></latexit>

- The carrier of final                 -coalgebra F�Y
<latexit sha1_base64="d5oUfEWUYmkrZ5ylFQ3iM2exB8g="></latexit><latexit sha1_base64="d5oUfEWUYmkrZ5ylFQ3iM2exB8g="></latexit><latexit sha1_base64="d5oUfEWUYmkrZ5ylFQ3iM2exB8g="></latexit><latexit sha1_base64="d5oUfEWUYmkrZ5ylFQ3iM2exB8g="></latexit>

• We use parameterized fixed point
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Examples
F = A ⇥ ( )

<latexit sha1_base64="A1D75W/jy+t9hRWG+WliIT2oiNo="></latexit><latexit sha1_base64="A1D75W/jy+t9hRWG+WliIT2oiNo="></latexit><latexit sha1_base64="A1D75W/jy+t9hRWG+WliIT2oiNo="></latexit><latexit sha1_base64="A1D75W/jy+t9hRWG+WliIT2oiNo="></latexit>

• For

F+�0 ⇠= (A+)!
<latexit sha1_base64="b3YZ1I/uODo6vyj5sWxOrVC5gNQ="></latexit><latexit sha1_base64="b3YZ1I/uODo6vyj5sWxOrVC5gNQ="></latexit><latexit sha1_base64="b3YZ1I/uODo6vyj5sWxOrVC5gNQ="></latexit><latexit sha1_base64="b3YZ1I/uODo6vyj5sWxOrVC5gNQ="></latexit>

inductive datatypes (least fixed-point)

coinductive datatype (greatest fixed-point)
=

z}|{
A+

z}|{
A+

z}|{
A+

z}|{
A+ . . .| {z }

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Büchi condition satisfied
Note:

2 (A+)!
<latexit sha1_base64="SkSW4i/T1l90lv83FS74mBRq+CU="></latexit><latexit sha1_base64="SkSW4i/T1l90lv83FS74mBRq+CU="></latexit><latexit sha1_base64="SkSW4i/T1l90lv83FS74mBRq+CU="></latexit><latexit sha1_base64="SkSW4i/T1l90lv83FS74mBRq+CU="></latexit>

(a00a01 . . . a0n0)(a10a11 . . . a1n1) . . .
<latexit sha1_base64="mDdAQ4Jmi6Q8BUFR5nFeka4vTEY="></latexit><latexit sha1_base64="mDdAQ4Jmi6Q8BUFR5nFeka4vTEY="></latexit><latexit sha1_base64="mDdAQ4Jmi6Q8BUFR5nFeka4vTEY="></latexit><latexit sha1_base64="mDdAQ4Jmi6Q8BUFR5nFeka4vTEY="></latexit>

a00��! a01��! · · ·
a0n0���! a10��! a11��! · · ·

a1n1���! ! · · ·
<latexit sha1_base64="lRmvNVQ5gKEJPt+PG8p30L7SqrA="> </latexit><latexit sha1_base64="lRmvNVQ5gKEJPt+PG8p30L7SqrA="> </latexit><latexit sha1_base64="lRmvNVQ5gKEJPt+PG8p30L7SqrA="> </latexit><latexit sha1_base64="lRmvNVQ5gKEJPt+PG8p30L7SqrA="> </latexit>

<latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc=">AAAwLnicxVrdciNHFe6EnwTzt4ELLrjRxruuEHttSfYGKNjU4ixLqDhhidfJVlnGJY1G8pRnJDEz2pUz6D14Ad3zBNzCE1DFBcUtj8E5X3drfjQz3bJIsEvSzOk+v31O9+nT3Zv4XhQ3m/987fWvff0b33zjzW9tffs73/3e9++89YPPovE0dNwzZ+yPwxe9buT63sg9i73Yd19MQrcb9Hz38971B9z++Us3jLzx6Hl8M3Evgu </latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc=">AAAwLnicxVrdciNHFe6EnwTzt4ELLrjRxruuEHttSfYGKNjU4ixLqDhhidfJVlnGJY1G8pRnJDEz2pUz6D14Ad3zBNzCE1DFBcUtj8E5X3drfjQz3bJIsEvSzOk+v31O9+nT3Zv4XhQ3m/987fWvff0b33zjzW9tffs73/3e9++89YPPovE0dNwzZ+yPwxe9buT63sg9i73Yd19MQrcb9Hz38971B9z++Us3jLzx6Hl8M3Evgu </latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc=">AAAwLnicxVrdciNHFe6EnwTzt4ELLrjRxruuEHttSfYGKNjU4ixLqDhhidfJVlnGJY1G8pRnJDEz2pUz6D14Ad3zBNzCE1DFBcUtj8E5X3drfjQz3bJIsEvSzOk+v31O9+nT3Zv4XhQ3m/987fWvff0b33zjzW9tffs73/3e9++89YPPovE0dNwzZ+yPwxe9buT63sg9i73Yd19MQrcb9Hz38971B9z++Us3jLzx6Hl8M3Evgu </latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc=">AAAwLnicxVrdciNHFe6EnwTzt4ELLrjRxruuEHttSfYGKNjU4ixLqDhhidfJVlnGJY1G8pRnJDEz2pUz6D14Ad3zBNzCE1DFBcUtj8E5X3drfjQz3bJIsEvSzOk+v31O9+nT3Zv4XhQ3m/987fWvff0b33zjzW9tffs73/3e9++89YPPovE0dNwzZ+yPwxe9buT63sg9i73Yd19MQrcb9Hz38971B9z++Us3jLzx6Hl8M3Evgu </latexit>

<latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit>

<latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit>

decorated 
word

The first state is accepting
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Examples

2 A+(A+)!
<latexit sha1_base64="5YxqYy1ED/tpklpgtSqv5lEFvJU="></latexit><latexit sha1_base64="5YxqYy1ED/tpklpgtSqv5lEFvJU="></latexit><latexit sha1_base64="5YxqYy1ED/tpklpgtSqv5lEFvJU="></latexit><latexit sha1_base64="5YxqYy1ED/tpklpgtSqv5lEFvJU="></latexit>

a0a1 . . . an(a00a01 . . . a0n0)(a10a11 . . . a1n1) . . .
<latexit sha1_base64="z8f4Z0afgEEqSEg+OjA7oUsxlVQ="></latexit><latexit sha1_base64="z8f4Z0afgEEqSEg+OjA7oUsxlVQ="></latexit><latexit sha1_base64="z8f4Z0afgEEqSEg+OjA7oUsxlVQ="></latexit><latexit sha1_base64="z8f4Z0afgEEqSEg+OjA7oUsxlVQ="></latexit>

a0�! a1�! · · · an�! a00��! a01��! · · ·
a0n0���! a10��! a11��! · · ·

a1n1���! ! · · ·
<latexit sha1_base64="shDvyr69yyocwniOjicrrOIRS+4="></latexit><latexit sha1_base64="shDvyr69yyocwniOjicrrOIRS+4="></latexit><latexit sha1_base64="shDvyr69yyocwniOjicrrOIRS+4="></latexit><latexit sha1_base64="shDvyr69yyocwniOjicrrOIRS+4="></latexit>

<latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit>

<latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit>

<latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit><latexit sha1_base64="0Nd5gXJ4r1Nb0ibRIj5wyKc2nMc="></latexit>

inductive datatypes (least fixed-point)

=

z }| {

A . . .A(
z}|{
A+

z}|{
A+

z}|{
A+

z}|{
A+ . . .| {z })

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

coinductive datatype (greatest fixed-point)

The first state is nonaccepting

F+(F+�0)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇠= A+ ⇥ (A+)!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

F = A ⇥ ( )
<latexit sha1_base64="A1D75W/jy+t9hRWG+WliIT2oiNo="></latexit><latexit sha1_base64="A1D75W/jy+t9hRWG+WliIT2oiNo="></latexit><latexit sha1_base64="A1D75W/jy+t9hRWG+WliIT2oiNo="></latexit><latexit sha1_base64="A1D75W/jy+t9hRWG+WliIT2oiNo="></latexit>

• For
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Language via Categorical Fixed Point

x 7!
<latexit sha1_base64="0fHZxbQrFaRDNDijnS7NP1SjqKQ="></latexit><latexit sha1_base64="0fHZxbQrFaRDNDijnS7NP1SjqKQ="></latexit><latexit sha1_base64="0fHZxbQrFaRDNDijnS7NP1SjqKQ="></latexit><latexit sha1_base64="0fHZxbQrFaRDNDijnS7NP1SjqKQ="></latexit>

8
><

>:
•0

a0�! •1
a1�! •2 ! · · ·

�������

x0
a0�! x1

a1�! x2 ! · · · : a run on A
•i 2 { , }, xi : •i,

•i = for infinitely many i’s

9
>=

>;
<latexit sha1_base64="d8e10sHnfAlhagAe3Ko6clG+0m4="></latexit><latexit sha1_base64="d8e10sHnfAlhagAe3Ko6clG+0m4="></latexit><latexit sha1_base64="d8e10sHnfAlhagAe3Ko6clG+0m4="></latexit><latexit sha1_base64="d8e10sHnfAlhagAe3Ko6clG+0m4="></latexit>

• We can consider the following function

Def:

F (X1 + X2)

=⌫

�
F (dtr1(c) + dtr2(c))

// F (F+(F+�0) + F+�0)

F+(F+�0)

_
J◆�1 ⇠=

OO

X2

_c2

OO

�dtr2(c)
// F+�0

_J⇣ ⇠=
OO

<latexit sha1_base64="8Q1d1VEcWLU2hw8y4hBm6cTq63k="></latexit><latexit sha1_base64="8Q1d1VEcWLU2hw8y4hBm6cTq63k="></latexit><latexit sha1_base64="8Q1d1VEcWLU2hw8y4hBm6cTq63k="></latexit><latexit sha1_base64="8Q1d1VEcWLU2hw8y4hBm6cTq63k="></latexit>

F (X1 + X2)

=⌫

�
F (dtr1(c) + dtr2(c))

// F (F+(F+�0) + F+�0)

X1

_c1

OO

�dtr1(c)
// F+(F+�0)

_
J◆�1 ⇠=

OO

<latexit sha1_base64="mBiPcUzEVnXT/EunWUUBAMiaEQU="></latexit><latexit sha1_base64="mBiPcUzEVnXT/EunWUUBAMiaEQU="></latexit><latexit sha1_base64="mBiPcUzEVnXT/EunWUUBAMiaEQU="></latexit><latexit sha1_base64="mBiPcUzEVnXT/EunWUUBAMiaEQU="></latexit>

dtr2(A) : X2 �! P((A+)!)
<latexit sha1_base64="IBqOAPxehRwPv7K+/3ysTPNa7FU="></latexit><latexit sha1_base64="IBqOAPxehRwPv7K+/3ysTPNa7FU="></latexit><latexit sha1_base64="IBqOAPxehRwPv7K+/3ysTPNa7FU="></latexit><latexit sha1_base64="IBqOAPxehRwPv7K+/3ysTPNa7FU="></latexit>

dtr1(A) : X1 �! P(A+(A+)!)
<latexit sha1_base64="237Iff2hfzo5jrgob8KQQChHqZ0="></latexit><latexit sha1_base64="237Iff2hfzo5jrgob8KQQChHqZ0="></latexit><latexit sha1_base64="237Iff2hfzo5jrgob8KQQChHqZ0="></latexit><latexit sha1_base64="237Iff2hfzo5jrgob8KQQChHqZ0="></latexit>

We define                                                         and
                                                  by:

• We gave categorical definition

 35
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Logical Fixed Point vs. Categorical Fixed Point

 36

X1 + X2 A!

dtr(A)

trB(A)

[p1, p2]A+(A+)! + (A+)!

=

•           and           are connected by the 
“flattening function”
dtr(c)

<latexit sha1_base64="90CPAgdhJoz6DPSuUFgxkb1CqKc="></latexit><latexit sha1_base64="90CPAgdhJoz6DPSuUFgxkb1CqKc="></latexit><latexit sha1_base64="90CPAgdhJoz6DPSuUFgxkb1CqKc="></latexit><latexit sha1_base64="90CPAgdhJoz6DPSuUFgxkb1CqKc="></latexit>

trB(c)
<latexit sha1_base64="/OKhjj8tD5f9hLaBfQJFA6H4z2A="></latexit><latexit sha1_base64="/OKhjj8tD5f9hLaBfQJFA6H4z2A="></latexit><latexit sha1_base64="/OKhjj8tD5f9hLaBfQJFA6H4z2A="></latexit><latexit sha1_base64="/OKhjj8tD5f9hLaBfQJFA6H4z2A="></latexit>

• There exist functions that “removes” decorations

(A+)!

A+(A+)!

A!

p1

 ������
��

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p2 ��������<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

F (X1 + X2)

=⌫

�
F (dtr1(c) + dtr2(c))

// F (F+(F+�0) + F+�0)

F+(F+�0)

_
J◆�1 ⇠=

OO

X2

_c2

OO

�dtr2(c)
// F+�0

_J⇣ ⇠=
OO

<latexit sha1_base64="8Q1d1VEcWLU2hw8y4hBm6cTq63k="></latexit><latexit sha1_base64="8Q1d1VEcWLU2hw8y4hBm6cTq63k="></latexit><latexit sha1_base64="8Q1d1VEcWLU2hw8y4hBm6cTq63k="></latexit><latexit sha1_base64="8Q1d1VEcWLU2hw8y4hBm6cTq63k="></latexit>

F (X1 + X2)

=⌫

�
F (dtr1(c) + dtr2(c))

// F (F+(F+�0) + F+�0)

X1

_c1

OO

�dtr1(c)
// F+(F+�0)

_
J◆�1 ⇠=

OO

<latexit sha1_base64="mBiPcUzEVnXT/EunWUUBAMiaEQU="></latexit><latexit sha1_base64="mBiPcUzEVnXT/EunWUUBAMiaEQU="></latexit><latexit sha1_base64="mBiPcUzEVnXT/EunWUUBAMiaEQU="></latexit><latexit sha1_base64="mBiPcUzEVnXT/EunWUUBAMiaEQU="></latexit>

v.s.

FX �
// F⌫F

X1

_c1

OO

�
// ⌫F

_J⇣

OO

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

FX �
// F⌫F

X2

_c2

OO

�
// ⌫F

_J⇣

OO

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=µ
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=⌫
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

= A!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

= A!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> = (A+)!

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

= A+(A+)!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• We gave categorical counterpart
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Extension

 37

FX �
F ([u1,...,u2n])

// F⌃!

X1

_c1

OO

�u1
// ⌃!

_⇣

OO

FX �
F ([u1,...,u2n])

// F⌃!

X2

_c2

OO

�u2
// ⌃!

_⇣

OO

, , . . . ,

FX �
F ([u1,...,u2n])

// F⌃!

X2n

_c2n

OO

�u2n
// ⌃!

_⇣

OO

=⌫=µ =⌫⇠ = ⇠ = ⇠ =

• Büchi to Parity

F =
`

i ⌃i ⇥ ( )iF = A ⇥ ( )
<latexit sha1_base64="A1D75W/jy+t9hRWG+WliIT2oiNo="></latexit><latexit sha1_base64="A1D75W/jy+t9hRWG+WliIT2oiNo="></latexit><latexit sha1_base64="A1D75W/jy+t9hRWG+WliIT2oiNo="></latexit><latexit sha1_base64="A1D75W/jy+t9hRWG+WliIT2oiNo="></latexit>

• Words to Trees

(polynomial functor)

T = P T = G
• Nondeterministic to (generative) Probabilistic

(the sub-Giry monad)
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Summary
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trB(c) : X1 + X2 ! PA!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

language as       
alternating fixed-point

datatype as            
greatest fixed-point

language as       
greatest fixed-point

datatypes as            
alternating fixed-point

• Logical fixed point-based characterization

• Categorical fixed point-based characterization

• They coincide

dtr(c) : X1 + X2 ! P(A+)! + PA+(A+)!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Related Work
• Deterministic Muller automaton as a coalgebra

 [Ciancia & Venema, CMCS ’12]
- Trick with lasso characterization

➡ Coalgebra on Sets2

- Compared to our characterization:
‣ Final coalgebra-based characterization → well-behaved

‣ Characterization of simulation seems difficult 
‣ Finite-state restriction

Thm: Bisimilarity and language equivalence coincide
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Outline

 40

�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• Overview

• Short Preliminaries on Category Theory
• Categorical Trace Semantics for Büchi and Parity Automata      

(Chapter 3, [U., Shimizu & Hasuo, CONCUR ’16] [U., & Hasuo, CMCS ’18])

• Categorical Fair Simulation (Chapter 4, [U. & Hasuo, LMCS ’17])

• Categorical Ranking Function (Chapter 5, [U., Hara & Hasuo, LICS ’17])

•    -Scaled Submartingale for Probabilistic Programs and its Synthesis 
(Chapter 6, [Takisaka, Oyabu, U. & Hasuo, ATVA ‘18])

• Conclusion
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Overview

 41

Büchi automaton

fair simulation
categorical fair 

simulation

Categorically 
represented Büchi 

automaton

generalize

probabilistic Büchi 
automaton

“probabilistic fair 
simulation”concretize

Categorically prove soundness soundness

We use the categorical characterization of Büchi automata
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Simulation

 42

nondeterministic 
automaton

A
<latexit sha1_base64="UKsLqDUFAeS/0vIRvc/705DErZo="></latexit><latexit sha1_base64="UKsLqDUFAeS/0vIRvc/705DErZo="></latexit><latexit sha1_base64="UKsLqDUFAeS/0vIRvc/705DErZo="></latexit><latexit sha1_base64="UKsLqDUFAeS/0vIRvc/705DErZo="></latexit>

nondeterministic 
automaton

B
<latexit sha1_base64="KM5nMjlsDp6ZZYPUZZrQyqzSW78="></latexit><latexit sha1_base64="KM5nMjlsDp6ZZYPUZZrQyqzSW78="></latexit><latexit sha1_base64="KM5nMjlsDp6ZZYPUZZrQyqzSW78="></latexit><latexit sha1_base64="KM5nMjlsDp6ZZYPUZZrQyqzSW78="></latexit>

• Used to prove inclusion between transition systems

not accept oonot accept oo

accept oo

• Example：

• Problem: language inclusion is often a difficult problem

accept oo

(soundness of simulation)
L(A) ✓ L(B)

<latexit sha1_base64="CYZICweQoNxKItwu2WEhSvhgMUo="></latexit><latexit sha1_base64="CYZICweQoNxKItwu2WEhSvhgMUo="></latexit><latexit sha1_base64="CYZICweQoNxKItwu2WEhSvhgMUo="></latexit><latexit sha1_base64="CYZICweQoNxKItwu2WEhSvhgMUo="></latexit>

• A simulation from       to      existsA
<latexit sha1_base64="UKsLqDUFAeS/0vIRvc/705DErZo="></latexit><latexit sha1_base64="UKsLqDUFAeS/0vIRvc/705DErZo="></latexit><latexit sha1_base64="UKsLqDUFAeS/0vIRvc/705DErZo="></latexit><latexit sha1_base64="UKsLqDUFAeS/0vIRvc/705DErZo="></latexit>

B
<latexit sha1_base64="KM5nMjlsDp6ZZYPUZZrQyqzSW78="></latexit><latexit sha1_base64="KM5nMjlsDp6ZZYPUZZrQyqzSW78="></latexit><latexit sha1_base64="KM5nMjlsDp6ZZYPUZZrQyqzSW78="></latexit><latexit sha1_base64="KM5nMjlsDp6ZZYPUZZrQyqzSW78="></latexit>

)
<latexit sha1_base64="CtBB9LgO3i8ClrluGSxb1yu2GqI="></latexit><latexit sha1_base64="CtBB9LgO3i8ClrluGSxb1yu2GqI="></latexit><latexit sha1_base64="CtBB9LgO3i8ClrluGSxb1yu2GqI="></latexit><latexit sha1_base64="CtBB9LgO3i8ClrluGSxb1yu2GqI="></latexit>

the set of accepted words
L(A) ✓ L(B)

<latexit sha1_base64="CYZICweQoNxKItwu2WEhSvhgMUo="></latexit><latexit sha1_base64="CYZICweQoNxKItwu2WEhSvhgMUo="></latexit><latexit sha1_base64="CYZICweQoNxKItwu2WEhSvhgMUo="></latexit><latexit sha1_base64="CYZICweQoNxKItwu2WEhSvhgMUo="></latexit>

Prove that      can simulate       in a step-wise mannerA
<latexit sha1_base64="UKsLqDUFAeS/0vIRvc/705DErZo="></latexit><latexit sha1_base64="UKsLqDUFAeS/0vIRvc/705DErZo="></latexit><latexit sha1_base64="UKsLqDUFAeS/0vIRvc/705DErZo="></latexit><latexit sha1_base64="UKsLqDUFAeS/0vIRvc/705DErZo="></latexit>

B
<latexit sha1_base64="KM5nMjlsDp6ZZYPUZZrQyqzSW78="></latexit><latexit sha1_base64="KM5nMjlsDp6ZZYPUZZrQyqzSW78="></latexit><latexit sha1_base64="KM5nMjlsDp6ZZYPUZZrQyqzSW78="></latexit><latexit sha1_base64="KM5nMjlsDp6ZZYPUZZrQyqzSW78="></latexit>

(step-wise language inclusion)
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challenger simulator

• game-theoretic characterization

wins if it can continue to simulate

x2
a1

OO

x1
a0

OO

y1
a0

OO

y2
a1

OO

x0OO

A B
y0
OO

x01 y0 2

y1 4

y2 6
3 a0, x1

a1, x25

. .
.

. .
.

. .
.

. .
.

x3
a2

OO

y3
a2

OO

7 a2, x3 8y3

Def:

Forward Simulation [Lynch & Vaandrager, ‘95]
• Simulation notion for nondeterministic automata

def,
x

x0

y

a

OO

R

A B

9y0

a

OO

R

x

x0

y

a

OO

R

A B
)A vF B 9R.

simulator wins ,
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

forward simulation exists  43
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Fair Simulation [Etessami et al., ’05]

• Simulation notion for Büchi automata

challenger simulator

wins if it can continue to simulate, and

x0OO

A B

x2
a1

OO

x1
a0

OO

y0
OO

y1
a0

OO

y2
a1

OO

x01 y0 2

y1 4

y2 6
3 a0, x1

a1, x25

. .
.

. .
.

x3
a2

OO

y3
a2

OO

7 a2, x3 8y3

if challenger visits       infinitely then simulator also does
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• Representable as a parity game
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Kleisli Simulation [Hasuo ‘06]

 45

Nondet. automaton

Forward Simulation
[Lynch & Vaandrager, ’95] Generalize

Kleisli Simulation
[Hasuo, ’06]

Coalgebraically 
represented system

• Categorical generalization of forward simulation

Def:

FX

v

FY�Ff
oo

X

_c

OO

Y

_d

OO

�f
oo

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

A forward Kleisli simulation from                         to                         isc : X !p FX
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> d : Y !p FY
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• Definition of fair simulation requires if             occurs infinitely then                    
              or            occurs infinitely
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Def:
A (Kleisli, a-bounded) fair simulation with dividing from X to Y is an arrow f : Y !p X that satisfies the following conditions.

A. The arrow f : Y !p X is a forward Kleisli simulation from X to Y.

B. There exist a pair d11, d12 : Y1 !p FY of arrows such that [idFY , idFY ]� hhd11, d12ii = d1 and a pair of increasing transfinite sequences

f h0i
11 v f h1i

11 v · · · v f hai
11 : Y1 !p X1 and f h0i

12 v f h1i
12 v · · · v f hai

12 : Y1 !p X2,

such that a codomain join hhf hai
11 , f hai

12 ii exists for each a  a, and the following conditions are satisfied:

(a) (Approximate f11 and f12) We have f hai
11 = f11 and f hai

12 = f12.

(b) (f hai
11 ) For each a, c1 � f hai

11 v F
⇥
hhf hai

11 , f hai
12 ii, hhf21, f22ii

⇤
� d11 .

(c) (f hai
12 , the base case) If a = 0, then f hai

12 = ?.

(d) (f hai
12 , the step case) If a is a successor ordinal, then c2 � f hai

12 v F
⇥
hhf ha�1i

11 , f ha�1i
12 ii, hhf21, f22ii

⇤
� d12 .

(e) (f hai
12 , the limit case) If a is a limit ordinal, then the supremum

F
a0<a f

ha0i
12 exists and f hai

12 v
F

a0<a f
ha0i
12 .

We call the pair d11, d12 of arrows a dividing of d1, and the sequences f h0i
11 v · · · v f hai

11 and f h0i
12 v · · · v f hai

12 approximating sequences.
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// X1

_c1
OO

FY �F
⇥
hhfhai

11 ,fhai
12 ii, hhf21,f22ii

⇤
//

w
FX

Y1

_d12

OO

� fha+1i
12

// X2

_c2
OO
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• Dividing requirement is problematic for the probabilistic setting
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A (Kleisli a-bounded) fair simulation without dividing from X =
�
X, c, (X1, X2),

�
to Y =�

Y, d, (Y1, Y2),
�
is defined almost the same way as one with dividing, except that Condition 1 is

replaced by the following condition.

1’ There exists a pair of increasing transfinite sequences The components f11 : Y1 !p X1 and
f12 : Y1 !p X2 come

f h0i
11 v f h1i

11 v · · · v f hai
11 : Y1 !p X1 and f h0i

12 v f h1i
12 v · · · v f hai

12 : Y1 !p X2,

that satisfies Conditions 1(a), 1(c) and 1(e) and the following two conditions.

(b’) (f hai
11 ) For each a, c1 � f hai

11 v F
⇥
hhf hai

11 , f hai
12 ii, hhf21, f22ii

⇤
� d1 .

(d’) (f hai
12 , the step case) If a is a successor ordinal, then c2�f hai

12 v F
⇥
hhf ha�1i

11 , f ha�1i
12 ii, hhf21, f22ii

⇤
�

d12 .
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//

w
FX

Y1

_d1

OO

� fhai
11

// X1

_c1
OO

FY �F
⇥
hhfhai

11 ,fhai
12 ii, hhf21,f22ii

⇤
//

w
FX

Y1

_d1

OO

� fha+1i
12

// X2

_c2
OO
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• Not necessarily sound
• Two (categorical) additional conditions for soundness

(proposition 4.3.11 & 4.3.13)
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Büchi automaton

fair simulation
categorical fair 

simulation

Categorically 
represented Büchi 

automaton

generalize

probabilistic Büchi tree 
automaton

“probabilistic fair 
simulation”concretize

Categorically prove soundness soundness

Kleisli Fair Simulation for Probabilistic Büchi Automata
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Def:
An (a-bounded) fair simulation with dividing from A to B is a measurable function f : (Y,FY ) ! G(X,FX) that satisfies the following conditions

(for i, j 2 {1, 2}, we define fji : (Yj ,FYj ) ! G(Xi,FXi) by fji(y)(A) := f(y)(A \Xi) for y 2 Yj and A 2 FXi).

A. For each y 2 Y , n 2 N, a 2 ⌃n and A1, . . . , An 2 FX , we have:

Z

x2X
⌧(x)

�
{a} ⇥ A1 ⇥ · · · ⇥ An

�
f(y)( dx) 

Z

y1,...,yn2Y
f(y1)(A1) · · · · · f(yn)(An) · ✓(y)

�
{a} ⇥ dy1 ⇥ · · · ⇥ dyn

�
.

B. There exists a pair ✓11, ✓12 : Y1 ! G
�`

i2N ⌃n ⇥ Y n
�
of measurable functions such that ✓11(y)(A) + ✓12(y)(A) = ✓(y)(A) for each y 2 Y1 and

A 2 F`
i2N ⌃n⇥Y n . There also exist increasing transfinite sequences

f h0i
11  f h1i

11  · · ·  f hai
11 : Y1 ! GX1 and f h0i

12  f h1i
12  · · ·  f hai

12 : Y1 ! GX2,

of measurable functions with respect to the pointwise order such that the following conditions are satisfied:

(a) (Approximate f11 and f12) We have f hai
11 = f11 and f hai

12 = f12.

(b) (f hai
11 ) For each a, y 2 Y1 and A1, . . . , An 2 FX ,

Z

x2X1

⌧(x)
�
{a} ⇥ A1 ⇥ · · · ⇥ An

�
f hai
11 (y)( dx) 

Z

y1,...,yn2Y
f hai

(y1)(A1) · · · · · f hai
(yn)(An) · ✓11(y)

�
{a} ⇥ dy1 ⇥ · · · ⇥ dyn

�
.

Here f hai
: Y ! GX is defined by

f hai
(y)(A) :=

(
f hai
11 (y)(A) + f hai

12 (y)(A) (y 2 Y1)

f21(y)(A) + f22(y)(A) (y 2 Y2) .

(c) (f hai
12 , the base case) If a = 0, then f hai

12 (y)(X2) = 0 for each y 2 Y1.

(d) (f hai
12 , the step case) If a is a successor ordinal, then for each y 2 Y1 and A1, . . . , An 2 FX ,

Z

x2X2

⌧(x)
�
{a} ⇥ A1 ⇥ · · · ⇥ An

�
f hai
12 (y)( dx) 

Z

y1,...,yn2Y
f ha�1i

(y1)(A1) · · · · · f ha�1i
(yn)(An) · ✓12(y)

�
{a} ⇥ dy1 ⇥ · · · ⇥ dyn

�
.

Here f hai
is defined as above.

(e) (f hai
12 , the limit case) If a is a limit ordinal, then for each y 2 Y1 and A 2 FX2 , f

hai
12 (y)(A) 

W
a0<a f

ha0i
12 (y)(A) .
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• Dividing requirement
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• For finite-state probabilistic Büchi word automata, 
we can remove the dividing requirement

Def:
A fair matrix simulation from A to B is a matrix A 2 [0, 1]Y⇥X satisfying the following conditions. (Here MA ,i(a) 2 [0, 1]Xi⇥X ,

MB,j(a) 2 [0, 1]Yj⇥Y and Aji 2 [0, 1]Yj⇥Xi are the obvious partial matrices of MA (a) 2 [0, 1]X⇥X , MB(a) 2 [0, 1]Y⇥Y and A 2 [0, 1]Y⇥X ,
respectively. Moreover,  denotes the elementwise order between matrices.)

O. The matrix A is a substochastic matrix, i.e. 8y 2 Y.
P

x2X Ay,x  1.

A. The matrix A is a forward matrix simulation from A to B, i.e. 8a 2 A. A ·MX (a)  MY(a) ·A .

B. There exist a pair of increasing sequences of matrices of length a  !

A
h0i
11  A

h1i
11  · · ·  A

hai
11 2 [0, 1]Y1⇥X1 and A

h0i
12  A

h1i
12  · · ·  A

hai
12 2 [0, 1]Y1⇥X2

such that:

(a) (Approximate A11 and A12) We have A
hai
11 = A11 and A

hai
12 = A12.

(b) (Aa
11) For each a  a and a 2 A we have: Ahai

11 ·MX ,1(a)  MY,1(a) ·
0

BB@
A

hai
11 A

hai
12

A21 A22

1

CCA.

(c) (Aa
12, the base case) The 0-th approximant Ah0i

12 is the zero matrix O.

(d) (Aa
12, the step case) For each a < a and a 2 A: Aha+1i

12 ·MX ,2(a)  MY,1(a) ·
0

BB@
A

hai
11 A

hai
11

A21 A22

1

CCA.

(e) (Aa
12, the limit case) When a = !, (Ah!i

12 )y,x = supa0<!(A
ha0i
12 )y,x for each y 2 Y1 and x 2 X2.
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generative: X ! D(A ⇥ X)
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• Reactive probabilistic Büchi automata are more extensively 
studied as a (qualitative) language acceptor [Baier & Größer, ‘05]

LB
>0(x) =

n
w | Pr

�
w is accepted

�
> 0

o
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- Language inclusion is undecidable [Baier et. al., ’08]

- More expressible than nondeterministic Büchi [Baier & Größer, ‘05]

Future work

• Our notion can prove (quantitative) inclusion between           
generative probabilistic Büchi automata

8C ✓ A!.
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- For comparing probabilistic systems wrt. a logic

- Matrix simulation for probable innocence [Hasuo et al., ‘10] → security verification?
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Pr(A |= ')  Pr(B |= ')
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• Overview

• Short Preliminaries on Category Theory
• Categorical Trace Semantics for Büchi and Parity Automata      

(Chapter 3, [U., Shimizu & Hasuo, CONCUR ’16] [U., & Hasuo, CMCS ’18])

• Categorical Fair Simulation (Chapter 4, [U. & Hasuo, LMCS ’17])

• Categorical Ranking Function (Chapter 5, [U., Hara & Hasuo, LICS ’17])

•    -Scaled Submartingale for Probabilistic Programs and its Synthesis 
(Chapter 6, [Takisaka, Oyabu, U. & Hasuo, ATVA ‘18])

• Conclusion
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Overview

nondeterministic 
system

ranking function
categorically generalized 

ranking function

categorically 
represented system

generalize

probabilistic system

“probabilistic ranking 
function”concretize

We prove soundness at this level
- We follow existing result [Hasuo, ’15] for categorically 

characterizing behaviors of systems

“The system terminates”
“The system terminates
  in probability     OO”�

<latexit sha1_base64="jlijwPwKnHFHQa9AobeMu1kn17Y="></latexit><latexit sha1_base64="jlijwPwKnHFHQa9AobeMu1kn17Y="></latexit><latexit sha1_base64="jlijwPwKnHFHQa9AobeMu1kn17Y="></latexit><latexit sha1_base64="jlijwPwKnHFHQa9AobeMu1kn17Y="></latexit>

soundness

 54
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Ranking Function  [Floyd, ’67]

Def:

A function                              is a ranking function if:

for each nonaccepting state x

b : X ! N1

N [ {1}N1 =(                          )

○x
nonaccepting

○　○　○
a b c

!x
accepting

arbitrary
� min{a, b, c} + 1

min
x!x0

b(x0)+1  b(x)

• A method for checking reachability

• Example:

x0

x1

x2

x3

x4

u
x5

// //

OO

//

OO

oo

OO

//

012

111
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x0

x1

x2

x3

x4

u
x5

// //

OO

//

OO

oo

OO

//

012

111

Soundness of Ranking Functions

Thm: (see e.g. [Floyd, PSAM ’67])

)
b(x) < 1

b is a ranking function

and

an accepting state

is reachable from x

b(x) �
 
distance to an

accepting state from x

!
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Ranking Function → Ranking Arrow

for each nonaccepting state x

A function                              is a ranking function if:b : X ! N1

N [ {1}N1 =(                          )

Def:

min
x!x0

b(x0)+1  b(x)

Def:
An arrow                         is a ranking arrow wrt.                   if:b : X ! R (r, q,vR)

Def:
A ranking domain wrt. � : F⌦ ! ⌦ is a triple

( r : FR ! R, q : R ! ⌦, vR ) s.t.

1. R is a complete lattice and �c,r is monotone
2. q is monotone, ?-preserving and continuous

4. r is corecursive3. q � r v � � Fq

b vR r � Fb � c
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Categorical Ranking Function

 58

Def:
An arrow                         is a ranking arrow wrt.                   if:b : X ! R (r, q,vR)

Def:
A ranking domain wrt. � : F⌦ ! ⌦ is a triple

( r : FR ! R, q : R ! ⌦, vR ) s.t.

1. R is a complete lattice and �c,r is monotone
2. q is monotone, ?-preserving and continuous

4. r is corecursive3. q � r v � � Fq

b vR r � Fb � c

FX
v

Fb
// FR

r

✏✏

v

Fq
// F⌦

�

✏✏

X

c

OO

b
// R

q
// ⌦

fix a ranking domain

notion of ranking function
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Categorical Soundness Theorem
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Thm: (see e.g. [Floyd, PSAM ’67])

)
b(x) < 1

b is a ranking function

and

an accepting state

is reachable from x

?
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Categorical Characterization of Reachability
(see e.g. [Hasuo ’15])

• Reachability is often modeled as the least fixed point

coalgebra

FX

X

c

OO
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=µ
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F Jµ�Kc //

Jµ�Kc //
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• We model reachability as the least coalgebra-algebra 
homomorphism

algebra

F⌦

�

✏✏
⌦

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> ←ordered
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Categorical Soundness Theorem
Thm: (see e.g. [Floyd, PSAM ’67])

)
b(x) < 1

b is a ranking function

and

an accepting state

is reachable from x

Thm: (see e.g. [Floyd, PSAM ’67])

)
{x | b(x) < 1}

b is a ranking function
✓

(
x

�����
accepting states

reachable

)

Thm (soundness):

q � b v Jµ�Kc
b is a ranking arrow

)wrt. (r, q,vR)

FX

v

Fb
// FR

r

✏✏

v

Fq
// F⌦

�

✏✏

X

c

OO

b
//

Jµ�Kc

77

R
q

// ⌦v
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Concretization
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nondeterministic 
system

ranking function
categorically generalized 

ranking function

categorically 
represented system

generalize

probabilistic system

“probabilistic ranking 
function”concretize

“The system terminates”
“The system terminates
  in probability     OO”�
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soundnessone ranking domain induces
one notion of “ranking function”

• We induced two definitions of “probabilistic ranking function”
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Distribution-valued Ranking Function
For a probabilistic transition system, a function                                 
is a distribution-valued ranking function if:

b : X ! DN1

 
X

x02X

Pr(x ! x0) · b(x0)

!
�
[0, a � 1]

�
� b(x)

�
[0, a]

�

Def:

8a 2 N1.

By soundness of (categorical) ranking arrows,
Thm:

Pr

 
an accepting state

is reached from x

!
b(x)

�
[0,1)

�


Quantitative reasoning
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γ-scaled Submartingale
Def:

Quantitative reasoning

For                      , a function                                is 
a      -scaled submartingale if:

By soundness of (categorical) ranking arrows,

Thm:

Pr

 
an accepting state

is reached from x

!
b(x) 

� 2 (0, 1) b : X ! [0, 1]
�

�·
X

x02X

Pr(x ! x0) · b(x0) � b(x)
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Related Work
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• More popular problem: almost-sure termination
Pr

�
an accepting state is reached

�
= 1

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

- A ranking function-notion is known (ranking supermartingale)
[Chakarov & Sankaranarayanan, CAV ’13]

- Many existing work 
(e.g. [Esparza et. al., CAV ’12], [Fioriti & Hermanns, POPL ’15], etc…)

• In contrast, our notions can prove

Pr
�
an accepting state is reached

�
�

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(quantitative reasoning)
- Existing algorithm: [Chatterjee, Novotný & Žikelić, ’17]

- “basic and fundamental questions for the static analysis of 
probabilistic programs” ([Chatterjee, Novotný & Žikelić, ’17])

- We shall compare in the next part
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Outline
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• Overview

• Short Preliminaries on Category Theory
• Categorical Trace Semantics for Büchi and Parity Automata      

(Chapter 3, [U., Shimizu & Hasuo, CONCUR ’16] [U., & Hasuo, CMCS ’18])

• Categorical Fair Simulation (Chapter 4, [U. & Hasuo, LMCS ’17])

• Categorical Ranking Function (Chapter 5, [U., Hara & Hasuo, LICS ’17])

•    -Scaled Submartingale for Probabilistic Programs and its Synthesis 
(Chapter 6, [Takisaka, Oyabu, U. & Hasuo, ATVA ‘18])

• Conclusion

�
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Probabilistic Program + invariant + terminal configuration
Example
1 v := 10
2 {0 <= v} [ v < 1 ]
3 while 1 <= v do
4 {1 <= v} if prob ( 0 . 7 5 ) then
5 {1 <= v} v := v � 1
6 else
7 {1 <= v} v := v + 1
8 fi
9 od
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• probabilistic program 

if prob(0.2) then ...
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x := Gauss(0,1)
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‣ model for:
- randomized algorithms
- physical phenomena

‣while program 
+ probabilistic branching
+ probabilistic assignment

‣ specify reachable states

‣ specify accepting states
• terminal configuration

• invariant

‣make synthesis of γ-scaled submartingale easy
‣ synthesis algorithm exists (e.g. [Katoen et al., SAS ’10])
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Template-based Synthesis of Ranking Supermartingale
[Chakarov & Sankaranarayanan, CAV 2013], [Chatterjee et al., CAV 2016]

 68

② assign each 
　location a template

(linear template)
av + b
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① translate the program to 
　 a probabilistic control 
     flow graph

OO

ee99
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invariant accepting state

0.75
<latexit sha1_base64="ZzaORfU/sacJ7wB2rKSRGDPwpwU="></latexit><latexit sha1_base64="muewc0jzRutgpMXCF50i2BgLrOQ="></latexit><latexit sha1_base64="muewc0jzRutgpMXCF50i2BgLrOQ="></latexit><latexit sha1_base64="W+yXu+QTuKgHNvSdadNRKy3T3e8="></latexit> 0.25

<latexit sha1_base64="j3VNuxvYqujOvrKWMJ7FZ9S04ps="></latexit><latexit sha1_base64="laVEnGHlIQ0yuaAef1qwhoradag="></latexit><latexit sha1_base64="laVEnGHlIQ0yuaAef1qwhoradag="></latexit><latexit sha1_base64="Xn3qCZ/XShKbYHFAg50P7v5hdw0="></latexit>

v := v � 1
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v := v + 1
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v := 10
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v < 1
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③ reduce the axioms to 
     constraints on the parameters
8v 2 R
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v � 1 )
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v � 0 ) av + b � 0
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av + b �
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0.75(a(v � 1) + b) + 0.25(a(v + 1) + b) + 1
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Thm:
b is a ranking supermartingale

and b(x) < 1 ) Pr

 
an accepting state

is reached

!
= 1

A function                           is a ranking supermartingale if:b : X ! [0,1]

Def ([Chakarov & Sankaranarayanan, CAV ’13]):
P

x02X Pr(x ! x0) · b(x0) + 1  b(x)
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• Existing algorithm for ranking supermartingale is applicable

④ turn to a form solvable 
     with numeric solvers

linear programming 
problem

(solvable with LP solver)

Farkas’ lemma
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Our Implementation

 69

• Implemented in OCaml

• Input:
- probabilistic program

-  

• Output:

- an input for an LP solver (glpk)

• Experiments conducted on MacBook Pro laptop with a 
Core i5 processor (2.6 GHz, 2 cores) and 16 GB RAM

� 2 [0, 1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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Experimental Results I

 70

param. time (s) bound true prob.

1
n = 10
p = 0.1

0.023638 � 0.90437
1 � 1.3127

⇥ 10�86

n = 90
p = 0.1

0.021892 � 0.10757
1 � 2.8680

⇥ 10�10

n = 10
p = 0.9

0.018067 � 0
2.8680

⇥ 10�10

n = 50
p = 0.5

0.018341 � 0 0.5

2 C = 1 0.047402 � 0 —
C = 10 0.049987 � 0.75037 —
C = 20 0.053965 � 0.93285 —
C = 100 0.071837 � 0.95676 —

3
C = �0.01
D = 0.01

0.028786 � 0 —

C = �1
D = 1

0.027086 � 0 —

C = �1
D = 9

0.025237 � 0 —

C = �1
D = 99

0.025537 � 0 —
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9
>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>;
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9
>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>;
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• Linear template-based algorithm for probabilistic programs in 
literature 

simple random walk (gambler’s ruin 
problem) [Ash, ’70]

a model of air-conditioning control 
system [Chakarov et al, TACAS ’16]

an approximated model of pendulum 
[Steinhardt et al, ’12]
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Experimental Results II
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param. algorithm by Chatterjee et al. our algorithm true prob.

4 x = 10 � 1 � 5.2959 ⇥ 10�15 � 0.90347 —
x = 50 � 1 � 1.25427 ⇥ 10�14 � 0.58836 —
x = 100 � 1 � 1.8083 ⇥ 10�13 � 0.19448 —

5 x, y = 1000, 10 � 1 � 1.7674 ⇥ 10�16 � 0 —
x, y = 500, 40 � 1 � 1.2930 ⇥ 10�6 � 5.9952 ⇥ 10�15 —
x, y = 400, 50 � 1 � 1.4439 ⇥ 10�4 � 0 —

6 x, y, z = 100, 100, 100 � 1 � 1.91158 ⇥ 10�70 � 6.5725 ⇥ 10�14 —
x, y, z = 100, 150, 200 � 1 � 1.5420 ⇥ 10�54 � 3.2085 ⇥ 10�14 —
x, y, z = 300, 100, 150 � 1 � 2.1891 ⇥ 10�44 � 0 —

7 n, p = 10, 0.1 � 0.010200 � 0.90437 1 � 1.3127 ⇥ 10�86

n, p = 90, 0.1 > 0 � 0.10757 1 � 2.8680 ⇥ 10�10

n, p = 10, 0.9 � 0 � 0 2.8680 ⇥ 10�10

n, p = 50, 0.5 infeasible � 0 0.5
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• Comparison with existing algorithm [Chatterjee, Novotný & Žikelić, ’17]
- underapproximate reachability probability by synthesizing a repulsing 

supermartingale

• 4-6: examples used in [Chatterjee, Novotný & Žikelić, ’17]

• 7: simple random walk

• implementation is not provided
we compared probability bounds



/ 75

Outline

 72

�
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• Overview

• Short Preliminaries on Category Theory
• Categorical Trace Semantics for Büchi and Parity Automata      

(Chapter 3, [U., Shimizu & Hasuo, CONCUR ’16] [U., & Hasuo, CMCS ’18])

• Categorical Fair Simulation (Chapter 4, [U. & Hasuo, LMCS ’17])

• Categorical Ranking Function (Chapter 5, [U., Hara & Hasuo, LICS ’17])

•    -Scaled Submartingale for Probabilistic Programs and its Synthesis 
(Chapter 6, [Takisaka, Oyabu, U. & Hasuo, ATVA ‘18])

• Conclusion
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Conclusion

 73

• For ranking function,
• categorical generalization of ranking function
• concretization to probabilistic systems　

two types of “probabilistic ranking function”
• Implementation for γ-scaled submartingale

• For fair simulation,
- categorical characterization of Büchi automata
- categorical generalization of fair simulation
- concretization to probabilistic systems　　

                “probabilistic fair simulation”

Qualitative System

Existing
qualitative method

Categorically 
generalized method

Coalgebraically 
represented system

Generalize
Quantitative system

Quantitative method
Concretize
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