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/Ove rview . (& 3&

We give:

1. the A2, -calculus (andi;2-calculus):

a second-order polymorphic call-by-value calculus vextensional
universal types

2. e Ac2,-models:
categorical semantics fag2,-calculus

e monadici:2,-models:

categorical semantics fag2,-calculus with the focus on monadid
metalanguages like Haskell

3. relevant parametric models:
domain theoretic concrete models of monatliz,-models with a
reasonable class of monads including:

\ Lifting, Exception, Global State, Inp(@utput, and List monad /
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Introduction

/SystemFI (4 3&

Types o = a|blo - o|Ya.o (b: base typep

TermsM::= X|c7 |AX. M| MM |Aa.M | Mo (c”: constang

Typing Rules: All the rules in th@-calculus, and:

Sall'EM:o EII'tM: Va.o
FTV (I
Z|I't Aa.M Ya.o (@ ¢ () Z|I' Mt :o[1r/a]
Axioms: All the axioms in thetl-calculus, and:
(Aa.M)o = M|[o/a] AaMa=M (a¢FTV(M))

(Girard 1972, Reynolds 1974)

N /




Introduction
/Polymorphic Encodingsl (5/3m

1 =Vaa— «a

oXxt=Va.(c 517> a) > a (@ ¢ FTV (0, 1))

0 :=Vaa
c+7 =Va.(c—>a)>(T—>a)>a (@ ¢ FTV (0, 7))
da.sigma:= ¥Y8. (Va.(oc — B)) — B B+a,B¢FTV(0))

py.o =Vy.((c —y) > v)
vy.o =3y.((y - o) Xvy)




Introduction

/Parametricity I Cl 3&

relational parametricity is: (Reynolds 1983

e (binary) relation®R C 7 X v’ between types
e relational interpretation [ﬁ/c?] of typeso with relationsR

e the parametricity schema:
\7’,5. Yu: (Va/.a' [a/,ﬁ]) Y. V. VYRC X T (UT (0‘ [R/cy, e_>q3/ﬁ]) uT’)

linear parametricity Is: (Plotkin 1993)
e relationsk C r x v’ are restricted tadmissible relations

e admissible relations are intuitiveubalgebra®f product of the two
types

N

N /




Introduction

/Example of Parametric Reasoning (7/3m

For anyu: Va.a — «,

Aa.1a”.a=u
& VYa. (1a".a = ua) (typen-equality)

—VYa.Va a. (a= uaa) (n-equality)

Fora anda: «, let
R=(IX*a)CaXa

Then by parametricity,

ua (R - R) ua
Clearly,
aRa " (uad) R(uaa)
Hence
a = Uaa

N /




Introduction

//lc-calculus andn-equality I (8 3&

Typeso = Dblo—-o|T|loxo

TermsM = X|C7 | AX M| MM| = | (M, M) |71M | oM

ValuesV ::= X|c7 |[AX".M| % | (M, V) |m1V | 7oV
Evaluation Context€ ::= [-] |[EM|VE| (E,M) | {V,E) | mE|nE

(X" M)V = M [V/X] (VL Vo) =V, (i =1,2)
X Nx=V (x¢FV(V)) (t V. V) = V
V=x (V:7T) (AP E[m)M = E[M] (m¢ FV (E))

(Moggi 1988)

Ac2,-calculus:
(Aa.M)o = M|[o/a] AaMa=M (a¢FTV(M))

N /
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Calculi

//lc-calculusl (10/3%

Typeso = blo—-o|T|loxo

X[CT|AXT M| MM| * | (M, M) |7r1M | oM
ValuesV ::= X|c7 [AX".M| * | (M, V) |m1V | 7oV

Evaluation Context& ;= [-] |[EM|VE| (E,M) | {V,E) | mE|nE

TermsM ::

X.oel I'XorM:T 't M:oco—-17 I'eEN:o

I'tx:0o T'rtceo:o TrAXSM:o—>T1 't MN : 71
I'-rM:oc0 TP N:7 TTFM:oxt T'FM:oXrt

'k T I't(M,N):oXxt I'rmM:o I'kmoM i1

(AXT.M)V = M[V/X] (VL Vo) =V, (i =1,2)
X Nx=V (x¢FV(V)) (V. mV) = V
V=s (V:T) (AP .E[m)M = E[M] (m¢ FV (E))

\ (Moggqi 1988)/




Calculi
//lcz-calculusl (11/3%

Types o = ..|a|Ya.o ValuesV = ...|Aa.M
TermsM:= ...|Aa.M| Mo Evaluation Context€ ::= ...| Eo

Typing Rules: All the rules in tha.-calculus, and:

Sall'EM:o EII'tM:Va.o
FTV (T
ZII'+ Aa.M :Ya.o (@ ¢ () E|II't Mt :o[t/a]

Axioms: All the axioms in thel.-calculus (withE extended as above),
and:

(Aa.M)o = M[o/a] AaNa =V (a¢FTV(V))

N /




Calculi

//lczn-calculusl (17 3&

Types o = ..|a|Ya.o ValuesV::= ...|Aa.V|Vo
..| EO

TermsM: = ...|Aa.M| Mo  Evaluation Contexts ::

Typing Rules: the same as those In th@-calculus.

Axioms: All the axioms in thel.-calculus (withE extended as above),
and:

(Aa.M)o = M [o/a] AaMa=M (a¢ FTV(M))




Calculi

//lcz-calculus vs./lczn-calculusl (1 3&

Ac2-calculus:
Types o ::= ...|a|Va.o ValuesV:= ...|Aa.M
TermsM:= ...|Aa.M| Mo Evaluation Context€ ::= ...| Eo
(Aa.M)o = M[o/a] AaNa =V (a¢FTV(V))
Ac2,-calculus:
Types o ::= ...|a|Ya.or ValuesV:= ...|Aa.V|Vo
TermsM::= ...|Aa.M | Mo Evaluation Context€ ::= ...|Eo
(Aa.M)o = M [o/a] AaMa=M (a¢FTV(M))

(cf. ML)
N /




Calculi

KI'he Class of Monads

T:i=y|LTxT|TC|vy.TIC|TaT |uy.T

Lifting: (-) @1
Exception: (=) ®E
Global State: ((-) x S)°
Input: 4. (-) @B"
Output: y8. (<)@ (U x B)
List: yB.1e(-) x B

1432) \
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Categorical Semantics

/Polymorphic /lc-modelsl (16/3m

Definition 1. A polymorphicA.-modelconsists of

() a cartesian polymorphic fibration, i.e.
a fibration p : E — B which has products in the base category,
generic object2 and fibred products,

(i) a fibred strong monad on p satisfying the equalizing requirement
fiberwise, and

(i) fibred Kleisli exponentials:

“)xX
E, L>El N (E7)

\i/
U*l (X—=(-)) lU"T

J)xutX F
E; o E; —> (Et);

1

\ (U"X—(-)) /




Categorical Semantics

//lcz-model I (17/3%

Definition 2. Let p be a polymorphicl.-model,
F< be the change-of-base of the Kleisli embeddimgong(-) x Q,

andyrf_)’Q be the “weakening” fibred functor.

e Kleisli simple Q-products]]° is a fibred right adjoint functor to the

composite of-** andr(_, ,, and

e a A.2-modelis a polymorphici.-modelp which has Kleisli simple

Q-products.
7T*, F y
0 E(Q)\FQ & \F B — Eixq —> (ET)ixa
’ 1
E / ----- e B Er “*l I i(uxﬂ)*T
Q 7r*’ F iy
N L P e Ej —> Eja —= (B1)ixa
B B S~ 1~

\ /




Categorical Semantics

//lcz,,-models and Monadic/lCZ,,-modelsI (%ﬁ

Definition 3. A A¢2,-modelis a polymorphicil.-modelp whose Kileisli
fibration pt has simpleQ-products.

Definition 4. A monadici.2,-modelis a polymorphici.-model such that
p and pr has simpleQ-products and the Kleisli embeddi®g: p — pr
preserves them.

(identity on objects)
F
T C p T pr

effect™ alue U computation




Categorical Semantics

/A Characterization of Monadic /lCZ,,-modeII (19/3m

Lemma b.

e Letpbe a polymorphicl.--model s.t.p has simple-products.

p is a monadici.2,-model,

(i.e., pt has simpleQ-products and~ : p — py preserves simple
Q-products,) if and only if

the underlying fibred endofunctor of the morkagreserves simple
Q-products.

e For a A2-fibration and
a fibred strong monad on it satisfying the equalizing requirement,
If the underlying endofunctor preserves sim@groducts,
then they form a monadit:2,-model.

N /
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Concrete Models

/Classes of Monads for Monadiclczn-modelsl (21/3m

To=y|LTxT|TC vy T (1)
To=y|1|TxT|T¢|vy.T|C (2)
Ti=9y|TXT|T vy TIC|TT |uy.T (3)

(1) universality
(2) universality+ parametricity
(3) universality+ parametricity+ additional terms (fixed-point operator)

N /




Concrete Models

/Products and Powera (22 3&

Lemma 6. LetB be a cartesian category, aritl be any object oB.

(1) The subcategory dfiby consisting of all fibrations having simple
K-products, and all fibred functors preserving simglgroducts, is
cartesian subcategory.

(2) Let p be a fibration having simpl&-products and fibred finite
products. Then the fibred functoxs: px p— p,andl:1— p
preserve simpl&-products.

(3) Moreover assume thatis a fiored CCC. Then for any overlin p,
the “power” fibred functorX= (-) : p — p preserves simple
K-products.

N /




Concrete Models

/Final Coalgebras' (29 3&

Definition 7. For a fibred functorF : q — p=p,
If F has pointwise final coalgebras and the reindexings preserve them,
then we can define the “final coalgebras” fibred functoF : g — p.

Lemma 8. LetB be a cartesian categorys be an object oB,

P, q be fibrations having simplK-products, and

F . gx p— pbe afibred functor such that

its transpositioMF : g — p=p has final coalgebras as above.

Then, ifF preserves simpl&-products,
the fibred functofc (1F) : g — p also preserves simpl€-products.

(Typicallyq = p".)

N /




Concrete Models

/ConstantsI (24/3m

For ai2-fibration p and any objecK overl,
the “constant” fibred functoX : 1 — p preserves simpl@-products
If we assume parametricity.

This is possible by all already known types of parametricity including
relational parametricity, linear parametricity, and focal parametricity.

At this point, we can construct global state mon&ds x S)°
and output monadgs. (-) + (U xB) = (-) x (uB.1 + (U x B)).

N /




Concrete Models

/Coproductsl (25/3m

Au: (Va. (o + 1)).

case(ul) ofing & — ing (Aa.case(ua) of inga— a

liny b — “this case nothing’”
iny b’ — in; (Ac.case(ue) of ing a— “this case nothing’”
|in1 b—Db )

VYa.(o+71) > Ya.o+VYa.1

— We useLl for “this case nothing”.

N /




Concrete Models

/Initial Algebras I (26/3m

letf : (Va.uB.l+o xB) — (uB.1+ Ya.o xB)) =
Au: (Ya.uB.1+ o x B).case(ul) of Nil — Nil

|IConga’, as) — Cong Aa.case(ua) of Nil — “this case nothing”
|IConga,as) — a,
f(Aa.case(ua) of Nil — “this case nothing”

|IConga, a9 — as ))

— We use a fixed-point operator.

N /




Concrete Models

/Linear Parametric Models I (27/3%

L Fr
p-=|!$|Q! TCDTJ_TDT

| :aPILLy model (Birkedal et al. 2008),
l.e., A2-version of linear categories

which can also model fixed-point operators

Assumption. L preserves simpl@-products.

N /




Concrete Models

/Relevant Parametricity' (28/3m

Contraction term formation rule:

Z|ILAXoy:cFrM T
EINAX:crM[XyY]:T

and, moreover

0 CagmOT X T M:o' X7 o0oXT
(“M~1p" =) (X1 07,y 1 7) p (mM(XY) , 12M (X)) Cagm o’ X 7/




Concrete Models

/Separated Sumi (29/3%

Proposition 9. For a model satisfying the assumption thus far,
Its separated sums preserve sim@igroducts.




Concrete Models

/Linearly Initial Algebras I (3@3%

Proposition 10. For a modell satisfying the assumption thus far,
let q be a fibration which has the same base category and generic obje
Q as those of and p, and has simpl&-products.

Then for a fibred functoF : gx p — p preserving simpl&-products,
If the transpositiomF’ has initial algebras and also final coalgebras,
then thdinearly initial algebradibred functorU o ia(A1F’) :q— p
also preserves simple-products.

ax p<2_gxl

T

C



Concrete Models

/Summary and ExampIeI (31/3%

To=9y|TxT|T vy TIC|TST |wy. T

Theorem 11. For a modell satisfying the assumption thus far,

let T be a fibred strong monad gmsatisfying the equalizing requirement
If T is constructed inductively as above,
thenT and theA2-fibration p form a monadici;2,-model.

Example 12. (PFam(AP(D),), PFam(AP(D)), ...) :

the models of linear Plotkin-Abadi logic

constructed from domain theoretic PERs

(L. Birkedal, R. E. Mggelberg, and R. L. Petersen, 2007)

N /




Conclusion

/Future Work I (32 3&

e Dependent type theoretical approach is also available.

e powerset monads?
continuations monads?

e all lifting monads?
all commutative relevant monads?




