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n Formal 
on
ept:u Mathemati
al notion proposed by R.Wille in 1970'su Made for formal 
ontext(binary relation)u The set of all formal 
on
epts forms a 
omplete latti
eu Implies the features of a formal 
ontextn Formal 
on
ept analysis:The method is used to dis
over hidden information, su
h aspatterns and 
orrelations between attributes.
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Correlation of attributes.An attribute in the database uniquely determines otherattributes.n Fun
tional dependen
yFor relational databaseIntrodu
ed by E. Codd

n Impli
ationFor formal 
ontextIntrodu
ed by B. Ganter and R.WilleImpli
ation and fun
tional dependen
y are sound and 
ompletefor Armstrong's inferen
e rules.Further, to distinguish semanti
s and syntax, we give a 
omonproof.We give an example whi
h shows the di�eren
e betweenimpli
ation and fun
tional dependen
y.
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Let Y be a set of attributes and }(Y ) the power set of Y . Asubset T of }(Y ) is 
alled an intensional 
ontext on Y .

y0 y1 y2 � � �x0 1 1 0 � � � Tx0x1 1 1 1 � � � Tx1x2 0 1 0 � � � Tx2... ... ... ... ... ... $ T = fTx0; Tx1; Tx2; : : : g � }(Y ):

B#" = TfT 2 T j B � Tg for B � Y:We de�ne T � = f\A j A � T g: Then T � is the set of all formal
on
epts for an intensional 
ontext T

For 
onstru
ting 
on
ept latti
es, it is enough to treat with afamily of subsets of attributes instead of a formal 
ontext.We argue by using su
h framework.
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Let A;B;C and D be subsets of attributes.Armstrong's inferen
e rules are[A0℄ AB A [A1℄ ABBA [ C BB [A2℄ ABB B [ C BDA [ C BDArmstrong's inferen
e rules are equivalent to

[A0'℄ A � BABB [A1'℄ ABB C � DA [ C BB [D [A2'℄ ABB B B CAB C
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[A0℄ [A0'℄ A � AAB A[A1℄

[A1'℄ ABB C � ;A [ C BB[A2℄
[A2'℄ [A1'℄ ABB C � CA [ C BB [ C B [ C BDA [ C BD
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[A0'℄ [A1℄ [A0℄ B BBB [ ABB A � BABB[A1'℄
[A2℄ ABB [A0'℄ C � DB [ C � B [DB [ C BB [DA [ C BB [D[A2'℄

[A2℄ ABB [A1'℄ B B CB [AB CA [AB CAB C
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Let L be a set of dependen
ies. L ` ABB is de�nedArmstrong's inferen
e rules. (A dependen
y ABB is provablefrom L).Let Y be a set of all attributes, A a subset of Y . We de�ne asubset AL of Y by AL = fy 2 Y j L ` AB fygg.Lemma 1. If B is a �nite subset of Y thenL ` ABB $ B � AL:
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Let T be an intensional 
ontext on Y .T j=F ABB$ 8S; T 2 T : (S \ A = T \A! S \B = T \B):If T j=F ABB then ABB is 
alled a fun
tional dependen
y onT and a dependen
y ABB is valid (as fun
tional dependen
y)for an intensional 
ontext T on Y .

T = ff1; 2; 3g; f1; 2; 3g; f1; 2; 3g; f1; 2; 3ggfun
tional dependen
yT j=F f1gB f3g; T 6j=F f1gB f2g



Proposition

Introdu
tionIntensional 
ontextArmstrong'sInferen
e RulesFun
tionalDependen
yFun
tionaldependen
yPropositionImpli
ationSoundness andCompletenessDi�eren
e betweenImpli
ation andFun
tionalDependen
ySummary andOutlook

16 / 27

n (soundness) Let T be an intensional 
ontext and ABB adependen
y on Y .(A0') If A � B then T j=F ABB.(A1') If T j=F ABB and C � D thenT j=F A [ C BB [D.(A2') If T j=F ABB and T j=F B BC then T j=F ABC.

n Let A be a proper subset of Y . There exists a intensional
ontext T0 su
h that (T0 = fA; Y g)1. C � A i� T0 j=F ;B C,2. C 6� A i� T0 j=F C B Y .
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Let T be an intensional 
ontext on Y , and L a set ofdependen
ies.T j=I ABB $ 8T 2 T : (A � T ! B � T ):If T j=I ABB then ABB is valid (as impli
ation) for anintensional 
ontext T on Y or is 
alled an impli
ation on T .
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T = ff1; 2; 3g; f1; 2; 3g; f1; 2; 3g; f1; 2; 3ggT � = f'; f1; 2; 3g; f1; 2; 3g; f1; 2; 3g; f1; 2; 3g; f1; 3g;f1; 3g; f2g; f2g; Y gImpli
ationsT j=I f1gB f3gT 6j=I f1gB f3g
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Any intentional 
ontext T satis�es followings.n (soundness)1. T j=I AB A, (A0)2. If T j=I ABB then T j=I A [ C BB, (A1)3. If T j=I ABB and T j=I B [ C BD thenT j=I A [ C BD. (A2)n Let A be a proper subset of Y .There exists a set T0 su
h that (T0 = fAg)1. C � A i� T0 j=I ;B C,2. C 6� A i� T0 j=I C B Y .n Every dependen
y ABB satis�es1. T j=I ABB () T � j=I ABB.2. T j=I ABB () B � A#".
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T j=� L $ 8ABB 2 L: T j=� ABB.Theorem 1. Let ABB be a dependen
y, and L be a set ofdependen
ies on a �nite set Y . ThenL ` ABB $ 8T � }(Y ): (T j=� L ! T j=� ABB):(� = F or I)Fun
tional dependen
y and impli
ation are sound and 
ompletefor Armstrong's Inferen
e rules.
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Let T = ffa; bg; fb; 
g; f
gg.a b 
x ○ ○y ○ ○z ○The dependen
y fagB fbgSin
e fag#" = fa; bg. Therefore T j=I fagB fbg.For fb; 
g; f
g 2 T , both fb; 
g \ fag = f
g \ fag, andfb; 
g \ fbg 6= f
g \ fbg hold. Therefore T 6j=F fagB fbg.The dependen
y fagB f
gT j=F fagB f
g,T 6j=I fagB f
g.
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Let T be an intensional 
ontext.n For T , there is not often exit U � }(Y ) su
h thatT j=I ABB () U j=F ABB.n If Y 2 T then T j=F ABB ! T j=I ABB.n De�ne a set T 0 of subsets of Y byT 0 = f(S� [ T ) \ (T� [ S) j S; T 2 T g:Then1. T 0 j=I ABB () T j=F ABB:2. If T � T 0 � T �, then T j=F ABB () T j=I ABB.
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Summaryn fun
tional dependen
y is sound and 
omplete forArmstrong's inferen
e rules.n impli
ation of formal 
on
ept is 
omplete and sound forArmstrong's inferen
e rules.n an example whi
h shows the di�eren
e between impli
ationand fun
tional dependen
y.Future worksn the 
onditions in whi
h impli
ation and fun
tionaldependen
y are equivalent.
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