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It is a fundamental fa
t that Axiom of Choi
e and Zorn'sLemma are mutually equivalent in set theory.This talk aims to give a relational proof of the equivane
eof the axiom of 
hoi
e and Zorn's lemma in Dedekind(S
hr�oder) 
ategories.
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A Dedekind 
ategory is an algebrai
 system generalisingthe 
ategory of binary relations.A morphism in a Dedekind 
ategory will be denoted by ahalf arrow � : X + Y , and the 
omposite of a morphism� : X + Y followed by a morphism � : Y + Z will bewritten as �� : X + Z. Also we will denote the identitymorphism on X as idX .
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De�nition 1. A Dedekind 
ategory D is a 
ategory su
hthatDC1. Every hom-setD(X;Y ) = (D(X;Y );v;u;t;); 0XY ;rXY ) is a
omplete Heyting algebra with the least morphism 0XYand the greatest morphism rXY .DC2. A 
onverse operation ℄ : D(X;Y )! D(Y;X)satis�es (a) (��)℄ = �℄�℄, (b) (�℄)℄ = �,(
) If � v �0, then �℄ v �0℄.DC3. Dedekind formula �� u 
 v �(� u �℄
) holds.DC4. Residual 
omposition �� � is a morphism su
h that�℄Æ v � if and only if Æ v �� �. �
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� f ℄f v idY � � � univalent,� idX v ff ℄ � � � total,� univalent and total � � � fun
tion,� f ℄f = idY and idX v ff ℄ � � � surje
tion,� ff ℄ = idX and f ℄f v idY � � � inje
tion.
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[S
hr�oder Category℄ Every hom-set D(X;Y ) is a 
ompleteBoolean algebras, that is, � = ::� for all relations� : X + Y . (Where :� = �) 0XY .)[Subobje
ts℄ For all subidentities u : X + X (that is,u v idX) there exists an inje
tion i : S ! X su
h thatu = i℄i.[Power Obje
ts℄ For all obje
ts Y there exists amembership relation 3Y : }(Y ) + Y su
h that(3Y � 3Y ℄) u (3Y � 3Y ℄)℄ v id}(Y ) and for all relations� : X + Y there is a unique fun
tion �� : X ! }(Y )su
h that � = ��3Y .The relation �X = 3X � 3X℄ : }(X) + }(X) is 
alledthe power order on X.
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There are three types of relational axiom of 
hoi
e inDedekind 
ategories:(AC1) For all total relations � : X + Y there exists afun
tion f : X ! Y su
h that f v �.(AC2) For all relations � : X + Y there exists a partialfun
tion f : X ! Y su
h that f v � anddom(f) = dom(�).(AC3) All surje
tions have se
tions, that is, for allsurje
tions f : X ! Y there exists a fun
tion s : Y ! Xsu
h that sf = idY .(AC1), (AC2) and (AC3) are mutually equivalent in(rational or tabular) Dedekind 
ategories.
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De�nition 2. A relation � : X + X is 
alled a (partial)order if it is re
exive (idX v �), transitive (�� v �) andantisymmetri
 (� u �℄ v idX).Note that �℄ � � = � i� idX v � and �� v �.De�nition 3. A relation � : V + X is said to be a�-
hain if �℄� v � t �℄, or equivalently if � v � � (� t �℄).
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De�nition 4. Let � : X + X be a relation and V anobje
t.(a) � is 
omplete on V if for all relations � : V + X thesupremum sup(�; �) : V + X is total.(b) � is 
hain-
omplete on V if for all �-
hains� : V + X the supremum sup(�; �) : V + X istotal.(
) � is indu
tive on V if for all �-
hains � : V + X theupper bound � � � : V + X is total. �
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De�nition 5. Let � : X + X be a relation. A fun
tionx : V ! X is 
alled �-maximal if x� = x. �(Zorn's Lemma) (ZL) If an order � : X + X is indu
tiveon V , then there exists a �-maximal fun
tion x : V ! X.Our goal is to show the followingTheorem A. (AC) if and only if (ZL).Lemma 6. Let � : X + X be an order and � : V + X arelation. If � � � : V + X is total and � � � v � holds,then � � � is a �-maximal fun
tion. �
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Let � : X + Y be a relation. A fun
tion}(�) : }(X)! }(Y ) is a unique fun
tion su
h that}(�)3Y = 3X�, that is, }(�) = (3X�)�.}(X)3X �
}(�) // }(Y )3Y�X � / YProposition 7.(a) sup(3}(X);�X) = }(3X).(b) �X is 
omplete on all obje
ts V ,(
) The power obje
t }(X) forms a Boolean algebra (ifD is a S
hr�oder 
ategory). �
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For an inje
tion i : C ! }(X) we de�ne two relations3i : C + X and �i : }(X) + }(X) by 3i = i3X and�i = i�X i℄. It is obvious that �i = 3i � 3i℄.Lemma 8. Let Æ : X + X be a relation. If i : C ! }(X)is an inje
tion with i℄i = id}(X) u [3X � (3X � Æ)℄℄, thenthe indu
ed power order �i is 
hain-
omplete on allobje
ts V . V � / C�i �
i // }(X)�X�C i // }(X) �
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Proposition 9. Let � : X + X be a re
exive relation andi : C ! }(X) an inje
tion withi℄i = id}(X) u [3X � (3X � Æ)℄℄, where Æ = � t �℄.(a) If s : V ! C is a fun
tion, then s3i is a �-
hain.(b) If f : C ! X is a partial fun
tion with f v 3i � �,then there exists a fun
tion g : C ! C su
h thatg3i = 3i t f . �



�-Adjun
t Fun
tions

Introdu
tionDedekind CategoryDedekind CategoriesFun
tions and UnitAssumptionsRelational ACOrdersOrders (2)Zorn's LemmaPower Obje
tsLemma 8The Obje
t ofChains�-Adjun
t Fun
tionsTowersTowers (2)Fixpoint Theorem(AC)! (ZL)(AC)! (ZL) (2)(AC)! (ZL) (3)(ZL)! (AC)

14 / 21

De�nition 10. Let � : X + X be a relation. A fun
tiong : X ! X is 
alled �-adjun
t if g v � and� u g�℄ v idX t g.Note. [S
hr�oder℄ � u g�℄ v idX t g $ g v :(�<�<).Proposition 11. [S
hr�oder℄ Let � : C + C be an orderand f : C ! X a partial fun
tion. If � = "� "℄ for arelation " : C + X, then every fun
tion g : C ! Csatisfying g" = " t f is �-adjun
t. �
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A relational version of the 
on
ept of towers will bede�ned as follows:De�nition 12. Let � : X + X be a relation andg : X ! X a fun
tion. A relation � : V + X is 
alled a(�; g)-tower if(T1) sup(�; �) v � for all �-
hains � : V + X with� v � ,(T2) �g v � . �
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The universal relation rV X is a (�; g)-tower and so(�; g)-towers do exist.The meet of all (�; g)-towers � : V + X is also a(�; g)-tower and is the minimum (�; g)-tower.Therefore for ea
h obje
t V the minimum (�; g)-tower�0 : V + X exists.The minimum (�; g)-tower �0 will play an important r^ole toprove a �xpoint theorem below.
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Now we will show a �xpoint theorem.Theorem 13. [S
hr�oder℄ Let � : X + X be an order,g : X ! X a �-adjun
t fun
tion and �0 : V + X theminimum (�; g)-tower. Set � = �0 	 (�℄ t �) and� = �0 u [�	 (�℄ t g�)℄.(a) � is a (�; g)-tower,(b) � is a (�; g)-tower,(
) �0 is a �-
hain,(d) sup(�0; �)g v max(�0; �),(e) If � is 
hain-
omplete, then sup(�0; �)g = sup(�0; �).�
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Theorem B. [S
hr�oder℄ (AC) ! (ZL).Proof. Assume that an order � : X + X is indu
tive onV . By the virtue of Lemma 6 it suÆ
es to �nd a �-
hain� : V + X with � � � v �. Using the existen
e ofsubobje
ts [Subobje
ts℄ we 
an 
onstru
t an inje
tioni : C ! }(X) withi℄i = id}(X) u (3X � [3X � (� t �℄)℄℄):By Lemma 8 the indu
ed order �i = i�X i℄ : C + C is
hain-
omplete.
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De�ne a relation � : C + X by� = (3i � �) u 3i�:Then by (AC2) there is a partial fun
tion f : C ! X su
hthat f v � and dom(f) = dom(�).}(X) 3X "EEEEEEEEC � /f //i OO
XBy Proposition 9(b) there exists a fun
tion g : C ! Csu
h that g3i = 3i t f . Moreover, g is �-adjun
t byProposition 11.
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Hen
e by Fixpoint Theorem 13(e) there exists a fun
tions : V ! C su
h that sg = s. It is easy to see sf = 0V Xfromsf v sg3i u s3i� f f v g3i and f v � v 3i� g= s3i u s3i� f sg = s g= 0V X ; f s3i� = (s3i)� gand so s� = 0V X froms� = sdom(�)� f � = dom(�)� g= sdom(f)� f dom(�) = dom(f) g= s(ff ℄ u idC)�= 0V X : f sf = 0V X gTherefore we have s� = (s3i � �) u (s3i)� = 0V C , thatis, s3i � � v s3i. This 
ompletes the proof, be
ause� = s3i is a �-
hain by Proposition 9(a). �
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In set theory the proof is an appli
ation of Zorn's lemma.However in relational 
ase there is a 
ertian gap betweenthe maximality and the totality for partial fun
tions.So the relational proof requires some other idea : : :.An obje
t I is 
alled a unit i� 0II 6= idI = rII andrXIrIY = rXY for all obje
ts X and Y .
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