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Introduction

It is a fundamental fact that Axiom of Choice and Zorn's
Lemma are mutually equivalent in set theory.

This talk aims to give a relational proof of the equivanece
of the axiom of choice and Zorn's lemma in Dedekind
(Schroder) categories.
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Dedekind Category

A Dedekind category is an algebraic system generalising
the category of binary relations.

A morphism in a Dedekind category will be denoted by a
half arrow a : X — Y, and the composite of a morphism
a: X — Y followed by a morphism 8 :Y — Z will be
written as af8 : X — Z. Also we will denote the identity
morphism on X as idy.
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Dedekind Categories

Definition 1. A Dedekind category D is a category such
that

DC1. Every hom-set
D(X,Y)=(D(X,Y),E,N,U,=,0xy,Vxy) is a
complete Heyting algebra with the least morphism 0xy
and the greatest morphism V xy.

DC2. A converse operation ¥ : D(X,Y) — D(Y, X)
satisfies (a) (a8)* = Bfaf, (b) (af)f =
(c) If « C o, then of C o'f.

DC3. Dedekind formula a8 M~ C a(B M afy) holds.

DC4. Residual composition oo © 5 is a morphism such that
af§ C Bifand only if 6 C o © S. ]
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o fif Cidy
o idx C fff

e univalent and total
o fif =idy and idy C ff*
o fff=idyx and f'f C idy

Functions and Unit

univalent,

total,

function,
surjection,

Injection.
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Assumptions

[Schroder Category] Every hom-set D(X,Y) is a complete
Boolean algebras, that is, = ——a« for all relations
a: X —Y. (Where ~a=a= 0xy.)

[Subobjects| For all subidentities u : X — X (that is,
u C idx) there exists an injection ¢ : S — X such that
u = ",

[Power Objects| For all objects Y there exists a
membership relation 3y : p(Y) — Y such that

(3y © Byu) N3y © Byj‘i)ti C id,,(y) and for all relations
o : X — Y there is a unique function a® : X — p(Y)
such that a = a®>y.

The relation Exy = >x O dx* : p(X) — p(X) is called
the power order on X.
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Relational Axiom of Choice

There are three types of relational axiom of choice in
Dedekind categories:

(AC1) For all total relations v : X — Y there exists a
function f : X — Y such that f C «a.

(AC2) For all relations oo : X — Y there exists a partial
function f : X — Y such that f C « and
dom(f) = dom(a).

(AC3) All surjections have sections, that is, for all
surjections f : X — Y there exists a function s: Y — X
such that sf = idy.

(AC1), (AC2) and (AC3) are mutually equivalent in
(rational or tabular) Dedekind categories.
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Orders

Definition 2. A relation £ : X — X is called a (partial)
order if it is reflexive (idx C &), transitive (£€ C £) and
antisymmetric (£ M &% C idx).

Note that ¥ O ¢ = € iff idy C & and &€ C €.

Definition 3. A relation o0 : V — X is said to be a
¢-chain if ofo C U EE, or equivalently if o C o © (€L EP).
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Orders (2)

I g Definition 4. Let £ : X — X be a relation and V' an

Dedekind Category .
Dedekind Categories ObJeCt.

Functions and Unit

Assumptions (a) & is complete on V if for all relations o0 : V' — X the
gi:aa::nal [ supremum sup(o, &) : V — X is total.

(b) & is chain-complete on V if for all £-chains

Power Objects O . V e X the SUpremum Sup(O', g) . V e X |S
'Ii'ine:mgl])jict of tota l .

gh::_‘s - (c) & is inductive on V if for all £-chains 0 : V' — X the
= junc unctions .

Towers upper bound c © £ : 'V — X is total. []
Towers (2)

Fixpoint Theorem

(AC) — (ZL)

(AC) — (ZL) (2)
(AC) — (ZL) (3)
(ZL) — (AQ)
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Zorn’s Lemma (ZL)
Definition 5. Let £ : X — X be a relation. A function
x:V — X is called é&-maximal if € = x. []

(Zorn’s Lemma) (ZL) If an order £ : X — X is inductive
on V, then there exists a £&-maximal function z : V — X.

Our goal is to show the following
Theorem A. (AC) if and only if (ZL).

Lemma 6. Let £: X — X beanorderando:V — X a
relation. If c © & : V — X is total and 0 © £ C o holds,
then o © £ is a £&-maximal function. []
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Power Objects

Let « : X — Y be a relation. A function
o(a) : p(X) = p(Y) is a unique function such that

o(a)dy = dxa, that is, p(a) = (3xa)®.
p()
p(X) —=p(Y)
=5e oY
X Y

Proposition 7.

(a) sup(34(x),Ex) = p(5x).
(b) =x is complete on all objects V,

(c) The power object p(X) forms a Boolean algebra (if

D is a Schroder category).

]
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Lemma 8

For an injection 7 : C' — p(X) we define two relations
5;:C — X and Z; : p(X) — p(X) by 5, =i>x and
=, = iZyi?. It is obvious that Z; = 3, © 3,1,

Lemma 8. Let 6 : X — X be a relation. If ¢ : C — p(X)
is an injection with % = id,x) M [5x © (3x © )], then
the induced power order =; is chain-complete on all
objects V.

V—"—C —> p(X)
EzJ JEX
C — p(X)

(
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The Object of Chains

il Proposition 9. Let £ : X — X be a reflexive relation and
Dedekind Category

Dedekind Categories 1:C — @(X) an injeCtion with
Functions and Unit ij'l/ — |dgg(X) B [9X @ (9X @ 5)]1]’ Where 5 — f || gﬂ

Assumptions

(F;iﬂa:risonal [ (a) If s:V — C'is a function, then s3; is a {-chain.
out e] (b) If f:C — X is a partial function with f C 35; © &,
Power Objects then there exists a function g : C' — C' such that

Lemma 8 Lo .
The Object of 992 - 9’1, L f |:|
Chains

&-Adjunct Functions
Towers

Towers (2)
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¢-Adjunct Functions

Definition 10. Let £ : X — X be a relation. A function
g: X — X is called &-adjunct if g E € and
Mg Cidy U g.

Note. [Schroder] ¢Mgéf Cidx LU g« g C —(6-£€L).

Proposition 11. [Schroder] Let £ : C' — C be an order
and f: C — X a partial function. If £ = O £ for a
relation € : C' — X, then every function g : C' — C
satisfying ge = ¢ Ul f is &-adjunct. []
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Towers

A relational version of the concept of towers will be
defined as follows:

Definition 12. Let £ : X — X be a relation and
g : X — X a function. A relation 7: V — X is called a
(&, g)-tower if

(T1) sup(o,&) E 7 for all £-chains 0 : V' — X with
ol T,

(T2) 7TgC . ]
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Towers (2)

The universal relation Vy x is a (£, g)-tower and so
(&, g)-towers do exist.

The meet of all (&, g)-towers 7: V — X is also a
(&, g)-tower and is the minimum (&, g)-tower.

Therefore for each object V' the minimum (&, g)-tower
70 : V — X exists.

The minimum (&, g)-tower 79 will play an important role to
prove a fixpoint theorem below.
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Fixpoint Theorem

Now we will show a fixpoint theorem.

Theorem 13. [Schroder] Let € : X — X be an order,
g: X — X a &-adjunct function and 79 : V — X the
minimum (&, g)-tower. Set u = 19 S (£F L ¢) and

v =1 [p 6 (§UgE).

(a)
(b)
()
(d)
(e)

visa (&, g)-tower,

pis a (&, g)-tower,

To IS a &-chain,

sup(7o,§)g C max(7o,§),

If £ is chain-complete, then sup(m,&)g = sup(7, §).
[]
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Theorem B. [Schroder] (AC) — (ZL).

Proof. Assume that an order £ : X — X is inductive on
V. By the virtue of Lemma 6 it suffices to find a &-chain
o:V — X with 0 © £ C 0. Using the existence of
subobjects [Subobjects] we can construct an injection

i 0 C'— o(X) with

i'i =id,x) N (Ox © [Px © (U EH]).

By Lemma 8 the induced order =; = i2xit: C — Cis
chain-complete.
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Define a relation o : C' — X by
a= (3,08 M3 .

Then by (AC2) there is a partial function f : C — X such
that f C « and dom(f) = dom(a).
X)

pfi\

SX

— <X
f

By Proposition 9(b) there exists a function g : C' — C

such that g3, = 3; U f. Moreover, g is £-adjunct by

Proposition 11.
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Hence by Fixpoint Theorem 13(e) there exists a function
s:V — (C such that sg = s. It is easy to see sf = Oy x
from

sf sg2;Ms3;~ {fEgd and fEaLL 3 }
s3;,Ms>,~ {sg=s}

Ovx, {837 =(83i)" }

Il

and so sa = Oy x from

sq s dom(a)a { a =dom(a)a }

sdom( f)a { dom(«) = dom(f) }
s(fffMide)a
Dz {sf=0yx}

Therefore we have sa = (s3; © &) M (s3;)~ = Oy, that
IS, s3; © & C s3;. This completes the proof, because
o = s$3; is a £-chain by Proposition 9(a).

]
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In set theory the proof is an application of Zorn's lemma.

However in relational case there is a certian gap between
the maximality and the totality for partial functions.

So the relational proof requires some other idea .. ..
An object I is called a unit iff 077 # id;y = V7 and
VxiVriy = Vxy for all objects X and Y.
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