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This paper contributes a feedback operator, in the form of a monoidal trace, to the
theory of coalgebraic, state-based modelling of components. The feedback operator on
components is shown to satisfy the trace axioms of Joyal, Street and Verity. We employ
McCurdy’s tube diagrams, an extension of standard string diagrams for monoidal
categories, for representing and manipulating component diagrams. The microcosm
principle then yields a canonical “inner” traced monoidal structure on the category of
resumptions (elements of final coalgebras / components). This generalises an observation
by Abramsky, Haghverdi and Scott.

1. Introduction

The subject of study in the field of coalgebra is state-based computation. A computer is a
device that has an internal state, roughly given by the content of all its memory cells and
registers, that is not directly observable. However, a user can observe and modify part of
this state via I/O devices, such as a screen or keyboard. Very abstractly, such a computer
is captured as a coalgebra X — F(X), where X represents the state, and F' captures
the type of operations (for observation and modification) that one can perform on these
states. A simple example is a deterministic automaton of the form X — (X x B)? where
A is a type for input, and B for output.

The coalgebraic view on state-based systems yields a generic view, for instance, on
bisimilarity (indistinguishability of states) and compositionality (see e.g. (Turi and Plotkin,
1997)), and on modal logic (see e.g. (Kurz and Pattinson, 2005)), giving a way to reason
about properties of states with dynamic operators like ‘nexttime’. Here we use coalgebras
to (further) develop a calculus of components, which describes various ways of combining
components (smaller subsystems) into larger systems. Numerous component calculi have
been proposed for the purpose of aiding modular design of complex systems, such as
Reo (Arbab, 2004). The existing component calculi come with different sets of (typically
several) component connectors. In earlier work (Hasuo et al., 2009; Asada and Hasuo,
2010) we have focused on the very core subset of such calculi, with sequential composition
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and parallel composition only. In this paper we add a feedback operator to this calculus,
in the form of a trace.

This calculus may be understood as a many-sorted process algebra that acts directly
on systems; by employing the microcosm principle we obtain process algebraic operators
on behaviours, too, see (Hasuo et al., 2008; Hasuo et al., 2009).

A categorical approach to system composition has been developed in (Katis et al.,
1997) based on bicategories. The bicategorical aspect comes up if one uses components
as morphisms, because composition of components is associative only up to isomorphism,
see Lemma 4.2.3 below. This approach is extended in (Barbosa, 2001; Barbosa, 2003) with
monads, to allow for different kinds of computation (Moggi, 1991). Here, like in (Hasuo
et al., 2008; Hasuo et al., 2009) we take a slightly different approach and use components
as objects in a category, with fixed input and output. In order to deal with relabelling of
input and output, we need to organise the whole as an indexed category. This indexing
however is straightforward and poses no technical obstacles.

A crucial ingredient that is missing so far in these calculi of components is feedback.
It makes it possible to include “loops” in diagrams of components, in order to capture
recursive flows. Here we extend coalgebraic component calculi with such a feedback mech-
anism, in the form of a trace operator. Traces as feedback operators have been introduced
abstractly in (Joyal et al., 1996). Here we essentially follow this framework, but the re-
quired identities for these traces only hold up to isomorphism (just like for composition).
The traces that we introduce for coalgebraic components are based on the trace construc-
tion in Kleisli categories from (Jacobs, 2010). In his thesis Barbosa discusses a “partial
feedback” operator (see (Barbosa, 2001, Ch.5,851)) but it is not a proper trace operator
(in the sense of (Joyal et al., 1996)) because it does not have the right type, nor the right
behaviour.

For components it is very useful to have a diagrammatic language that makes it possi-
ble to build a composite system in a picture with lines representing connections between
them. There is a standard language of string diagrams for monoidal categories, see (Pen-
rose, 1971; Joyal and Street, 1991). Here we employ McCurdy’s extension (McCurdy,
2010)—which we call tube diagrams—for capturing coalgebraic components and their
connections. This language can be used to reason about coalgebraic components, via
specific diagrammatic manipulations, see Section 5. The additional (third) dimension—
obtained by using tubes rather than strings—is needed because in our calculus input can
be structured both multiplicatively (with tensor ®) and additively (with coproduct +).
The feedback/trace operator works with respect to this additive structure.

The additional trace operator for components embodies iteration in data processing—a
fundamental concept in computer science. Our theory is generic because it is parametrised
by a monad T: the monad represents the computational effect that makes an iterated
function “total”. The prototypical example of such effect is partiality (i.e. T =1+ (—),
the lift monad) but non-determinism and probability also fits in. To demonstrate the
versatility of our results, we derive the traced monoidal structure of the category of
T-resumptions, in a canonical manner. This generalises the observation in (Abramsky
et al., 2002): there the authors focus on the partiality effect (i.e. T = 1+ (-)) and
the trace operator on resumptions is introduced in concrete terms. Here we, instead,
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derive trace operators on various resumptions uniformly from the trace operators on
components, in the style of (Krsti¢ et al., 2001). The derived traced monoidal category
lives in the “traced monoidal bicategory” of components, providing an instance of the
microcosm principle (Baez and Dolan, 1998; Hasuo et al., 2008; Hasuo et al., 2009).
Another way to look at our construction is that it uniformly transforms the traced
monoidal category of T-computations (namely the Kleisli category K¢(T)) into the traced
monoidal category of T-strategies (identified with T-resumptions). By further applying
the Int-construction (Joyal et al., 1996), one obtains the compact closed category of
(stateful) T-games, as pointed out in (Abramsky and Jagadeesan, 1994).

The paper is organised as follows. After some preliminary material it starts in Section 3
with the fundamental operator of ‘state extension’ that adds a state object, either on the
left or on the right, to a coalgebraic component. It will play an important role in the rest of
the paper, for instance in Section 4 on the various composition operators: sequential >3,
multiplicative parallel || and additive parallel 0. Subsequently, Section 5 describes the
tube calculus, with several distributivity results. Section 6 defines traces for components
and proves that the trace axioms hold; this is our main contribution. Finally in Section 7
we identify the category of resumptions as an “inner” traced monoidal category in that
of components.

2. Preliminaries

The basic setting is described by a category C with some structure and a monad 7" on
C. We assume in the first place that C is a symmetric monoidal category with tensor
®: C x C — C and tensor unit I € C, together with canonical isomorphisms:

X@YeZ)—XeY)eZ 06X —X XoY—YeX (1)

IR

One often writes p = Ao ~v: Xol-—=X.

We assume that the monad T' = (T,n, 1) on C is symmetric monoidal (also known
as commutative), via a natural transformation with components dst: 7(X) ® T(Y) —
T(X ®Y) interacting appropriately with the monoidal isomorphisms (1) and with the
unit 1 and multiplication p of the monad. For this natural transformation dst we write
st=dsto (n®id): XT(Y) - T(X ®Y) for the ‘strength’ map of the monad. The
abbreviation ‘dst’ stands for ‘double strength’.

The Kleisli category of the monad T is written as K¢(T'). Usually we write a fat dot e
for composition in K¢(T'), if we wish to distinguish it from ordinary composition o in C.
The inclusion functor J: C — K¢(T), given by X — X and f — n o f is sometimes not
written explicitly, when context allows so.

We also assume that the category C has (distributive) coproducts +,0, written also
as || when indexed over a set. The associated coprojections will be written as x;: X; —
X1+ X5, and cotupling of f;: X; — Y is written as [f1, f2]: X1+ X2 — Y. Distributivity
here means that the tensor ® distributes over coproducts (0,+). In the binary case this
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means that the canonical maps:

def

id K1,id K
ds:<X®A+X®BLinggi

X®M+BD 2)

are isomorphisms. Additionally, the canonical map 0 — X ® 0 is an isomorphism; this is
the nullary case of distributivity. Notice that if the category C is monoidal closed, these
isomorphisms automatically exist, since X ® — is then left adjoint to exponentiation
X —o (-).

We list some elementary equations for this distribution map dis that will be used later.
The proofs are easy and left to the reader.

Lemma 2.1. The distribution map dis defined in (2) satisfies

1 naturality: diso (f@g+ f®@h)=(f ®(9+ h)) odis;

2 «ao (id®dis) o dis = dis o (a + «);

3 Aodis=A+ A L]

There are also rules regulating the interaction of this distribution map (2) with the
monoidal isomorphisms associated with coproducts. We shall label them with a +, as in
a4, in order to distinguish them from the isomorphisms for ®.

Lemma 2.2. The distributivity map dis interacts with the monoidal isomorphisms for
+ as:

1 Interaction with p:

XoAd+0—2 s x@A
id+!
XRA+X®0
disl idop
X®(A+0) L L X®A

2 Interaction with v4:

X9A+X@B—+ S X@B+X®A

i) L

X®(A+B) — X o (B+A)

3 Interaction with ay:

(X@A)+(X®C)+(X®D)) — (X®A)+(X®C))+ (X ®D)

id+dis | | dis+ia
(X®A)+ (X®(C+ D)) (X®(A+C))+(X®D)
dis | — | dis
X @ (A+(C+ D)) X®((A+C)+ D) 0
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3. Coalgebraic components and state extension

This section describes the basic construction of what we call ‘state extension’ for coalge-
braic components. It serves as an auxiliary operator for the constructions like composi-
tion and trace in later sections. Formally, state extension is described as an action of a
(monoidal) category on a category of components, see (Janelidze and Kelly, 2001). This
insight is not important for what follows, so it is elaborated separately in Section 3.1.

Like in (Barbosa, 2001; Barbosa, 2003; Hasuo et al., 2009) we consider coalgebraic
components of the form:

X®A—-T(X®B) (3)

where X is the state space, A the type/object of inputs and B the type of outputs. In
general we shall use letters like X,Y, Z, U,V for states and A, B,C for in/outputs. The
monad T captures the type of computation involved, following the standard approach in
monadic computation. For instance, non-deterministic for T=powerset, partial for T=lift,
probabilistic for T=distribution, with side-effects for 7' = (S x —)* with S for states, or
even deterministic for T=identity. Throughout this article 7" will be used as parameter.
It will be made explicit when certain additional requirements are needed. Often this T’
is invisible, when we are working in the Kleisli category K¢(T) of T

Strictly speaking the map ¢ in (3) is not a coalgebra. In case the category C is closed,
with —o as exponent (internal hom), this map ¢ may equivalently be written in coalgebra
form X — A — T(X ® B). By using the form (3) we can work without the closedness
assumption on the category C.

For fixed objects A, B € C we thus have a category of such coalgebraic components
which we shall write as Comp(T, A, B). A morphism

(X@A%TM@B»—J—%Y®A$TW®B» (4)
in Comp(T,A,B) isamap f: X — Y in C satisfying T(f ® idg) oc =d o (f ® ida).
There is thus an obvious forgetful functor Comp (7, A, B) — C that maps a coalgebraic
component to its underlying state.

Each “pure” map f: A — B in C gives rise to a coalgebraic component written as arr f
in Comp(T, A, B), with the tensor unit I as trivial state space, as in:

n

aref < (1@ 4 4 e B T(I % B)). (5)

For maps g: C — A and h: B — D in C there is an obvious relabelling functor
(9,h)*: Comp(T, A, B) — Comp(T,C, D) given by:

c i ¢ T(id®h

(X@A—%ﬂX@E%—A@@Ci%X®A—%ﬂX®ng%M®D»
On morphisms of coalgebraic components relabelling is the identity. Components thus
form a functor Comp(7, —, —): C°? x C — Cat. They can be described as Cat-valued
distributors/profunctors/arrows, as shown in (Hasuo et al., 2008; Hasuo et al., 2009;
Asada and Hasuo, 2010).

With these definitions in place we can introduce state extension.
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Definition 3.1. For a coalgebraic component X ® A — T(X ® B) with state space X,
as in (3), and for objects U,V € C we define two new coalgebraic components U | ¢ and
¢ |V, with extended state spaces U ® X and X ® V respectively, namely:

UeX)oA Ule T((U  X)® B)

ot =17 (a)

U (X®A) 25 UeT(X®B)—=5T(U o (X @ B))

c|V

XeV)®A T(X®V)® B)
a710(7®id)l% %TT((’y(@id)oa)

Ve (X oA 25 YeTn(XeB) —S5T(Ve(X®B))

Clearly, ¢ | V=T(y®id) o (V| ¢) o (y ®id).

State extension can be defined more conveniently directly in the Kleisli category KC¢(T),
namely as U [c=a e (U®c)eat andd |V = (y®id) e (V | d) e (y®id). Also
reasoning about these constructions is easier when done directly in the Kleisli category.
In the proof of the main lemma below we shall use a mix between reasoning in C and in
Ke(T) in order to demonstrate the difference. Later on in this paper we reason mostly in
the Kleisli category.

State extension satisfies some basic properties.

Lemma 3.2. The above operators U | ¢ and ¢ | V satisfy the following properties.

1 Uln=nandn|V =n.

2 Ul (arrf) =no (idwen ® f) and (arrf) | V = n o (idgu) ® f), with arr defined
in (5).

3 For two composable components X ® A % T(X ® B) and X ® B < T(X ® C) with
the same state space, state extension commutes with Kleisli composition e, in the
sense that:

Ul(dec) = (U|d)ye(U]|c) and (doc)|V = (d|V)e(c]|V).

4 State extension with the tensor unit I, as trivial state space, is isomorphic to the
original component, via maps of components:
T (p®id) T(A®id)
T(X®I)®B) ——ST(X ® B) «——T((I ® X) ® B)

cuT Tc T1|c

Xeoh)od—"2 i xe4¢22 (TeX)eA

oy o

5 Repeated state extension is isomorphic to tensored state extension:

T(U(VeX)e B)T(O‘%MQT(((U ®V)®X)® B)
Ulvie) ] 4 Twev)le
UeVeX)od—"20 (UsV)eX)o4
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T((X ® (Ue V) ® B)~—S'T((X @ U) @ V) @ B)
clwev)T o Ttewnv

XeUaV)ed——(XeU)eV)o A

6 Left and right extension can be exchanged via an isomorphism of components:

TS e X) 0 V) ® B)

o

T(U®(X®V))®B)——

Ulelv)T 3 Twieow
U(XeV)eA—""%(UsX)aV)® A

7 For f: U —U"and g: V — V' we have:
U)o ((feidwid) = T(fe®id)®id)o (U |c)
(d|V)o(ldog)®id) = T(([d®g)®id)o (d|V).

For a map h in C between states we have:
T(d®h)®id) o (U | ¢

T((h®id)®@id) o (d |V

(U e ide®h) ®id

(d]V) h®id) ®id

Ul (T(h®id)oc)
(T(h©id) o d) [V
U|(co(h®id))
(do(h®id)) | V.

)
)
o (( )
o (( )
Consequently, if A: X — Y is a homomorphism of coalgebraic components the fol-

lowing diagrams commute.

T((f®h)®id)
_

T(U® X)® B) T(U'®Y)® B)

ule . To'ja
(f®h)®id ,

UeX)® A UeY)oA
T(X®V)e B) MT((YQ@V’) ® B)
c|V v’

M (h®g)®id T/‘
(XoV)® A YoV)eA

8 State extension also commutes with relabelling: for g: C — A and h: B — D we have

(9: 1)U ) = Ul((g:h)*(c)) and (g,h)*(c|V) = ((g,0)"(c)) [ V.

Proof. Because left and right state extension are related via ¢ | V = T(y®1id) o (V|
¢) o (y®id) we generally only consider one case. For instance for the first point we have:

Uln = T(a)osto(n®id)oa™!

= T(a)odsto(n@n)oa™ = T(a)onoa™ = noaoa™ = 1.

The interaction of state extension and Kleisli composition in the third point of the lemma
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is best shown in the Kleisli category itself:
(Uld)e(Ulc) = e(Undealeae(Uxc)ea
= ae(Uad)e(Uxc)ea
c(Ua(dec)sa
Ul(deo).

The validity of the fourth point follows from:

(X@I)@A%X@M ¢ T(X ® B)
’y®idl /
TeX)©A -
o] T(N) T(A®id) T(e®id)
I8 (X ® A)
id®cl
19 T(X 9 B)—> T & (X @ B)) ;= T((18 X) 8 B)— T(X © 1) ® B)
N J

c|lI
Also for the fifth point we only elaborate one case, in the Kleisli category:

(awid)s (U] (V| 0)
= (a®id)eae (U (ae(Vac)eal)ea !
= aeae(Ud(Vec)eUxa')ea!
= ae(UaV)|c)eae(Uxat)eal
= ae((UaV)|c)eate(a®id)
= (UeV)|ce(awid).

Verification of the remaining properties proceeds along the same lines, and is left to the
interested reader. L]

3.1. State extension as action

The state extension operators | can be described as functors in a the following diagram:

C x Comp(T, A, B) # Comp(T, A, B) é Comp(T,A,B) x C
CxC - C = CxC
These functors C x Comp(T, A, B) — Comp(T, A, B) and Comp(T,A,B) x C —
Comp(T, A, B) at the top this diagram can equivalently be described as (two) functors of
the form C = [Comp(T, A, B), Comp(T, A, B)], from C to the category of endofunctors
on the category Comp(T, A, B). These two functors are strong monoidal, where the
category of endofunctors carries composition and identity (of functors) as a monoidal
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structure. This precisely means that the monoidal category C acts on Comp(T, A, B),
see (Janelidze and Kelly, 2001), in two ways, namely via left and right state extension.

Moreover, because (left and right) state extensions commute with relabelling they form
natural transformations in:

CxComp(T,—,—

C°P x C Comp(T,—,—)——— Cat

Comp(T,—,—)xC

By combining these two observations we conclude that the monoidal category C acts on
the indexed category Comp(T, —, —): C°P? x C — Cat, in the sense that there are strong
monoidal (left and right) state extension functors:

C zj: [COI’IIp(T, B 7)7 COIIlp(T, ] 7)] (6)

from C to the category of endomaps on Comp(T, —,—). Objects of the latter cate-
gory are natural transformations o: Comp(7T, —, —) = Comp(7T, —, —) and a morphism
M: 0 — 7 between such natural transformations is a so-called modification (Kelly and
Street, 1974; Jacobs, 1999): a family of natural transformations M4 p): 0(a,B) — T(4,B)
commuting with relabelling.

We shall elaborate the left state extension case in (6). Each U € C yields a natural
transformation Ise(U): Comp(T,—,—) — Comp(T, —, —) between indexed categories,
with component on (A, B) € C°P xC given by the functor Ise(U)4,5y: Comp(T, A, B) —
Comp(T, A, B), which was written earlier as ¢ — U | c. Hence Ise(U)a,g = (U | —). This
is functorial by Lemma 3.2.7 and natural in A, B by 3.2.(8). Each map f: U — U’ in
C yields a modification Ise(f): Ise(U) — Ise(U’) between these natural transformations,
consisting of a family Ise(f)a,p): Ise(U)a,5) — Ise(U’)a,p) of natural transformations,
with component for a coalgebra X @ A = T(X ® B) consisting of the map:

Ise(f)(a,B),c

Ise(U)(a,p)(c) = (U | ¢) (U | ¢) = Ise(U")(a,B)(¢)-

= f®idx
We thus have natural transformations:
Cor xC Comp(T, A, B)
Comp(T,—,—) <%£>> Comp(T,—,—) lse(U)a,B) Ge e, B> Ise(U’) (4, )
Cat Comp(T, A, B)

It is not hard to check that Ise(U) is natural (in A, B) and that these Ise(f) are natural
(in ¢) and commute with relabelling.
Finally, this functor Ise: C — [Comp(T, —, —), Comp(7T, —, —)] is strong monoidal
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because it preserves the monoidal structure:

Ise(I)(A,B)(c) = ] | C
Ise(U ® V)(A,B)(C) = (U ® V) | c
= Ul(V]e

= Ise(U)a,p)(1se(V)(a,5)(c))
= (Ise(U)(AyB) ¢} Ise(V)(AyB))(c),

where the category of endomaps [Comp(T, —, —), Comp(T, —, —)] carries the standard
monoidal structure given by composition as tensor, with identity as tensor unit.

4. Composition of components

This section describes three basic forms of composition for coalgebraic components,
namely sequential composition >s>, multiplicative parallel composition ||, and additive
parallel composition [J. We start with >3, which we can conveniently describe in terms
of state extension.

Definition 4.1. The sequential composition operator >3 is defined for coalgebraic com-
ponents with matching input and output: for

X®A—5T(X®B) and Y®B—25T(Y ®C)

we get ¢ >33 d via composition of Kleisli maps:
c|lY X|d
w»d:«X®H®A——MX®W®B——MX®H®C)
Thus ¢ 33> d involves first doing ¢ and then d, on a combined state space X ® Y.

The notation >3 for composition is as used for arrows, see e.g. (Jacobs et al., 2009).
Composition of components satisfies the properties of composition for arrows, but only
up to (canonical) isomorphisms. This will be shown next.

Lemma 4.2. The following equations and isomorphisms (of coalgebraic components)
hold for sequential composition.

1 arr(f) > arr(g) = (arr(g o f) | I) = (I | arr(g o f)) )g arr(g o f) in the following

isomorphism of coalgebraic components.

T(A®id)=T(p®id
(el ec) 22T pi g )
art(f)>>arr(g)=(arr(go )| D)=(Iarr(go ) | Tarrtgon)
Il A — I®A

(A®id)=(p®id)
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2

¢ > arr(g) % T(id® g) o c and arr(f) >>d % do (id® f) in:

T (p®id) T(A®id)

T(X©) o) "2ST(X©C) T(I2Y)®C)~—3T(Y ©C)
c>>>arr(g)T T(idé‘gg)oc arr(f)):\>>>d Tdo(id@f)
(X®I)®AT1>X®A (I@Y)@AﬁY@@A

In particular, arr(id) is unit for >3, up-to-isomorphism.
(e3> (d>>e)) — ((c3>d) >>e), in:

T(a®id
T(X® (Y ®2)eD) —L (X eY)e Z) e D)
(c>>>(d>>>e))T T((c>>>d)>>>e)
Xe¥Ve2)pA—————(XeY)22)04

For appropriately typed maps in C between states:

(feg)eid)e(c=3>d) = ((feid)ec)>=> ((¢g®id) e d)
(c3>d)e((fRg) ®@id) = (ce(f®id))>> (de(g®id))

As a result, sequential composition >3 of components is a functor of the form
Comp(T, A, B) x Comp(T, B,C) — Comp(T, A,C).

The last point suggests the notation used in (Hasuo et al., 2009) for the type of =5,

namely (4, B) x (B,C) — (A, C). We shall also use it later on, especially in Section 6.

Proof. All this follows from Lemma 3.2. The numbers labelling the equations below

refer to the items in this lemma. Recall that we use e for composition in the Kleisli
category of the monad 7" and o for composition in C.

1 Since:

(arr(g) | 1) @ (I | arr(f))
poT(no(id®g))ono (id® f)
T(id®g)ono (id® f)

no (id®g)o (ide f)

no (id®(go f))

arr(go f) | I

I|arr(go f)

- arr(g o f).

arr(f) > arr(g)

1=l

—~
no
—

>
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2 Similarly,

T(p®id) o

(e>3>arr(g)) = T(p®id)o ((X |arr(g)) e (¢|I))
D Tpeid) opoT(no (id®g) o (c|)
T(p®id) o T(id® g) o (c|I)

= Tid®g)oT(p®id)o (c]|I)

= T@d®g)o(c|I)o (p®id).

—
N2

3 Associativity of > follows from a straightforward calculation that is best done in
the Kleisli category:

(a®id (c > (d >> e))

—~
w
=

—
ot
N2

—
(=)
=

—
[
=

o
w |l

a®id) e X\d>>>e)o(
a®id) e (Ye)e(d|Z))e(c|Y®Z)
a®M><X<Yw»wxuwZ»de®m

) e (

( ( Y®2)
( (X

( (

(XY |e)e(a®id)e (X |(d|Z))e(c|Y ®2Z)
( )

( )

( )

( )

|
( |

X@Y|e)o(X|d)|Z)e(a®id)e(c|Y ®Z)

X®Yw-«XMHZ)«dYH@-m®m

XoY|e) o ((X|d)e(c|Y))|Z)e(a®id)

XY |e)e(c>3>d|Z)e (a®id)

((c>>>d) > )o(a®1d).

4 We only prove functoriality, in a direct way: for two maps of coalgebraic components
fie1 — coand g: dy — do, where¢;: X;®@A — T(X;®@B) and d;: V;@B — T(Y;®X)
the map f®g: X;®Y; — Xo®Y5 is a morphism of composite coalgebraic components:

(f®g)®idc) e (c1 > dy)

(feg) @ide) e (X1 |d) e (a1 | Y1)
(X2 |d2) o ((f ®g)@idp)) e (c1 | Y1)
(X2 | d2) e (ca|Ya) o ((f®g)®@ida)
(c2>>dy) o ((f®g)®ida). O

—~
-
~—

,\
=

The next result captures the interaction between sequential composition >3 and state

extension |.

Lemma 4.3. For components X @ A S T(X ® B)toY ® B <, T(Y ® C) there are as-
sociativity isomorphisms:

(U | (¢>> d)) —

((U | c) >> d) and (c > (d | V)) - ((c > d) | V).
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Proof. By the properties of Lemma 3.2. We only do the first one.

(@®id) e (U|(c>>>d)) = (a®id)e (U|((X|d)e(c]|Y))

®@id) o (U | (X [d)) e (U] (c|Y))
(UeX)|d)e(@oid) e U] (]V))
(UeX)[d)e(Ulc)]Y)e(awid)

- ((U\c) >>>d) o (a®id). O

«
«

— =
e =
el

(
(
(
(

4.1. Multiplicative parallel composition

Two coalgebraic components c,d, with different state spaces, and different inputs &
outputs, can be put in parallel to form new components. This can be done in different
ways. At this stage we briefly discuss the “multiplicative” way of doing so, by taking
the tensor of the inputs & outputs. Later on we also describe the “additive” parallel
composition that involves the coproduct of inputs & outputs. This additive version turns
out to be more important in the current setting. Our discussion of the multiplicative
version will thus be rather brief.

Definition 4.4. For components X ® A 5 T(X ® B) and Y ® C <, T(Y ® D) the mul-
tiplicative parallel composition ¢ || d is defined as Kleisli composition:

(XoY)o (Aol — L (XeY)e (Bo D)

7| =3

XeoA)o Yol —24 (XeB)® (Y D)

where 7 is the obvious isomorphism that swaps the inner two objects.

It is easy to see that || yields a functor
I+ Comp(T,A,B) x Comp(T,C,D) — Comp(T,A® C,B® D). (7)

In the (multi-sorted) Lawvere theory notation from (Hasuo et al., 2009) this operator
can be described as a map ||: (4, B) x (C,D) - (A® C, B® D).

Remark 4.5. The type (7) of the functor || even suggests that the correspondence
Comp(T, —, —) be a (lax) monoidal functor C°? x C — Cat, where the former has an
obvious monoidal structure (inherited from C) and the latter has Cartesian products as
tensor products. This is also true of the additive parallel composition functor [J studied
later in Section 4.2. The use of such higher-dimensional structures is however not clear
at this stage; therefore the relevant technical developments are left as future work.

Now that we have this || operator we can describe the equivalents of the ‘first’ and
‘second’ operators in the context of Hughes’ Arrows (Hughes, 2000). They add an addi-
tional input & output, on the left or on the right of the existing input & output, namely
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via
firsty(c) = c| arr(id) and  second(c) = arr(id) | c. (8)
We only mention the following result about ||, without proof.

Lemma 4.6. There are isomorphisms of components:

(Ulchd) 2 (wlald) ad (c|@ V)2 (cla|v). O

4.2. Additive parallel composition

The next aim is to define an additive parallel composition operator [J for coalgebraic
components. It is called ‘external choice’ in (Barbosa, 2001; Barbosa, 2003). We need to
assume that our category C has binary coproducts +, and that the tensor ® distributes
over them, as described in Section 2, via a distribution map dis as in (2). These coproducts
+ in C also form coproducts in the Kleisli category K¢(T) and are preserved by J: C —
Ke(T). Thus in K¢(T') one has coprojections J(k;) = n o k;: X; — T(X; + X2) with
cotupling as in C. Since the monad T is assumed to be commutative (i.e. symmetric
monoidal), ® is also a tensor in K¢(T), and it distributes over + in KC¢(T'), via J(dis) =
1 o dis as distributivity isomorphism.

Definition 4.7. An additive parallel operator [J is defined on coalgebraic components
X®AST(X®B)and Y ® C % T(Y ® D) as Kleisli composition:

cd

(X®Y)® (A4 0C)

i | Y +X|d
(X@Y)RA+(XY)eC -5

(X®Y)® (B+ D)

=T dis

(X®Y)eB+(X@Y)®D
where ¢ | Y + X | d is the coproduct of maps in the Kleisli category.

This additive composition operator [J forms a functor Comp (7, A, B)x Comp(T,C, D) —
Comp(T, A+ C, B + D), which is defined on morphisms as f{g = f®g. It may thus be
written as a map O: (4, B) x (C,D) — (A+C, B+ D). This will be helpful in Section 6.

Just like we had “first” and ‘second’ operator for multiplicative parallel composition (8),
we also have them in the additive case:

firstg(c) = c¢DOarr(id) and secondg(c) = arr(id) Oec. 9)

These fundamental operators occur frequently in the sequel, for instance in the (di)naturality
properties of the trace operator in Section 6.

We make the relation between O and state extension explicit. It is very similar to the
relations between >3 or || and state extension, see Lemma 4.3 and Lemma 4.6.

Lemma 4.8. For components X @ A S T(X @ B)toY @ C <, T(Y ® D) there are as-
sociativity isomorphisms:

o

(U | (ch)) i ((U | c)Dd) and (cD(d|V)> o, ((ch) | V).
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Proof. This requires a rather elaborate calculation, which for the first one looks as
follows.

((U|C)Dd) o (a®id)

= dise (U] |Y)+ (U@ X)|d)) edis™" e (a®id)
21 dise (U] ¢) | V) + (U@ X) | d) e ((a®id) + (e ®id)) e dis™"
22 dise (U] ¢) | Y) e (a®id)) + (U ® X) | d) » (a®id)))
(a+a)edis e (Uxdis ) ea?
HED dise (aid) e (U] (] V) 0 0) + (a®id) e (U | (X | d) o)) e
dis™' e (U®dis ™) ea!
= dise ((a®id) + (a®id)) e
(ae (U (c|Y)ealea)+(ae (U (X |d)eatea))e
dis™' e (U®dis ') ea?
L (a@id)edise (a+a)e ( @] Y)+ U (X|d)) e
dis™' o (U®dis™ ") ea
L2 (a@id)ease (U®d|s)od|so (U (c|Y)+ (U (X|d))e
dis™' o (U®dis™') e

= (a®id) e ae (U ®dis) e (U® ( \Y+X|d))o(U®dis_1)00fl
= (a®id)eae (U® (cOd)) e«
- (a®id)o(U| ch) O

Many more properties, like associativity, can be proven about [J. We explicitly state
some of them, leaving the details of the (straightforward) proof to the reader.

Lemma 4.9.

1 Given arrows f: A — B and g : C — D in C, we have a canonical isomorphism of
coalgebraic components arr(f) O arr(g) — arr(f + g). That is,

T((I @ 1)@ (B + D)) V2001 @ (B + D))

arr(f)l:larr(g)T Tarr(f—i—g)
A®id=p®id
(o) ®(A+C) - % (A+0)
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2 One has (¢ ¢)0(d>3>d) — (cOd) > (¢ Od), in:

T(Xe X' YoY A"+ B"
(XoX)e¥ey)e@U +B8Y)

~

(e3> ¢)O(ds>d) T(X®Y)® (X' ®Y')® (A" + B"))

(XX)e(YY')®(A+ B) (cOd)ss>(<'0d")

(X®Y)® (X' 9Y')® (A+ B)

Here f: (X @ X)® (Y ®Y') — (X®Y)® (X' ®Y’) is the canonical isomorphism
in a symmetric monoidal category (C,®,I).
3 One has (cO(dOe)) 33 arr(ay) — arr(ag) > ((cOd) Oe), in:

T(Xe(YeZ2))e(D+E)+F))
T (8’ ®id)
(cD(d0e))3>arr(ars ) T(Ie(XeY)®2)® (D +E)+ F))
(XeYo2)e)e(A+(B+0)) arr(cg ) > ((cOd)Oe)
B’ ®id

o

I(XeY)®Z)2(A+ (B+0))

Here 3 : (X ®@(Y®Z2)®1 > 1®((X®Y)® Z) is the canonical isomorphism in C;
a4 is the associativity isomorphism for 4.
4 One has (cOd) > arr(yy) — arr(y4) >> (dOe), in:
T(8" ®id)
T(XeY)e)o(D+0) ——T(({e Y @X) e (D +0))
(cI:ld)>>>arr(7+)T Tarr(7+)>>>(ch)
" @id
(XeY)el)e(A+B) — 2 (1o (Y © X))@ (A+B)
Here 8" =X "toqop: (XQY)®I = I® (Y ® X) and ~;4 is the symmetry iso-
morphism for +.

Proof. Ttems 1-2 are easy by direct calculation. Items 3-4 follow essentially from nat-
urality of a4 and 74, and Lemma 2.2.2-3. L]

4.3. Method combination

The additive parallel composition c[Jd from the previous subsection applies to arbitrary
components ¢, d, which typically have difference state spaces. In the special case when
¢, d share the same state space, there is also a composition operator which we shall write
as {c,d}. It can be seen as a combination of the (Java-like) methods of ¢ and d on their
shared state space.
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Definition 4.10. For two components X ® A % T(X ® B) to X @ C <, T(X ® D) with
the same state space X we define {c,d} as Kleisli composition:

c,d
Xo@A+o)— L xo(B+D)

dis™? | = =T dis

X0A+X00—" s XoB+X®D

If we understand a coalgebraic component as a mathematical model of a class in
an object oriented programming language, then we can see this method combination
operator as a form of building classes: first the state space X is fixed, and subsequently
methods ¢;: X ® A4; — T(X ® B;) are combined to a class ¢ = {c1,...,¢,}: X ® (A1 +
o+ A) > T(X®(Bi 4+ By)).

Moreover, extension of classes can be described, yielding a form of subclass and in-
heritance, albeit without overriding of methods. Given a class/component ¢: X ® A —
T(X ® B) one can form a subclass by first extending the state toc|Y: (X QY)® A —
T((X®Y)®B). Indeed, subclassing involves an extended state, to accommodate for addi-
tional fields/attributes. Additional methods d: (X ®Y)®C — T((X ®Y)® D) may now
be added to obtain a subclass ¢ = {c¢ | Y,d}: (X®Y)®(A+C) - T(XQY)®(B+D)).

The proof of the following result is left to the reader.

Lemma 4.11. Method combination commutes with state extension:

Ul|{c,d} = {U]|cU]|d} and {c¢,d} |V = {c|V,d|V}. U

5. Tube diagrams for components

Our goal in the next section (which is central in this paper) is: to first introduce a trace
operator that realises feedback loops for components; and then to prove that the in-
troduced operator indeed satisfies the expected equational properties from (Joyal et al.,
1996)—such as dinaturality, yanking and superposing. It turns out, however, that the
composed components occurring in the equations are rather complicated and their struc-
tures at large are best depicted using a certain variant of string diagrams.

String diagrams were introduced in (Penrose, 1971) for succinctly depicting morphisms
in a monoidal category; see also (Joyal and Street, 1991). The trouble here is that we need
to deal with two different kinds of monoidal structure ® and +; this calls for a carefully
devised pictorial convention. Following (McCurdy, 2010), we employ the version of string
diagrams that are augmented by tubes—we refer to them as tube diagrams. Tubes enhance
a slightly more common pictorial convention of functorial bozes (Cockett and Seely, 1999;
Mellies, 2006). In the current paper, tubes capture applications of functors of the form
X®-.

We now present tube diagrams (based on (McCurdy, 2010)) for some of the composi-
tion operators introduced previously in Section 4. We start with drawing some diagrams;
explanations follow shortly. First consider the sequential composition operator in Defini-
tion 4.1. Given two components

X®A—~+X®B and Y®B—1>Y®C inK(T)
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with matching input and output, each of these shall be depicted as follows.

X X Y Y

— = —

c d

Their composition (X @ Y) ® A 22y (X ®Y)® C is then depicted as follows.

X

c>>»>d = .( ‘
RS

The conventions are as follows.

— Diagrams are read from left to right.

— Each tube designates an object in K¢(T'); more precisely it designates the identity
morphism on the object. In the last diagram (10), the (red) tube that is shrunk and
plugged into the c-box, as well as the one that comes out of ¢ and is expanded to
enclose the d-box, are of type X. Other two (blue) tubes—the one that encloses ¢
and the one that comes out of d—are of type Y. The three thick lines (in black) are
of type A, B or C. These “lines” are tubes in fact; they are depicted as lines solely
for the purpose of simplicity of the picture.

— Nested tubes designate the tensor ® in Kl(T), calculated from the outermost one
towards inside. For example, the left endpoint of the last diagram (a red tube, a blue
one and then a black one, going inwards) designates the object X @ Y ® A.

— Symmetry 7 of the tensor ® is depicted as a “waist”, i.e. the exchange of the outer
tube and the inner tube. This occurs twice in the last diagram where the “waists”
are marked with (pink) circles.

— Associativity isomorphisms are left implicit. That is, when dealing with tube diagrams
we assume strict monoidal structures where we do not distinguish (X ® Y') ® A from
XY ®A),nor (X+Y)+ A from X+ (Y + A). For this reason our later use of tube
diagrams is as “guidelines” for rigorous calculational proofs, rather than as proofs by
themselves. We will come back to this point later in Remark 5.2.

To summarise, the last tube diagram (10) is “parsed” into the following composition of
morphisms in K¢(T).
A
XOY®A Y 9 X @A Y 9 X0 B X @Y 9 BohX 0¥ ©C

box in a tube box in a tube

This composition is therefore the same thing as in Definition 4.1, modulo the use of
associativity isomorphisms «. It is implicit in this correspondence that left- and right-
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state extensions (Definition 3.1) can be depicted as follows.

The “waist” diagram that represents symmetry v : X®Y = Y ® X might seem strange
at the first sight. In fact, one recovers the usual “crossing” representation of symmetry
(see e.g. (Joyal and Street, 1991)) by looking at a certain section of the three-dimensional
picture!, as in:

x’\x><y
'«”

As opposed to the multiplicative tensor ®, the additive tensor + is depicted by putting
two tubes in parallel (rather than nested). That is for example:

for Y @ (X ® A) + B).

Relating the two tensors ® and + is the distributivity isomorphism dis from (2). It has
a nice graphical representation as a pair of “pants”:

dis: X A+ X®B—X®(A+B) as . (12)

Furthermore, dis being an isomorphism means that the following equalities hold. The
right hand sides are identity maps on suitable objects.

= =) o

We shall establish another couple of lemmas for manipulating such distributivity
“pants”.

T This observation is due to Shin-ya Katsumata.
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Lemma 5.1 (Mr. Bean’s Pants Exchange’). The following diagram commutes:

XY oA+Xo(YoB) S Xe(YoAd+YoB) 2EXxe ¥ oA+ B))

a+al la

(X®Y)A+(XQY)®B (X®Y)®(A+B)
YQA+y®B | R

YeX)2A+(Y®X)®B (Y®X)®(A+B)
a71+a71l lOﬁI

YO (X®A)+Y®(X®B) Yo (XoA+XoB) 5y e (X®(A+B))

which, in a strict monoidal category, is reduced to the following one:

XOY®A+XOY®B -3 X0 (Y 9A+Y®B) B X0V ®(A+B)

YRA+YRB | lvea+B)

YOX®A+YOX®B- 23V (X®A+X®B) 2By e X®(A+B)

Recall that v denotes symmetry isomorphisms for ®. This is in terms of tube diagrams:

Proof. By drawing two horizontal maps labelled with dis in the above diagram in the
lemma, using Lemma 2.2.3 twice, and naturality for dis from Lemma 2.1.1. ]

Next we note that the interaction between distribution dis and the coproduct asso-

ciativity ay from Lemma 2.2.3 is equivalent to the following one, in a strict monoidal
setting.

X®A+X®B+C)—* X0 (A+B+0)
X@Atdis~" | Jdis™? (15)
X®A+X®B+X®CW>X®(A+B)+X®C

The latter is in terms of tube diagrams:

. (16)
1. K«

This equality of tubes can be found in (McCurdy, 2010).

¥ Mr. Bean, Episode 1, Act 2. 1990.
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Another operator which will be heavily used in Section 6 is the additive parallel compo-
sition OJ. Following Definition 4.7, one composes the diagrams in (11) and (12) to obtain
the following tube diagram for ¢ d.

Remark 5.2. To turn our tube-diagram reasoning into mathematically rigorous proofs,
one needs a coherence result of one form or another. It can be a statement that any
non-strict such category is equivalent to a strict one; or a statement that the category of
string/tube diagrams is the free such category. Currently we do not have any of these.
This is not a total anomaly: among dozens of well-known graphical languages for various
kinds of (monoidal) categories collected in (Selinger, 2010), some are lacking coherence
results. Still they offer useful guidelines for rigorous calculational proofs, much like the
tube diagrams do in this paper.

Remark 5.3. We emphasise that all tube diagrams represent morphisms in the Kleisli
category KC(T'). We shall be also employing a different kind of string diagrams later,
mostly for describing the trace axioms. The latter kind of diagrams are two-dimensional
and are essentially “pictorial shorthands” for composition of components. For example,
sequential composition ¢ 3> d of components is represented by

Y - Y A e

3

additive parallel composition ¢ O d is represented by

A— L

’

and the “identity component” arr(id) is represented simply by a wire/line. Hence the
diagram

—_ ¢ — d

—_{ ¢ 1}

represents the composition (¢cOe) >3 (d0arr(id)), which is equal to (¢ >>>d)Oe up-to a

canonical isomorphism (this follows from the results in (Asada and Hasuo, 2010; Hasuo
et al., 2009)).

In the latter kind of string diagrams wires represent input/output interfaces; state

spaces of components are not explicit. To distinguish the two kinds of string diagrams
should be easy. In particular, in tube diagrams a component is represented by a 3D
shadowed cube, while in the latter a component is a 2D box.
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6. A monoidal trace for coalgebraic components

In (Jacobs, 2010) it is shown how for certain monads T the Kleisli category K¢(T) is traced
monoidal wrt. coproducts + as monoidal structure. Concretely, this means that for maps
of the form f: X + U — T(Y + U) there is a trace map T (f): X — T(Y) satisfying
standard properties, see (Joyal et al., 1996). This trace operator T on the Kleisli
category will be used to construct a similar trace operator for coalgebraic components.
The main task in this section is to show that the trace properties from (Joyal et al., 1996)
also hold for these components, but only up to (canonical) isomorphism.

The precise properties that T must satisfy to obtain this (Kleisli) trace operator L%
are listed in (Jacobs, 2010, Requirements 4.7). The main ones are that the category C
should have (countable) coproducts, the Kleisli category should be enriched over the
category of dcpo’s with bottom, and the monad should be ‘semi-additive’. In this section
we shall simply assume that these properties hold for 7. Examples of a such monad
T include: the lift monad T = 1 4 (—) for partiality; the powerset monad P for non-
determinism as well as its bounded variant P<" with x > Ro; and the (discrete, countable)
subdistribution monad D for probabilistic non-determinism where

DX = {d: X —[0,1] | ZzGX d(z) <1}.

Such a d is a “sub”distribution since its sum is < 1, rather than = 1 (see e.g. (Hasuo
et al., 2007)).

Definition 6.1. The trace operator Tr: (A+ C,B + C) — (A, B) is defined on a coal-
gebraic component ¢: X @ (A + C) — T(X ® (B + C)) via the Kleisli trace operator
T

e disT ) ocodi
Tr(c)d:fTru(X(X)A—&—XQ@C T(dis)ocodis

HX®B+X®C»
Notice that this composition inside Trm( —) is really a Kleisli composition.

Using the tube diagram scheme that we described in Section 5, the trace operator is
depicted in the following way. First, the composite inside the trace operator T is

dis'eceds : X®A+X®B—X®@B+X®C in K¢(T),

hence is depicted as follows.

¥
: A . B
: C e,

c

Applying the trace operator T yields

(18)

Functoriality of the operator Tr is essential.
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Lemma 6.2. The trace operator Tr extends to a functor
Tr : Comp(T,A+C,B+ C) — Comp(T, A, B).
That is, given two components
c: X®A+C)-TX®(B+C)), d:YRA+C)-TY ®(B+0C))
and a morphism f from ¢ to d (see (4)), f is again a component morphism
from Tr(c): X®@A—-T(X®B) to Tr(d):Y®A—T(Y ® B).
Proof. The result makes essential use of uniformity of the trace operator T
(id+h)e f=ge(id+h) implies T(f)=T"Q), (19)

that is, pictorially,

X Y X y

U U v o U [L v
f B h g

X Y X Y

This notion of uniformity for traced monoidal categories is formulated in (Hasegawa,
1999); the name is due to its correspondence to Plotkin’s uniformity principle in domain
theory (see e.g. (Simpson and Plotkin, 2000)). See (Hasegawa, 2004) for more recent
developments as well as more about the historical background.

It is typical that in a traced monoidal category C, uniformity like (19) does not hold for
every h but holds only for “strict” h. However, when the trace structure of C arises from
C’s structure as a partially additive category, uniformity is true for every h (Haghverdi,
2000). This is our current setting; see (Jacobs, 2010).

We turn to the proof of the lemma. The following diagram in [C¢(T") commutes: it is
the assumption that f is a component morphism, combined with naturality of dis.

B C
XoB+Xoo 122 v oBivecC

dis’lT o(BAC) Tdis’l
®(B+
X®B+0)——""=Y@(B+C)

d a
X®(A+0) JeAare) Y®(A+C)

disT Tdis
Thus we have

(id+f®C) o ((f®B+id) e dis ' e cedis) = (dis™' e d e dise (f@A+id)) e (id+fRC),
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from which we derive, by uniformity (19),
T((f@B+id) edis ' ecedis) =T (dis ' ededise (f®A+id)).  (20)

This is used in the following calculation. It concludes the proof.

(f© B)eTr(c)

= (f®B) o T'™(dis™! o ¢ @ dis)

=T((f® B +id) e dis™" e c e dis)

by the tightening axiom for the trace operator T, see e.g. (Joyal et al., 1996)

=Tr(dis ' ededise (f®A+id)) by (20)

=T™(dis ' ededis)e (f®A) by tightening

=Tr(d) e (f® A). L]

We make the following special case explicit.

Lemma 6.3. For an isomorphism ¢ in C of the appropriate type one has:
(p@id) e Tr(c) e (p ' @id) = Tr((p®@id)ece (p! @id)).

Equivalently: if ¢ is an isomorphism of coalgebraic components as on the left (below)
then it is also an isomorphism on the right between the corresponding traces:

T(X @ (A+ ) (Y @ (A +C)) T(X © A)Z7(y @ A)
CT ) Td Tr(c)T ) TTr(d)
p®id p®id
X®(A+0) Y (A+0) X@A—">Y®A 0

o

In the remainder of this section we first establish how the component trace Tr interacts
with state extension | and with additive parallel composition 0, before proving the stan-
dard trace properties of (Joyal et al., 1996). The trace properties as well as the preceding
lemmas are often accompanied by the intended equalities of tube diagrams. Such tube
diagrams hopefully convey some intuition behind rather complicated calculations.

6.1. Trace and state extension

In Section 4.2 we have assumed that functors X ® — preserve binary coproducts, for
instance because X ® — has a right adjoint (given by exponents —o).

Proposition 6.4. Let T be a (commutative) monad on a symmetric monoidal category
C with (countable) coproducts, for which the Kleisli category K4(T') has a monoidal
trace operator T wrt. coproducts. If functors U ® —: C — C preserve coproducts, then
U® —: K{(T) — KL(T) preserves the trace operator, in the sense that:

U®Tr’a(X+Ci>T(Y+C)) L U@ X ——TUY)
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is the same as:

1%%U®X+U®cgnwux+m@§nU®@w4ﬁ@iﬂU®y+U®m)

In terms of tube diagrams, what is asserted is the following equality.

Proof. The result follows from the way the monoidal trace is constructed via the coal-
gebraic trace in (Jacobs, 2010): first, the functor Y+ (—): C — C has an initial algebra in
C given by the copower N-Y with algebra map ay = [k, [fnt1]nen]: Y +N-Y =NY.
The functor U ® —: C — C preserves coproducts by assumption, so the canonical map
d=1]d®Eplpen: N- (U®Y) - U® (N-Y) is an isomorphism. It is then also an
isomorphism of initial algebras.

The general trace theory from (Hasuo et al., 2007) now says that N -Y is the final
coalgebra in the Kleisli category K¢(T') of the functor T(Y +(—)). For amap f: X+C —
T(Y + C) we first take f= T(d+k2)o f: X4+ C =Y + (X +C). It yields a unique
map beh(f): X +C — T(N-Y) to the final coalgebra, and finally the trace map itself
as T (f) = T(V) o beh(f) 0 k1: X — T(Y).

We can similarly obtain a trace map Tr’*(fy): U ® X — U ® Y for the morphism
fu=T(isT) o (U®f)odis: U X4+U®C — T(URY +U ® X) used in Proposition
that we are proving. We are done if the following diagram commutes.

™™ (fu)

4 I
U X4+U®C————T(N-(URY))

% beh(fur) T\(V))

U X dis | =~ | T(d) TURY)
% Ubeh(F) T(KW)
U(X+C)——————TU®N-Y)
\_ %
URT(f)

It is obvious that the two triangles commute. Commutation of the inner rectangle follows
by a finality argument, in the Kleisli category:

UY+UeX4+URY) /2 U®Y+URN-Y

id+nzT %Tdi571

URY+UC Ue Y +N-Y)
fUT (U@beh(F))odis =TUgay!
UeX+UaC ——URN.Y
T(d)obeh(f2))

Remaining details are left to the reader. L]
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We now return to our framework of coalgebraic components, and wish to show how
trace and state extension interact.

Lemma 6.5. Trace commutes with state extension:
UlTr(c) = Tr({U|e) and Tr(c) |V = Tr(e|V).

Proof. We use several standard properties of the trace T in the Kleisli category
KU(T), such as (di)naturality, but we mainly depend on Proposition 6.4. We calculate in
this Kleisli category:

U | Tr(c)

= ae(UxTr(c) ea?
= ae(UaT(dis™ e cedis)) edis)) ea’
= aeT™(dis™ e U® (dis ' e cedis) edis)ea!
by Proposition 6.4
= T(a+id)edis ' e (Uadis ') e (U®c)e (Udis) e dise (a! +id))
by naturality of dis, see Lemma 2.1.1
= T™((d+a 1) e(id+a)e(a+id)e
dis o (U dis ) e (U®c)e (U®dis) edise (a~! +id))
= T™(a+a)edis™ e (Uadis ™) e (Uc)e (Uxdis)edise (= +a 1))
by dinaturality of T
= T™dis'eae(Uxc)ea!edi)
by Lemma 2.1.2
= T(dis™ o (U | ¢) o dis)
= Tr({U|¢).

We immediately use this property in:

Tr(c) |V = (y®id) e (V| Tr(c)) e (y®id)
= (y®id) e Tr(V|c) e (y®id) as just proved
= Tr((y®id) e (V |c) e (y®id)) by Lemma 6.3
= Tr(c| V). U

6.2. Trace and additive parallel composition

The following lemma describes the interaction of trace and additive parallel composition.
It will be crucial for proving the (di)naturality properties for Tr in the next subsection,
which involve composition >3> of components instead of Kleisli composition e.

Lemma 6.6. For appropriately typed components ¢, d one has:
1 Tr((dOarr(id)) e c) = (d | I) e Tr(c);



Traces for Coalgebraic Components 27

2 Tr(ce (dOarr(id))) = Tr(c) o (d | I).
3 Tr((arr(id) O d) @ ¢) = Tr(c o (arr(id) O d)).

Proof. We shall do the first and third point; the second works like the first.

Tr((dOarr(id)) e ¢) = Tr(dis™' edise (d|I+Y |arr(id)) e dis™* e ¢ e dis)
= TM(d|I+id) e dis™" e cedis)
= (d|1)eT™dis™" o c o dis) by naturality of Tr™*
= (d|1)eTr(c).
And:
Tr((arr(id) O d) e ¢)

= T(dis™ edise (arr(id) | Y + I | d) e dis™" e c e dis™t)

= T™(d+1|d) edis'ecedis™)

= T™(dis'ecedis ‘e (id+1|d) by dinaturality of T

= T™dis ' ecedis™ e (arr(id) | Y + I | d) e dis™" e dis)

= Tr(ce (arr(id) Od)). Ul

6.3. Trace axioms

In the remainder of this section the trace axioms from (Joyal et al., 1996), formulated in
a component setting (with explicit isomorphisms), are verified. For each axiom, drawing
a pictorial (pseudo-)proof with tube diagrams is helpful in coming up with a rigorous,
calculational proof. We will present such a pictorial proof for an exemplary case, namely
the Post-Composition Naturality property.

Yanking

In the language of components the Yanking property can be formulated as a diagram of
the form:

| Y (A4 A A+ A)
m lTr

where v;: A+ A =, A+ A is the monoidal swap map associated with coproducts +, see
Lemma 2.2.2. Pictorially:

é _

It has to be shown that the Kleisli trace of the following map

[9A+T0 A2 T0A+ )™ (10 (A+A) 2T oA+ 1o A)



1. Hasuo and B. Jacobs 28

is the (Kleisli) identity n = arr(id). This, together with the yanking property for the
Kleisli trace operator T, will be used in:

Tr(arr(y)) = u(T dis!) o arr(yy) o dis)
= T™(T(dis™) ono(id®'y+)odis])
222 u(nodls "o dis o)
= TMmoyy) = TM(OY) = idiga = mrea = arr(ida).

Post-composition naturality / tightening

(A+C,B+C)x (B,D) —"% (A B) x (B,D) —>> (A, D)
1
(A+C,B+C)x((B,D) x (C,C)) Tr
ide\L
(A+C,B+C)x (B+C,D+C) > (A+C,D+0C)

The usual string representation of this axiom is

e T L A T e )

C _) = C J . (21)

The aim is to prove for
RA+C)—>T(X®(B+C)) and Y®B—15T(Y ®D)

that the following diagram commutes.

T((X @ (Y 1)) ® D) —9¥9 mx o v) @ D)

Tr(e3s> (d0arr(id)) | TTe(e)>>a
XeYel)®A = (XY)® A

(id®p)®id
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We shall make crucial use of Lemma 6.6; the rest is mainly bookkeeping.

T((id ® p) @id) e Tr(c>> (d Oarr(id)))

= (poid)e(a®id) e Tr(X | (dDarr(id)) e (¢ | (¥ ® I)))

2 (peid .Tr((a®1d) (X|(dDarr(id)))o(c|(Y®I))o(a‘1®id)>
o (a®id

= (p®id)eTr
o (

)

)
)

) o Tr(((X | d)Oarr(id)) » (a®id) e (c| (Y @ 1)) o (a~' @ id))
)

p®id) e Tr

)

id)

)

Te(

a®id
( X | d)yOarr(id)) e (¢ | V) | 1)) o (@ ®id)

Q)11 eTe((c]|Y)|1) ¢ (awid)

) ((Tr(c) [Y) [ 1) o (e ®id)

p®id) e (XI) (Tr(e) | Y)) [ 1) o (a®id)

(X |d)e(Tr(c)|Y)) e (p®id) e (a ®id)

Tr(c) >3 d) o ((id ® p) ® id).

pRid) e

A pictorial (pseudo-)proof of the property is found in Figure 1. Although Lemmas 6.3, 6.5
and 6.6 are useful in the above calculational proof, more basic properties such as Lemma 5.1—
on which Lemmas 6.3, 6.5 and 6.6 rely—have clearer pictorial meanings. Therefore the
latter are used in the pictorial proof.

Pre-composition naturality / tightening

(D, A) x (A+C,B+C) —T" (D, A) x (A4, B) —>>— (D, B)
!

((D,A) x (C,0)) x (A+C,B+C) T
Dxidl

=>

(D+C,A+C)x (A+C,B+C) (D+C,B+C)

The aim is to prove for

X@(A+C)—5T(X®(B+C)) and Y©D—25T(Y ®A)
that the following diagram commutes.

T((Y 1) © X)© B) 2V 7y o x) @ B)

Tr((dDlarr(id)) 3>0) T Tas>Tr(e)

~

=
(YeN®X)8A——— o (Y@ X)04

This is left to the interested reader.



1. Hasuo and B. Jacobs

Tr(c>> (dOarr(id)))

by Lemma 5.1

by (13)

naturality of dis

by Lemma 5.1

“waist” symmetries
are isomorphisms

post-composition naturality of T,
and Proposition 6.4

=Tr(c)>>d

Figure 1. A pictorial proof of post-composition naturality. The pointers designate where
transformation is going to occur.

30
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Dinaturality
(A+C,B+D)x (B+D,B+C)
% >>
(A+C,B+ D) x ((B,B) x (D,C)) (A+C,B+0C)
T \LTr
(A+C,B+ D) x (D,C) (A, B)
I H
(D,C)x (A+C,B+ D) (A, B)
! T
((A,A) x (D,C)) x (A+C,B+ D)) (A+D,B+ D)
Oxid >

(A+D,A+C)x (A+C,B+D)

In terms of string diagrams:

ﬁ
)

C

For coalgebras

X®(A4+0)—5T(X®(B+D)) and Y®D—45T(Y®C)

we show that the following diagram commutes.

T(X®(®Y)®B) — L L 1((IeY) X))o B)

Tr(c>>>(arr(idB)Dd))T TTr((arr(idA)Dd)>>>c)

(X®(I®Y))®AW>((I®Y)®X)®A
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The essence is again in Lemma 6.6, but with quite some bookkeeping this time.

(v ®id) @ Tr(c>> (arr(idp) O d))
2 Tr((r@id) e (X | (arrlids) Od) o (T2Y) [ 0) e (y21id)) @ (y@id)

= (a®id) e (a ' ®id)e Tr((( r(idB)Dd)|X)o(c|(I®Y)))o(’y®id)
(

B (awid)e ((a L 9id) e ((arr(idg) Od) | X) e (c (I®Y))o(a®1d))o
(a7t ®id) e (y®id)

B (a@id)e ((arr (idg) O (d | X)) » (a ‘1®id)o(c|(I®Y))o(a®id)) .
(a™'®id) e (y@id)

U (a®id)e ((a ®id) o \(I®Y))o(a®id)o(arr(idB)D(d|X))) .
(a"t®id) o (y ®id)

B (a®id)e ((a L@id)e(c| (I®Y))e ((arr(idB)Dd)|X))o(a®id))o

y (a ' ®id) e (y®id)

3 (a@id)e (e ®id) e Tr((c 1(I®Y)) e ((arr(idp) Od) | X))) .
(v ®1id)
= Tr((arr(idp) Od) 3> c) & (y®id).

Unit vanishing

The relevant component diagram is:

(A+0,B+0) T (4,B)
(arr(pll),id,arr(p+)>l T>>>
(A, A+0) x (A+0,B+0) x (B+0,B) (4, B+0) x (B+0,B)

where we have to keep in mind that the p;.: C'+0 =, C refers to the monoidal isomor-
phism wrt. the coproducts 4+ on C.
Pictorially, the axiom asserts

A

— — A

c . D
0 0 _ c '
( ) o ~o

We will prove that there is an isomorphism of components:

T((Aop)®id)

T(I®X)®I)® B) .~ T(X ® B)
(arr(PJ:1)>>>c)>>>arr(p+)T TTr(c)
(TeX)o)®A = XoA

(Aop)®id
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The heart of the matter is:

Tr(c)
= Tr¥(dis™" e ¢ o dis) with dis: (X @ 4) + (X ©0) =X ® (A +0)
= predis tecedise pjrl by vanishing for T, since X ® 0 is initial

= ([d®p;')ece(id®ps) by Lemma 2.2.1.
Hence we obtain the required isomorphism of components:

(Mo p)®id) e ((arr(py') = c) > arr(py))

22 A@id) e (id®py) e (arr(p7!) 3> ) o (p@id)
(id® ps) o (A@id) e (arr(pL') > c) o (p®id)
(id@pi)ece (id®p;") e (A@id) e (p®id)

= Tr(c)e(

4%2 )
(

Ao p)®id), as shown above.

Tensor vanishing

Again we have to distinguish carefully between the monoidal associativity isomorphisms
a4 and «, for coproduct + and tensor ®, respectively. The component diagram is:

(A+(C+D),(A+C)+ D)x
(arr(ay)id,arr(al ")) ((A + C) + D, (B + C) + D)X

((A+O)+Dl(3+0)+D) (B+C)+D,B+ (C + D))
Tr
(A+C,B+0C) (> xid)o>s

Trl

(A, B) I (A+ (C+ D),B+ (C+ D))
Pictorially,

A B
A B c C

c+pd €
(G -

Our aim is to prove, for a component X ® ((A+ C) + D) - X ® ((B+ C) + D), that
we have an isomorphism of components:

E

T((I®X)o1) @A) X0, 1y o 4

Tr((arr(a+)>>>C)>>>arr(oc;1))T TTr(Tr(c))
(IeX)el)® A — X®A

(Xop)®id
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This is done as follows.

(Mo p) ®@id) e Tr((arr(ay) = ¢) > arr(a} ')
63 Tr((Ao p) ®id) e (arr(a) > ¢) 3> arr(a;) o ((p71 o A71) ®1id))
. (Ao p) ©id)
Tr((A®id) e (id®ai') e (arr(ay) > c) o (At ®id)) e ((A o p) ®id)
Tr(id®ai") e (A®id) e (arr(ay) > c) o (A1 ®@id)) e ((A o p) ®id)
Tr(id®a; ) ece (id®as)) e ((Aop)®id)
= TM(dis'e(id®ai)ece (id®ay)edis) e ((Aop) ®id)
223 Tru(dls_ o (id®ai') ecedise (dis+id) e a e (id + dis_l))
e (Aop)@id)
u((id +dis™!) edis™! e (id® 0@1) o cedise (dis+id) e o)
e (Ao p)®id) by dinaturality for Tr'
223 T (a7l e (dis™! +id) e dis e ¢ o dis e (dis+id) e oy ) @ (Ao p) @ id)
=TT ((dis™" +id) e dis e c e dis e (dis+id))) e (A 0 p) @ id)
by vanishing for T
= T(dis™' ¢ TP (dis e c e dis) e dis) e (Ao p) ®id)
by naturality for T
= Tr(Tr(c)) e (Ao p) ®id).

Superposing

The relevant diagram for components is:

(D,E)x (A+C,B+C)——2 5 (D+(A+C),E+(B+C))
(arr(ay 7),id,arr (o))
idxTr (D+A)+C,D+(A+C))x
(D+(A+C),E+ (B+C))x
(D, E) x (4,B) (E+(B+C),(E+B)+C)
Dl (>>xid)o>ss>
(D + A, E + B) — (D+A)+C,(E+B)+C)
Pictorially,
= — C o

For coalgebraic components

VYOE—25Y®D and X®(A+C)—>X®(B+C)

34
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this involves an isomorphism of components:

T((Ie (Y oX)al) o (E+B) 22Uy (y o X) o (E+ B))

Tr((arr(a;1)>>>(dljc )>s>arr(og) T TdEITr(c)

((1®(Y@X))®1)®(E+B)T1M>(Y®X)®(E+B)

One proceeds along by now familiar lines.

7. Traced monoidal category of resumptions

In this section we use the previous results—about operators and equations on components—
to prove that the category of T-resumptions is traced symmetric monoidal. This general
result holds for a large class of monads T" with suitable assumptions, hence generalises the
result in (Abramsky et al., 2002) that focuses on the lift monad T' = 1+ (—). Although we
do not fully expose it, the technical development is an instance of the theory—developed
previously in (Hasuo et al., 2008; Hasuo et al., 2009)—on the microcosm principle (Baez
and Dolan, 1998). Application of this general theory exploits characterisation of resump-
tions as elements of a final component.

Throughout the current section the base category C is fixed to be Set, the category of
sets and functions. It is a symmetric monoidal closed category with Cartesian product x
as tensor ® and the singleton 1 as monoidal unit I; it is also equipped with distributive
coproducts +,0. All the results in the previous sections are valid in this base category.

7.1. Resumptions

The notion of resumption has been introduced in (Milner, 1975) for the purpose of
providing denotational semantics for interactive computing agents. A historical account
is found in (Abramsky et al., 2002, Section 5.4.1); our recap here of the notion is adapted
for the current context.

First let us think of a component X x A % X x B, a map in Set. It is a component (3)
where T' = id is the trivial monad and ® is chosen to be Cartesian product x. It belongs
to the category Comp(id, A, B); with T = id this component does not exhibit any effect
in its execution. In the theory of automata, such a machine is called a Mealy machine;
it can also be thought of as a (simple version of a) transducer. The task that such a
machine is expected to perform is transformation of (infinite) A-streams into B-streams;
the transformation should be performed in a letter-by-letter manner.

A resumption is an extensional view of the behaviour of such a machine. Specifically,
the above machine ¢ induces a resumption formalised as a stream function r : A — BY
which is causal, meaning that the n-th letter of the output stream only depends on the
first n letters of the input.?

8 This is how they are formalised in (Rutten, 2006). Equivalent formulations are: as string functions
A* — B* that are length-preserving and prefix-closed (Pattinson, 2003); and as functions AT — B
where A1 is the set of (finite-length) strings of length > 1.
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Let us now take a coalgebraic view on components and resumptions. A component
X x A5 X x B is the same thing as a map X — (X x B)*4 hence is a coalgebra for the
functor (— x B)4. As is noted in (Abramsky et al., 2002), the “behaviours by coinduction”
paradigm in the theory of coalgebra (Jacobs and Rutten, 1997; Rutten, 2000) is also valid
in this setting. Namely, the set Z4 p of resumptions (i.e. causal stream functions) carries
a canonical (— x B)“-coalgebra structure:

¢

,B

R|>

ZA B (Za,p x B)A

(r:A¥ — B“, causal ) ———— Aa. (()\?.tail(r(a . ?)) ), head(r(a - 7))).

Here a-a is a letter a € A followed by an arbitrary stream @’; the value of head(r(a-@))
does not depend on @ since r is causal. Moreover, it is standard that this coalgebra ¢ A,B
is a final one. Given an arbitrary component ¢ : X x A — X X B (i.e. a coalgebra
c: X — (X x B)4) finality of (4 g induces the behaviour map:

(X xB)A~ -+ (Zap x B)A
CT final 122
X—==—- +ZA,B

which carries a state © € X to the behaviour beh(c)(z) of ¢, in case of execution with x
as the initial state, represented by a resumption. To summarise: the set of resumptions
from A to B carries a final (— x B)? coalgebra.

We have restricted ourselves to the trivial monad 7" = id for the purpose of illustration
of resumptions. However this choice of a monad T does not satisfy the assumption in
Section 6 for K¢(T') to be traced: an iteration of a total function can fail to be total
because of an infinite loop. For monads T' in general—especially for those which satisfy
the assumption in Section 6—we generalise the above characterisation of resumptions as
follows. The same has been done in (Abramsky et al., 2002).

Definition 7.1 (7-resumption). Let T be a monad on Set such that, for any sets A
and B, a final (T'(— x B))“-coalgebra

Gy 25y = (T(Z5 5 xB))" inSet
exists. A T-resumption from A to B is an element of the carrier Z} 5.
Morphisms of T'(— x B)“-coalgebras are precisely morphisms of components: there is an

isomorphism of categories: Coalg(T(— x B)*) = Comp(T, A, B). Hence T-resumptions
form the state space of a final component.

Assumption 7.2. In the remainder of this section we assume that a monad T on Set
satisfies both the assumption in Section 6 (namely (Jacobs, 2010, Requirements 4.7)) as
well as the one in Definition 7.1. The former consists of K¢(T') being Dcpo | -enriched,
T being “semi-additive”, etc.; it ensures that we have a trace operator Tr™. The latter
enables us to capture resumptions by a final coalgebra.

Such monads include: the lift monad 1 + (—); the x-bounded powerset monad P<* with
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an uncountable weakly inaccessible cardinal ; and the (discrete) subdistribution monad
D. Regarding the monad P<*, the cardinal x must be larger than Ry so that an increasing
w-sequence in the set P<%(X) has its supremum inside P<%(X); this is needed for the
trace assumption in Section 6. At the same time k is assumed to be weakly inaccessible
so that Barr’s final coalgebra theorem (Barr, 1993) ensures existence of final coalgebras.
Such explicit size restriction is not needed for the subdistribution monad D, since the
condition )~ d(x) < 1 implies that the support {z € X | d(x) # 0} is at most countable.
See e.g. (Sokolova, 2005, Proposition 2.1.2).

It is generally hard to concretely describe what a T-resumption looks like. It is a tree—
much like a synchronisation tree (Milner, 1980)—but its depth and branching degree are
very often larger than Ng. A tractable description is possible for the lift monad: much
like for the identity monad, it is represented by a function r : AY — B* + B“ with a
suitably generalised causality requirement.

7.2. The microcosm principle

One can form the category of T-resumptions by arranging T-resumptions as morphisms
in the category.

Definition 7.3 (The category T-Res). For a monad T satisfying Assumption 7.2, we
define the category of T-resumptions, denoted by T-Res, by the following data.

— An object A of T-Res is a set A € Set.
— An arrow r : A — B in T-Res is a T-resumption from A to B (cf. Definition 7.1).
Thus we have: Homyp.ges(A4, B) = Zin.

Its actual structure as a category—composition and identity—shall be described in short.

The main point of (Abramsky et al., 2002, Section 5.4) is that the category of resump-
tions (1 + (—))-Res for the lift monad is symmetric traced monoidal, and that it gives
rise to a compact closed category of (stateful) games (Abramsky and Jagadeesan, 1994)
after applying the Int-construction (Joyal et al., 1996). Its generalisation to a wider class
of monads T (other than T'= 14 (—)) is one of our main technical contribution.

Theorem 7.4. For a monad T satisfying Assumption 7.2, the category T-Res of T-
resumptions is symmetric traced monoidal.

This result, in fact, is an immediate corollary of what we have observed: the traced
monoidal structure of T-Res follows from the composition and trace operators for com-
ponents introduced in Section 4 and Section 6.

In order to illustrate the situation, let us think of arranging components—instead of
resumptions—as morphisms from A to B. Between such components ¢ and d with the
same input/output types we possibly have a morphism of components, see (4). The latter
“morphism” f can be drawn between components, as follows.

(&

d
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This motivates a 2-categorical approach to components. The envisaged 2-category has
sets as 0-cells, components as 1-cells and morphisms of components as 2-cells. Naturally
one would introduce (horizontal) composition of 1-cells by the sequential composition 5>
of components (Section 4); and the identity 1-cell A — A by the one-state component
arr(id4) from (5).

However, Lemma 4.2.2-3 indicates that such horizontal composition of 1-cells satis-
fies the unit law and associativity only up-to canonical isomorphisms. This makes the
envisaged structure not a 2-category, but a bicategory; see e.g. (Borceux, 1994). The re-
sulting bicategory is much like the one in the bicategorical approach to processes (Katis
et al., 1997). Let us denote the bicategory by Comp(7T'). This extends our previous no-
tation, since its hom-category from A to B is given by the category Comp(T, A, B) of
components.

What we have shown in Section 6 is essentially that the bicategory Comp(T) is
equipped with traced monoidal structure.¥ Its underlying monoidal structure is given
by additive parallel composition O (Section 4.2); in particular it is binary coproduct +
on objects.

The way we look at the category T-Res of resumptions is as a “thin slice” of the bicat-
egory Comp(T') of components. The two have the same family of objects; the former’s
homset T-Res(A, B) resides in the latter’s Comp(7T, A, B) as (the carrier of) a 1-cell;
still T-Res(A, B) is “behaviourally universal” via its finality.

in Comp(T) X x A5 T(X xB)

We then derive the structure of T-Res as a traced monoidal category, from the cor-
responding “outer” structure of Comp(7T); it follows from the general theory developed
previously in (Hasuo et al., 2008; Hasuo et al., 2009). The general theory identifies the
situation as an instance of the microcosm principle (Baez and Dolan, 1998). The latter
refers to a situation where “an algebra resides in another algebra, both for the same
algebraic specification”, a prototypical example of which is a monoid in a monoidal
category (Mac Lane, 1998). As a result, the homsets of T-Res form a traced monoidal
category, residing in the hom-categories of Comp(7T') that form a “traced monoidal bicat-
egory”; see (Hasuo et al., 2009) for the details of the generic situation. Rather than fully
laying out the general theory, however, we shall now describe its concrete instantiation
adapted to the current setting.

9 Axiomatisation of the notion of “traced monoidal bicategory” would involve delicate coherence con-
ditions. We do not aim at such general Axiomatisation but focus on one specific instance.
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7.3. Resumptions form a category

Notation 7.5. The functor (T(— X B))A—for which a coalgebra is a component with
A-input and B-output—is denoted by Fa,5. The monad T is fixed throughout the rest,
and so it is suppressed. Therefore we write Z4 p rather than Z} p for the homset of
T-resumptions.

We first derive the sequential composition operator o”-Res that acts on resumptions;
it is obtained from how we compose arrows in T-Res. The following coinduction diagram
in Set defines the operator:

Fac(ZapxZpc)— - ——+Fac(Zac)
Ca,p>>(p.c] final[Ca,c (22)
ZaB X ZBc— — il Za,c
©°A,B,C

Recall that (4 p is a final F4 g-coalgebra (Definition 7.1). The sequential composition of
(B,c after 4 p yields the component shown on the left, which is an F4 c-coalgebra with
a state space Z4,p X Zp,c. It then induces a unique map into the final F4 c-coalgebra,
as in the above diagram. Thus we have obtained a function

OE-,PBt?C : ZA,B X ZB,C — ZQA, that is
HomT_ReS(A, B) X HOIIIT_ReS(B, C) — HOIIIT_ReS(A7 C)
Similarly, the identity morphism id’; ®°* in T-Res is derived by coinduction, from the
one-state component arr(id 4).
Faa(l) = ===+ Faa(Zaa)
arr(idA)T final [Ca,4 (23)
- === === +ZA,A
idg—Res
T-Res

Let us prove associativity of o . The emphasis here is on the fact that, via coin-
duction, the goal is essentially reduced to associativity (Lemma 4.2.3) of >s>—the cor-
responding “outer” operator.

Specifically, by diagram (22), the map o:";:%fg: Zap X Zp,c — Zc,4 is a component
morphism from (4 p >3 (p ¢ to (a,c. Hence by the functoriality of >> (Lemma 4.2.4)
we obtain a component morphism

o mE Xidze, t (Cas>>(p,c) > (o,p — (a0 > (op-

This means that the left square in the following diagram commutes. The right one com-

mutes, too, since it is the diagram (22) defining o’ §55.

Fap((Za,p x Zp,c) x Zc,p) — Fa,p(Za,c x Zc,p) — = Fa,p(Za,p)

(Ca,B>>(B,c)>>Cop| Ca,c>> (o] final[Ca,p
(ZapxZpc)XZop———rZac X Zop— —— — +2ZAD
oW RS XZop L8

)
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The next diagram in Set commutes for the same reasons, in which the top square com-
mutes by associativity of >> (Lemma 4.2.3).

(Ca,B>>(B,c) >>(cp

(Zap X Zpc) X Zc.p Fap(Zap xZpc) % Zep)
at|= |
Ca,B >> ((B,c >> (o,p)
Zapx (Zpoc*xZep) Fap(Zap x(Zpc X Zc,p))
ZABX OE’Pc{eBl l
o Ca,B>>(B,D
ZAB X ZB,D Fap(Zap xZgp)
| |
ok BD !
M final ps
Zap Fap(Zap)
Ca,p

(In the last diagram we wrote coalgebras X — FX horizontally instead of vertically,
unlike our convention elsewhere. This is purely for the typesetting reason.)

We conclude that the following diagram commutes, since the last two diagrams show
that the two composites are both coalgebra morphisms from (C4 g >3 (p.c) > (cp to
a final coalgebra (4 p.

%es

T-
OQ, 'CXZC,D

(Za,p X Zp,c) X Zc,p Zac X Zc,p

_ T-Res
@ ll loA,C,D

Zap % (Zp,c x ZC,D%—”{ ZAB X Z4BD ——m—ZAD
) -Res T-Res
A,BXOpB c D ©°A,B,D

This is associativity of o -Res,

The left- and right-unit laws for 7-Res amount to the following diagram:

: 1T-Ru
ldA eS><ZA,B

Zap=——"——1XZxsp ZAAXZAB

R E——
Q\L \ T-Res
= OA,AB
ZA,BX1—>ZA,B><ZB,B ZA,B

:yT-Res T-Res
Z A, BXidg ©A,B,B

s

The diagram commutes essentially due to the unit laws (Lemma 4.2.2) for the outer
operators >s> and arr(id), much like for the associativity.
We summarise what we have so far.

Proposition 7.6. The data T-Res in Definition 7.3 indeed forms a category, with com-
position of arrows given by o7-Res in (22) and identity arrows by id” ®°s in (23). O

In fact the last proposition is a special case of (Krstié¢ et al., 2001, Theorem 1). The
latter result is more general because it works for an axiomatically introduced class of
functors {Fa,p} 4, p—which roughly corresponds to the notion of laz L-functor in (Hasuo
et al., 2008; Hasuo et al., 2009)—instead of our concrete description Fy g = (T(B X —))A
(Notation 7.5). From now on, however, we go beyond (Krstié¢ et al., 2001) by introducing
a symmetric monoidal structure on T-Res and a trace operator on top of it.
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7.4. Resumptions carry symmetric monoidal structure

Endowing the category T-Res with traced monoidal structure goes pretty much the same
way; in what follows the structure is described in some detail.

The monoidal structure is given by additive parallel composition OT-ReS of resump-
tions, which is derived from [J on components (Section 4.2), the corresponding outer
structure. It acts on objects as sum of sets:

AOTResp .— A+ B. (24)
On arrows, its action
Dg_gﬁ;,p : ZaB X Zop — Zayc,B+D, thatis
Homyp Res(A, B) x Homp res(C, D) — Homyp res(4 + C, B+ D)

is induced via the following diagram similar to (22).

Faycp+p(Zap X Zop) — = = = + Faro,p+p(Zatce,B+D)
Ca,pU CC,DT ﬁnalTCAJrC,BJrD (25)
ZapXZep— == 2 =~ = == > ZA+CB+D
UacE D

Lemma 7.7. The mapping O7-ReS yields a functor O7-Res : T-Res x T-Res — T-Res.

Proof. Let us first prove preservation of identities. We have the following successive
morphisms of coalgebraic components, where coalgebras X — FX are written horizon-

tally.
arr(id )
1 2 Faipa+p(l)
:i id4)0 id l%
1x1 rlida)Pentde) | g arn(1x 1)

id’g—Reindg—Resl l
¢a,a0¢B,B
ZaaXx 24— 5 Faip atp(Zaa X ZpB)

T-Res
DA,B,A,B\L l

final
ZAyB,A+B Fay,ayB(ZA1B,A+B)

CA+B,A+B

The first square commutes because of the compatibility of O and arr (Lemma 4.9.1);
the second does because of the definition of id” ®°* (23) and functoriality of O (right
after Definition 4.7); and the third one is the definition of (J7-®es (25). This proves that
the following diagram commutes, since the two composites are both morphisms from the
component arr(id 44 p) to the final {4+ p a+B-

:1T-Res ,: 1T-Res
idy4 Xidg

l— 1 x1—"—"5Zaa%XZpp
OXES

ZA{B,A+B

Hence OT-Res . T_Res x T-Res — T-Res preserves identities.
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We turn to preservation of composition; the arguments proceed in a similar way. We
have the following two (parallel) series of morphisms of coalgebraic components. They
are all arrows in the category Comp(T, A + B, A” + B").

(Ca,ar = Carar) O >> Cpr pr)
(Ca,ar OCB,pr) > (Car,ar OCpr )

CA+B,A/+B’ = CA’+B’,A”+B”

o
(D:I;_,l;‘,e:’,B’)X (DZ;ITB‘?/S’AN,B//)

OT—Res
A+B,A'+B' A+ B!

CA+B,A"+B";

(CA,A’ = CA’,A”) D (CB,B/ > CB/,B”)
Ca,av O ¢B,B7

CA+B,A"+B"-

(OgjﬁffA// )X (Og:%}e’s}g// )

T-Res
DA‘B‘A”,B"

The first isomorphism is due to Lemma 4.9.2; the second one is a morphism of components
due to the definition of 0T-®eS and functoriality of >> (Lemma 4.2.4); and the third one
is the definition of o”"®®S, The other two are component morphisms for similar reasons.
Since the coalgebraic component (44 p a~4p~ is a final coalgebra, we conclude that the
two composites above are identical. In particular, by taking their underlying functions,
we have a commuting diagram

R

(ZA,A' X ZA/,A”) X (ZB,B' X ZB',B”) —_ (ZA,A/ X ZB,B/) X (ZA',A” X ZB’,B”)

T- T- T- T-
OA,i;E,SA” XOB,I;?,SB//\L lDA,%?:’,B/XDA,I-,XB‘?/SyA”,B”
ZA,A” X ZB,B” ZA+B,A’+B’ X ZA’+B’,A”+B”

Dm %
A,B,A" B A+B,A’+B’, A" +B"

ZA—‘,—B,A”-‘,—B”
in Set. Hence O7"Res : T_Res x T-Res — T-Res preserves composition of arrows. [

The monoidal unit for (7-Res, J7-Res) is the empty set 0. It remains to describe
associativity, unit and symmetry isomorphisms; they appear in the proof of the following
result.

Proposition 7.8. (T-Res,[07-Res () is a symmetric monoidal category.

Proof. We shall first describe the definition of the structural isomorphisms. Then we
prove that: 1) they are indeed isomorphisms; 2) they are natural; and 3) they are coherent
as in (Mac Lane, 1998).

An associativity isomorphism a”Res : A + (B +C) = (A + B) + C in T-Res—recall
that O7-Res is + on objects, see (24)—is induced by the following diagram.

Farroy(a+B)+c(l) = = = = » Fay(Bro),(a+B)+c(Zat(B+0),(A+B)+C)
arr(a+)T ﬁnalT<A+(B+C),(A+B)+C
1------ TRe 7 ZA+(B+C),(A+B)+C
A,B,C

Here oy on the left, in arr(ay ), is the isomorphism A + (B + C) = (A+ B) + C in Set.
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AT-Res pT—ReS and symmetry

In exactly the same way we obtain unit isomorphisms
isomorphisms y7-®es, from the corresponding isomorphisms for + in Set.
It is easy to see that all these are indeed isomorphisms. Let us write down the proof

for aT-Res, Let 65‘7%?5 be the following resumption induced by the isomorphism o@l :
(A+ B)+C — A+ (B+C) in Set:

Faspy+c,a+B+o)(1) = = = = > FlayB)+c,4+(B+0) (Z(A+B)+C,A+(B+C))
a”(allﬁ ﬁnalTC(AJrB)JrC,AJr(BJrC)
1= === === == = = = 2 Z(A+B)+C,A+(B+C)

Q7 B.C

We claim that this 65',%795 is the inverse of 041741'7%:35, that is,

o o

1x1 — 1 — 1x1
—T-R T-R T-R. —T-R.
O‘A,B,QSXO‘A,B,QEJ/ J‘XA,B,QSXO‘A,B?E

Z(A+B)+C,A+(B+C) X ZA{(B+C),(A+B)+C | \ ZAH(B+O),(A+B)+C X Z(A+B)+C,A+(B+C)

OT—ResJ/ JOT—Res

Z(A+B)+C,(A+B)+C TS e AT B Z A+(B+C),A+(B+C)
— T~

We prove commutativity of the triangle on the right; the other is similar. As before, this
is by proving that the following arrows are all component morphisms leading to a final

coalgebra (a4 (B+0),A+(B+C)-

(3“’(idA+(B+C)))

arr((ag)a,,c) 3> arr((a} ') a,B,.c)

o

T-Res ., —T-Res
QA,B,CXYAB

Ne) ,

— CA+(B+C),(A+B)+C > ((A+B)+C,A+(B+C)
CA+(B+C),(A+B)+C,A+(B+C)

CA+(B+C),A+(B+C);

(arr(ida+(B+c)))

idT—Res
A+ (B+O)
CA+(B+C),A+(B+C)-

The first isomorphism is because of Lemma 4.2.1; the second one is due to the definition
of aT-Res gT-Res and functoriality of > (Lemma 4.2.4); the third one is the definition
of oTRes: and the last is the definition of id” ™. Thus we have proved that o, B is
indeed an isomorphism.

We turn to the naturality of a7-Res \T-Res ,T-Res anq nT-Res. aoain we present only
the proof for a”"Res_ It means commutativity of
AN B
A4+ (B+C)—2BC (A1 B)y+C
rOT-Res (sOT-Res) | |romResmTRestin T-Res,

A+ (B +C)—— (A +B)+ '
Xar B!
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for any resumptions r, s and t of suitable types. This amounts to, in Set

X ((ZA,A’ X ZB,B’) X ZC,C/) _ (ZA,A/ X (ZB,B’ X ZC,C’)) x 1
\
ag:%,eé % (DT.ResO(DT-RestC)c,) ) ( DT—ResO(ZA)A/ x[JT-Res) ) XQA/RBe,S o
Z A+(B+C),(A+B)+C ZA+(B+C),A'+(B'+C")
XZ(A+B)+C A'+B")+C’ XZA’+ (B'+C"),(A’+B")+C’

’1\ /T Res

ZA4+(B+C),(A'+B)+C"

Once again, this is by showing that the two above composites are parallel coalgebra
morphisms leading to a final coalgebra. Namely

o

arr((ay)a,B.o) 3> ((Can O¢p,p) OCeor)
an O )) >> arr((ay)ar .o
(DT'RESO(ZA»A/ xOT-Res) ) xaﬁ?f?ﬁc/( CaaD(ese Déoc) ) () arpr.c)

CA+(B+C),A'+(B'+C7) > CAI4(B'+C"),(A'+B")+C

OT—Res
A+(B+0),(A’+B/)+C’, A/ +(B'+C7)

CAH(B+C),(A'+B")+C"

arr((ay)a,z.c) 3> ((Caa OCpp)0locr)

CA+(B+C),(A+B)+C = C(A4B)+C,(A'+B")+C"

a£ g s % (DT Res (DTfRestCYC/))
oT-
a

Re
+(B+C) (A+B)+C,(A’+B’)+C’

CA+(B+C),(A'+B)4+C" -

The first one is an isomorphism of components due to Lemma 4.9.3; the others are similar
to the ones earlier in this section. This concludes the proof of naturality of a7 Fes,

Finally, we need to check the standard coherence conditions for o7 -Res )\T-Res ,T-Res

and yT-Res in a symmetric monoidal category, as described in e.g. (Mac Lane, 1998). Let
us prove
k6 E
A+ (0+ B) — (A+0)+ B )
= in T-Res; (26)
idg—ResDT—Res% A+ B %DT—Residg—Res

the others are similar. The above diagram amounts to the following diagram in Set.

o

1 1x1
=] JiatRencng s
1x(1x1) Za,A X Zo+B,B
aA Resx(pT ReledT ReS)l
Z A4+(0+B),(A+0)+B X (Zayo,a X ZB.B) 04 0cs 4.8

T-R.
Z A+(0+B),(A+0)+B X DA+Oe,JSB,A,Bl

ZA4(04B),(A+0)+B X Z(A+0)+B,A+B —————— Z A4 (0+B),A+B

OT—Res
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Yet once again, this diagram commutes because the two composites are (parallel) coal-
gebra morphisms from the coalgebra

a[A+(0+B) 22 4+ B] 2 an[A+ 0+ B) 25 (A+0)+ B 4+ B]

1 — Fay0+B),4+5(1)
to the final (44 (0+m),4+B- The equality (x) is due to the same coherence condition

as (26) for the monoidal category (Set,+,0); the other details can be easily filled in.
This concludes the proof. ]

7.5. Trace structure for resumptions

A trace/feedback operator TrT"ReS for resumptions is induced by the “outer” operator
Tr for components; this is exactly in the same way as we derived e.g. the tensor (J7-Res
from the outer [J. Let us nevertheless spell out how it is done concretely.

For arbitrary sets A, B,C' € T-Res, the trace operator

Trg_,PB{,ecs* : Zayco,B+c — Za,B, thatis
Homp gres(A + C, B+ C) — Homp res(4, B)

is introduced by the following coinduction diagram:

Fap(ZarcBic) — — — — +Fap(ZaB)
Tr(<A+C,B+C)T ﬁnangA,B
Zavc,B+C — — = T-Res +ZAB
ra,B,C

Here the operator Tr on the left, acting on (44¢, B+, is the trace operator for components
from Definition 6.1.

It is again straightforward to prove that Tr?Fes

satisfies the trace axioms: each axiom
is essentially reduced to the corresponding axiom on Tr for components. Let us prove
the post-composition/tightening axiom (21) for example. It amounts to the following
commutative diagram.

T-Res T-Res
Tra B¢ *xZB,D CA,B,

A, D
Zaye,Byc X L p —— ZAB X ZBp ———> ZAD
Zato,p+c x (Zp,p x 1)
Zatvce,B+cX(ZB,p Xidg'Res)l TV]A;_,FD{,eé (27)
Zaye,Brc X (Zp,p X Ze,c)
ZA+c,B+cXD§:g?§,cl

Za+c,B+C X ZB+C,D+C

Res Za+c,p+c
A+C,B+C,D+C
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The composite on the top row is a coalgebra morphism

Tr(Ca+c,B+c) => (D
Ca,B>>(B,D

Ca,D;

T-R.
TrA,B?ész,D

T-Res
°A B

T-Res and

where the first arrow is a coalgebra morphism due to the definition of Tr
functoriality of >> (Lemma 4.2.4); the latter is due to the definition of o7-Res,

The other composite in (27) is a morphism between the same coalgebras:

Tr(Cavc,B+c) >>(B,D

(%) .

= Tr[€A+C,B+C = (CB,D (Il arr(ldc)) ]

ZA+C,B+C><(ZB,D XidTﬁRes)
B Tr[Care.B+c 3> ((s,p OCc0) |
Zato,p+ox05 8% ¢
Tr(Catc,B+c => (Byc,p+C)
T-Res
CA+C,B+C,D+C
- Tr(Cat+o,p+c)
T Do

CA,D-

Here the isomorphism (x) is due to the post-composition naturality for Tr, see Section 6.3.

T-R.
®S_ The other arrows are also component

The last morphism is the definition of Tr
morphisms; here the functoriality of Tr (Lemma 6.2) is crucial. Recall that the functor
Tr : Comp(T, A+ C,B+C) — Comp(T, A, B) acts on arrows as the identity. We
conclude, by the finality of (4 p, that the diagram (27) commute.

The other axioms can be verified in the same manner. This concludes the proof of

Theorem 7.4.

8. Concluding remarks

This paper is part of an ongoing line of research into the mathematical (coalgebraic)
foundations of components as basic building blocks in computing (see (Szyperski, 1998)
for a wider perspective). Obviously, connections to existing component languages like
Reo (Arbab, 2004; Baier et al., 2006) need to be explored. There are also several directions
for further, more mathematically oriented, research about coalgebraic components. We
briefly mention two such avenues, involving duality and dynamic logic.

For specific monads, like for powerset on the category of sets or for the identity on
the category of Hilbert spaces, the associated Kleisli category carries a dagger operator
T that commutes with the tensor and biproduct. Via this dagger one can define a duality
operator:

Comp(T, A, B)°P % Comp(T, B, A)
(X045 X0B)——— (XoB% Xo4)

It satisfies, for instance (c || d)* = (¢* || d*). Such a duality introduces a form of re-
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versible computation that may be useful in capturing aspects of quantum computing
coalgebraically, see also (Abramsky, 2009).

Another interesting topic for further research is how to extend modal logic for coalge-
bras to a dynamic logic (see e.g. (Goldblatt, 1992)) for coalgebraic components. In such
a logic one expects basic compositionality properties (see also (Klin, 2009)), so that for
instance (ess.q, g ete. can be expressed in terms of O, and [y.
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