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Why Categories?

* Why category theory?

“Unity” as Yoshi talked about (7?)

* My answer: for generalization & abstraction

“Scalability is the end, compositionality
Is the means, category theory is the means
to the means.” (Jules Hedges)

* A plain math. language

* Equipped only with
a (typed) compositional structure

* A nicely extendable base language:

accommodates various additional features
(monoidal, topos, locally presentable/accessible, effectus, ...)

* Make theory builders aware of what exactly (s)he is using,
and thus extract the essence of a theory

* Then, why abstraction??
2 Hasuo (NIl, Tokyo)



The Power of Abstraction
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Abstraction in a Theory |
Categorical Gol (geometry of interaction)

[Abramsky, Haghverdi & Scott, MSCS’02] [Hasuo & Hoshino, LICS’11] [Hoshino, Muroya & Hasuo, CSL-LICS’14]
[Muroya, Hoshino & Hasuo, POPL’16] [Hasuo & Hoshino, APAL’17]

Abstraction in a Theory i
Codensity Bisimulation Games

[Katsumata & Sato, CALCO’15] [Sprunger, Katsumata, Dubut & Hasuo, CMCS’18]
[Komorida, Katsumata, Hu, Klin & Hasuo, submitted (soon on arXiv)]

Abstraction in a Project

Introducing Project:
from to

Abstraction in an Inspiring Mind




Abstraction in a Theory:
“Categorical Transfer”
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Abstraction in a Theory |
Categorical Gol (geometry of interaction)

[Abramsky, Haghverdi & Scott, MSCS’02] [Hasuo & Hoshino, LICS’11] [Hoshino, Muroya & Hasuo, CSL-LICS’14]
[Muroya, Hoshino & Hasuo, POPL’16] [Hasuo & Hoshino, APAL’17]

Abstraction in a Theory i
Codensity Bisimulation Games

[Katsumata & Sato, CALCO’15] [Sprunger, Katsumata, Dubut & Hasuo, CMCS’18]
[Komorida, Katsumata, Hu, Klin & Hasuo, submitted (soon on arXiv)]

Abstraction in a Project

Introducing Project:
from to

Abstraction in an Inspiring Mind




Abstraction in a Theo
ategorical Gol

€« >

C @ Not Secure | koko-m.github.io/TtT/ * © 0 ¢ # ~ 0 O

TtT (Terms to Transducers)

start

¥ Enter a term, or type ";ex" to select one from 13 examples.

((lambda(x) (+ x X)) (choose(0.4) 3 5) ;exSumChoose gii%im (D et —T N | ) |

-} dd<d42,137> at 64(NOP:0)
-} d<d42,137> at 62(PHI:0)
-} d<d42,137> at 69(NOP:0)
-} <0,d<d42,137>> at 68(E":0)
-} <0,d<d42,137>> at 73(NOP:0)
-} d<0,d<d42,137>> at 72(PSI:0)
-} d<0,d<d42,137>> at 40(NOP:0)
{-} dd<0,d<d42,137>> at 39(PSI:0)
{-} dd<0,d<d42,137>> at 35(TERM_OUT:0)
exit (lambda(x)(+ x x))
{-} dd<0,d<d42,137>> at 3(NOP:0)
{-} <0,0<d42137>> at 0(H:0)
{-} <0,0<d42,137>> at 33(NOP:0)
{0} d<c42,137> at 32(U:0)
{0} d<d42,137> at 29(NOP:0)
{0} <d42,137> at 27(PHI:0)
{0} <d42,137> at 21(TERM_OUT:0)
exit (+ x x) at port x
(0} <d42,137> at 19(NOP:0)
{0} <42,137> at 17(C:0)
(0} <42,137> at 9(NOP:0)
(0} <42,137> at 12(SUM:2)
{0} <42,137> at 5(NOP:0)
(0} dd<42,137> at 6(H:1)
enter (+xx)
0} dd<42,137> at 22(TERM_IN:1)
0} dd<42,137> at 26(NOP:0)
0} gdd<42,137> at 24(PSE0)
0} gdd<42,137> at 31(NOP:0)
-} <0,gdd<42,137>> at 30(V:0)
{-} <0,gdd<42,137>> at 1(NOP:0)
{-} dd<0,gdd<42,137>> at 2(H:1)
ter {lambda(x)(+ x x))
-} dd<0,gdd<42,137>> ot 34(TERM_IN:0)
-} dd<0,gdd<42,137>> at 38(NOP:0)
-} d<0,gdd<42,137>> at 36(PHI:0)
d<0,gdd<42,137>> at 77(NOP:0)
{-} <0,gdd<42,137>> at 75(PHI:0)
{-} <0,gdd<42,137>> at 71(NOP:0)
{-} gdd<42,137> at 70(E:0)
{-} gdd<42,137> at 66(NOP:0)
{-} dgdd<42,137> &t 65(PSL:0)
{-} dgdd<42,137> &t 61(TERM_OUT:0)
exit (choose(0.4)3 5)
{-} dgdd<a2,137> at 59(NOP:0)
{-} dgdd<a2,137> at 57(TERM_OUT:0)
exit5
(-} dgdd<42,137> at 53(NOP:0)
(-} gdd<42,137> at 62(H:1)
enter 5
{-} gdd<42,137> at 66(TERM_IN:0)
==== PROBABILISTIC CHOICE (0.4) RIGHT ==
(-} gdd<42,137> at 68(CHOOSE:0)
enter (choose(0.4)3 5)
{-} gdd<42,137> &t 60(TERM_IN:0)
{-} gdd<42,137> at 64(NOP:0)
o . ) {-} dd<42,137> at 63(PHI:1)
This is a simulation tool of the memoryful Gol framework. {-} dd<42,137> at 74(NOP:0)
L . Implemented by Koko Muroya, using Processing.js v1.4.8 and PEG.js v0.8.0.

Abramsky, Haghverdi & Scott, MSCS’02]

[Hasuo & Hoshino, LICS’11] [Hoshino, Muroya & Hasuo, CSL-LICS’14]
[Muroya, Hoshino & Hasuo, POPL’ 186] [Hasuo & Hoshino, APAL’17]
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Abstraction in a Theory:
“Categorical Transfer”

Categorical Geometry of Interaction
[(Abramsky, Haghverdi, Scott)
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Outline
Gol w/

“Gol Animation” |
J / T-branching
R | f: N — TN [IH & Hoshino, LICS11]

4-'——— » —

f: X XN
_ %f\ [%] / e
= =11 o ———

TJ\U ﬁf Memoryful Gol
[Hoshino, Muroya & IH,
- moricm ’ CSL-LICS'14 & POPL16]

[Abramsky, Haghverdi & Scott, MSCS'02]

Coalgebra meets higher-order computation

in Geometry of Interaction (i, Lcss i




Geometry of Interaction (Gol)

* J.-Y. Girard, at Logic Colloquium ‘88

* Provides “denotational” semantics (w/ operational flavor)
for linear A -term M

* As a compilation technique

[Mackie, POPL'95] [Pinto, TLCA01] [Ghica et al., POPL'07, POPL11, ICFP'1L, ..]

FA At FAL A A AL

* Two presentations: ~IITVRNICTR

F[At ® 4], A, A?

* (Operator-) Algebraic (sirard]

* Token machines/ ot

s
interaction abstract machines :w%;(agm) 3
[Danos & Regnier, TCS'99] [Mackie, POPL95]




[M] =

The Gol Animation

(N — N, a partial function )

-9 |

(countably many)

Hasuo (NII, JP)



The Gol Animation

* Function application [MN]

* by "parallel composition + hiding”

Hasuo (NII, JP)



| “parallel composition + hiding”
' (cf. AJM games) |




- M = Af. f1 N =AXx.(x+1)



Outline

Coalgebra meets higher-order computation
in Geometry of Interaction (cirar, Lc'ss

,Jr |

W

Gol Animation”

=w[%]
""Categorical Gol

[Abramsky, Haghverdi & Scott, MSCS'02] Hasuo (NII, JP)



Categorical Gol

* Axiomatics of Gol
iIn the categorical language

%k OQOur main reference:

* [AHSO2] S. Abramsky, E. Haghverdi, and P. Scott, Geometry of interaction
and linear combinatory algebras, Math. Str. Comp. Sci, 2002

* Especially its technical report version (Oxford CL),
since its a bit more detailed

%k See also:

% IH and Naohiko Hoshino. Semantics of Higher-Order Quantum

Computation via Geometry of Interaction. Annals Pure & Applied Logic
2017.
arxiv.org/abs/1605.05079

Hasuo (NII, JP)


http://www.kurims.kyoto-u.ac.jp/%7Enaophiko
http://arxiv.org/abs/1605.05079

The Ca’regorical Gol
Workﬂo

’------------------

. Traced monoidal category C

"+ other constructs = “Gol situation” [AHS02]
|

B e i TE o ) S Acs B e

Nile

= e
ST RPN i ~
D . e Yy - N I

‘ Categorical Gol [aHs02]

'----------------.1

sk Applicative str. + combinators

Model of untyped calculus

. Linear combinatfory algebra e,

\ Es e Bl o Eu e B jm Em B L Re lm e % pER: CU—Se‘I', Gssembly,

‘ Realizability === *  “Programming in untyped A”

'----------~

L SaCE Ay B¢ pooa g o
I 4 | h | ‘ .
[
1]

;:"f Model of typed calculus

: Linear category

‘----------”

Hasuo (NII, JP)



What we use (ingredient)

Gol situation

Defn. (Gol situation [AHS02])
A Gol situation is a triple (C, F,U) where

e C = (C,®, 1) is a traced symmetric monoidal category

(TSMC);

o ' : C — C is a traced symmetric monoidal functor,
equipped with the following retractions (which are monoidal
natural transformations).

e : FFaF : e Comultiplication
d: idiaF : Dereliction

c : FQF«F : ¢ Contraction
Wi Kl B s’ Weakening

Here Ky is the constant functor into the monoidal unit I;

e U € C is an object (called refiexive object), equipped with
the following retractions.

- U@ U U+ k
I U

YEE RS L GABL ) (RSB T

—mam  Hasuo (NI, JP)




Gol situation

Defn. (Gol situation [AHS02])
A Gol situation is a triple ,, U) where

D\

7 o C = (C,®,I) is a traced symmetric monoidal category §
f L (IISMC):

L, — C is a traced symmeti monoidal fntr,
equipped with the following retractions (which are monoidal
natural transformations).

el FE QO FL: e Comultiplication
d:idaF :d Dereliction
c: FQF«F : ¢ Contraction
w i Ky<Fl: w Weakening

Here K7 is the constant functor into the monoidal unit I;

e U € C is an object (called reflexive object), equipped with
the following retractions.

J LR U < U e ik

I U
B ERE 2 § BRI § armry

T — T ————

* String diagrams

BPERECARR- BRe s iR uRCE
A

JTESELiRe]) - IS RES NS
ARCc™®{Be D

ho(f® g)

_ * Monoidal category (C,®,I)




; 'i,l?m m‘l

Gol situation

A Gol situation is a triple (C, F,U) where

* Traced monoidal category

t e C = (C,®,I) is a traced symmetric monoidal category ‘

(TSMC);

o F : 5 C is a traced symmeti monoidal fntr,
equipped with the following retractions (which are monoidal

* “feedback”
natural transformations).

f
el FE QO FL: e Comultiplication A ® C T . B ® C

d:idaF :d Dereliction
tr(f
c: FQF«F : ¢ Contraction A B
w i Ky<Fl: w Weakening
(]
Here K7 is the constant functor into the monoidal unit I; ‘l.ha"- 's

e U € C is an object (called reflexive object), equipped with
the following retractions.

=isncasctnenran 4| |c Al

=ty

w: FU AU : v f ll) tr(f)
| B| |C B|

Hasuo (NII, JP)



String Diagram vs.
"“Pipe Diagram”

* I use two ways of depicting par’rlal

functions N — N
""""""" > o S -
o e |I oo
il ¢ B Z ( ) :: N | :
i " 0
[1M1] | il E IIM]] .
1111 ! '
: ;
! N |
S S S N i | :
° o I [] ]
Pipe diagram ': String dlagmm .
'y Hasuo (Nl'I JP)



Traced Sym. Monoidal Category
(Pfn, +, 0)

% Category Pfn of partial functions

%k Obj. A set X

* Arr. A partial function

X
X — Y in Pin ﬁf
X — Y, partial function v

%* is traced symmetric monoidal

Hasuo (NII, JP)



Traced Sym. Monoidal Category
(Pfn, +, O)

X 17 "y o

X

tr(f

)

, How?
in Pin
T A
O.W.

Similar for fxz, fzy, fzz

WL e

% Execution formula (Girard)
i %  Partiality is essential
{ (infinite loop)

tr(f) =

fxy U (H fzy o (fzz)" o .fXZ)

neN




Gol situation

Defn. (Gol situation [AHS02])
A Gol situation is a triple (C, F, U) where

 ' C = (C,®,1) is a traced symmetric monoidal category §

(TSMC);

C ' is a tadrymmeri ial fucr, |
equipped with the following retractions (which are monoidal
natural transformations).

e A FE QR ¢ Comultiplication
di:id< Fi: d Dereliction
c: FIQF aF|:c Contraction
w i Ky<Fl: w Weakening

Here K7 is the constant functor into the monoidal unit I;

e U € C is an object (called reflexive object), equipped with
the following retractions.

i BECESE (TR0 oF! APl § IR S
I U
B ERE 2 § BRI § armry

% Traced sym. monoidal cat.

% Where one can “feedback”

* Why for GoI?

Hasuo (NII, JP)



MNJ

in string diagram |



Gol situation

A GO[ ituinis a triple (, ,) Where , e 2 * Traced Sym. monOidal CG'I'.

 0 C = (C,®,1) is a traced symmetric monoidal category §

(TSMC);

% Where one can “feedback”

ol O is a traced symmetric monoidal functor,

equipped with the following retractions (which are monoidal
natural transformations).
Al le Al
el FE QO FL: e Comultiplication f tr ¢ ( )
d:id<F :d Dereliction — r f
c: FRF<F :c Contraction Bl |C Bl
w i Ky<Fl: w Weakening
Here K7 is the constant functor into the monoidal unit I; * W hy For G OI?

e U € C is an object (called reflexive object), equipped with
the following retractions.

J LR U < U e ik
I U

(788 (R 2 §/BPST & Sy M N

T — T ————

Aol
<_

= tr

* Leading example: Pfn
Hasuo (NII, JP)



Gol situation

Defn. (Gol situation [AHS02]) .
A Gol situation is a triple (C, F,U) where Defn. (Retractlon)
A retraction from X to Y,

e C = (C,®,I) is a traced symmetric monoidal category
(TSMC);
e A f:XaY:g,

| A T N tfaed”syAmretric‘ mbn(A)'id;lAfunétof»,v
equipped with the following retractions (which are monoidal &

, natural transformations). "- iS a pair Of arrows

: e PR QR ef Comultiplication
,";' d:id<F :d Dereliction '
3 c: FQFaF :c Contraction h
£ w: Kir<F : w Weakening

% Here Ky is the constant functor into the monoidal unit I;

e U € C is an object (called reflexive object), equipped with such that g o f = idX

the following retractions.

i BECESE (TR0 oF! APl § IR S '

o % Functor F

B ERE 2 § BRI § armry

* For obtaining !: A > A

Hasuo (NII, JP)



Gol situation

Defn. (Gol situation [AHS02]) * The reﬂ exive Obj ec-l- U

A Gol situation is a triple (C, F,U) where

e C = (C,®,I) is a traced symmetric monoidal category J

ekl *  Reftr UUi 'U

e FF : C — C is a traced symmetric monoidal functor,
equipped with the following retractions (which are monoidal k
natural transformations). Gadiin

e sl FE A F: e Comultiplication f .
di:id< Fi: d Dereliction : p er-h '

c: FIQF aF|:c Contraction
w i Ky<Fl: w Weakening

Here is the constant functor into the monoidal unit I; f{ . d 3

feU € C is an object (called reflexive object), equipped with ‘
the following retractions. \ 3

)

i BECESE (TR0 oF! APl § IR S
I U

Hasuo (NII, JP)



Gol situation

Defn. (GOI situation [AHSO2D * The reﬂ exive Obj ec-l- U

A Gol situation is a triple (C, F,U) where

e C = (C,®,I) is a traced symmetric monoidal category

(TSMC); * Why for Gol?

o ' : C — C is a traced symmetric monoidal functor,
equipped with the following retractions (which are monoidal
natural transformations).

e : FFaF : € Comultiplication
d 5 id <]F . d/ ! L P RSN

c:F®F<F:c': '
w: Ki<aF : w | ,.
] ’ .

Here K 1is the constant funct 5

ey = > '.v-.;. .= ,.3-‘:;%: ‘!37:&» oS 4 o

' & U E (C is an obJect (called reﬂe:mv ]ect) equlpped Wlth
the following retractions. :

':U®U‘if:k 3 L
foifine { % Example in Pfn:

u:FUQU:v 2

\ S S N s ik . poone PR o . osna

PR RLNl rP Bt e Y o e A

~ N € Pfn, with
N+ N = N,
N.N~N

Fraduo (NII, JP)



R e e L dea 2 T

Al e Al 3
fl = |r -'- S
2L k) tuation: Summary
B naon Sl S * Categorical axiomatics of
e C = (C,®,I) is a traced symmetric monoidal category 'I'he “GOI anima‘l'ion”

(TSMC);

e F : C — C is a traced symmetric monoidal functor,
equipped with the &l awing retractions (which are monoidal
natural transformations ji e,

e: FE < F : e"‘
d:id<F :d
e TR < B! 3
w: Ki<F : w We

For |, via

1 -

Here K7 is the constant functor into t&

e U € C is an object (called reflexive 0bJonmsmmopmqmssmmmns
the following retractions.

gl U U ok * Example
IaU W
(7B CRE ) BB § S




Categorical Gol:
Constr. of an LCA

Thm. ([AHS02])

Given a Gol situation (C, F,U), the homset U
carries a canonical LCA structure. -

*  Applicative str. - i
| % 1 operator :=tr(U® f)okogoyj)

| %  Combinators B, C, I, ...

g I

&

Hasuo (NII, JP)




Ssummary:
Categorical Gol

Defn. (Gol situation [AHS02])

A Gol situation is a triple (C, F, U) where - Thm. ([AHS02])
-~ Given a Gol situation (C, F,U), the homset

o C = (C,®,1I) is a traced symmetric monoidal category

(TSMC); C(U,U)

o ' : C — C is a traced symmetric monoidal functor,
equipped with the following retractions (which are monoidal
natural transformations).

carries a canonical LCA structure.

e PR« Py le Comultiplication
d:idaF :d Dereliction
c: FQIFF : ¢ Contraction
w: Ki<F : w Weakening

Here K7 is the constant functor into the monoidal unit I;

e U € C is an object (called reflerive object), equipped with
the following retractions.

otttk
T =1
B <l

Hasuo (NII, JP)




Outline

Coalgebra meets higher-order computation
in Geometry of Interaction (cirar, Lc'ss

“Gol Animation” | Gol w/ '
/ T-branching
f: N — TN  [IH & Hoshino, LICS11]

&+

=h-[§]
" Categorical GoI

[Abramsky, Haghverdi & Scott, MSCS'02] Hasuo (NII, JP)



E o
K

fimonads T

Why Ca feg .' for different branching

* Pfn (par’rial functions) (Potential) non-termination

X =Y in Pin
X — Y, partial function where LY = {1} +Y

X — LY in Sets )

* Rel (relations)

X — Y in Rel
R C X XY, relation where P is the powerset monadJ

Non-determinism

X — PY in Sets

* DSRel

X — Y in DSRel Probabilistic branching
X — DY in Sets ,

where DY = {d: Y — [0,1] | ¥ d(y) < 1ﬂ

Y

Hasuo (NII, JP)



Different Branching in
The Gol Animation

=+ Pfn (partial SRR RRRRE S sas=es [Reueeasd B
1888 .

functions)
Hasuo (NII, JP)

* Pipes can be stuck
=+ Rel (relations)

* Pipes can branch

=»+ DSRel

* Pipes can branch
probabilistically




Branching Monad: Source of
Particle-Style Gol Situations

Thm. ([Jacobs,CMCS10])

Given a “branchin monad T on Sets the M ks fim

monoidal category | e—— [Hasuo Jacobs&Sokolova07]
(Ke(T), +, 0) ,‘ * KI(T) is Cpo.-
. enriched
1S
e a unique  decomposition  category EaEa
Haghverdi,PhD00J, hence is _! Particle-style: trace via |
e a traced symmetric monoidal category. | The execution formula |
L) =
Cor.
| ((Ke(T),+,0), N-__, N) is a Gol situation. : Fxy U (JEINJ“ZY o (fzz)" o fxz>

" Hasuo (NII, JP)



Branching monad B

Coalgebraic trace semantics

Traced monoidal category C

+ other constructs =» "Gol situation” [AHS02]

Categorical Gol [aHs02]

Linear combinatory algebra

Realizability

Linear category

Fancy
monad

Fancy
TSMC

Fancy
LCA

Model of fancy

lanquaqge
g g \I\jII, Jp)



%k Model for (a variant of) the
Selinger-Valiron

quantum A-calculus

(linear 4 + prep./Unitary/meas.)
[Hasuo & Hoshino, LICS 11 & APAL'16] Fancy

monad

Workflow

* via the quantum branching monad

* .. with considerable complication :( g
:  ck Records measurement

outcomes

%k R as a suitable final

IT-M: 7]: [T] — (7] <= R) = R

where p. * g coalgebra i
e e gebra in the
./\. sty realizability category
R = { po/\CIO pl/\ql Pasqa € [0, 1]} ‘ T
L [ L o
Fancy
S LCA
Realizability

Model of fancy

Linear category language

\I\lII, Jp)



Challenge: Memoruzmg Effects

; Already w/
! nondeterminism!



Challenge: Memorizing Effects

[(Az.z + z)(3 U 5)] Already w/
| nondeterminism!

—2>CBV 6 or 10 ??

=» o Query (Ax.x + x)(3 L 5) i
=» o Query x )
=» o Answer 3 or 5

=» o Query x

=» e Answer 3or 5 ‘

> o Answer 343,345 5+3o0r5+5



[M] =

The Gol Animation

(N—N, a partlal functlon)

plplng H I I I (countably many)
| M ]

Hasuo (NII, JP)



An Idea

* Let a traversing token rearrange piping

Hasuo (NII, JP)


https://en.wikipedia.org/wiki/PythagoraSwitch

Memoryful Gol

* Let a traversing token rearrange piping

PythagoraSwitch, NHK Education
(Created by (another) Masahiko Sato)

Hasuo (NII, JP)


https://en.wikipedia.org/wiki/PythagoraSwitch
https://en.wikipedia.org/wiki/PythagoraSwitch
https://en.wikipedia.org/wiki/PythagoraSwitch

Outline

Coalgebra meets higher-order computation
in Geometry of Interaction (cirar, Lc'ss

“Gol Animation” | Gol w/
/ T-branching
f: N — TN  [IH & Hoshino, LICS11]

I weX{f
f: X XN —
T(X x N)

@ Memoryful Gol

[Hoshino, Muroya & IH,

[ - a-l-egorical Go L CSL-LICS'14 & POPL16]

[Abramsky, Haghverdi & Scott, MSCS'02] Hasuo (NII, JP)




Memoryful Gol

Seasas ta st e |
* Equip piping with AR
intfernal states, or memory
* not [3u5]:N— PN, q+— {3,5} I I I
—— 35 [IAEESES |SaRERRStRE)|

but a transducer (Mealy machine)

BUSE: X xN—PXxN) ,  a/3( L6025 /s

% Not a new idea:

* Slices in GOI FOI" Gddiﬂves [Laurent, TLCAO1]

3 Resump’rion GOI (Abramsky, CONCUR'96]
Hasuo (NII, JP)



Memoryful Gol

* We introduce memory in a structured manner...
=

the “traced monoidal category” of transducers

Trans(7T) | Objects: sets A, B,...

A —» B in Trans(T)
(X, X xAS T(X X B), xg € X ), T-transducer

Arrows:

* with operations

like
Al
(X,c,x) = C Al g
B (X,c,x) (Yaday) (Xacaza
(Y,d.y) ilasnearid B

Cl L tensor ® trace
composition ©

Hasuo (NII, JP)



Trans(7T) by Coalgebraic
Component Calculus

[Bm"boscl '03][IH & Jacobs 'll] Trans(T)| Objects: sets A, B, ...

A — B in Trans(T)

Arrows: -
(X, XXA—>T(X XB),xzg e X ), T-transducer
Al
(X,c,x) Al C | Al G
2 X,ex) | [(Y.dyy) (X,c,x)
(Y,d.y) B D | B]
¢l composition © tensor ® trace
/ (X XY)x A i(XxA)xY \
ak e T(X x By XY

/
str

— T((X x B) XY)
i>T(X X (Y x B))

XX Hleate T(X x T(Y x C)) “w
B TT(X x (Y % C))
LN T(X x (Y x C))
\ S T((X XY) x C) )

| Hasuo (NII, JP)



Trans(7) by Coalgebraic
Component Calculus

[Barbosa '03][IH & Jacobs 'll] Trans(T)| Objects: sets A, B, ...

A — B in Trans(T)
(X, XXAST(XXB),zg€ X ), T-transducer

Arrows:

Al o — ——S————G
(X,c,x) Al c| Al G
B (X,ex) [ | (Y,d,y) (X,c,x)
(Y,d.y) B D | B|
¢ composition fensor trace
AN Al
* TranS(D |S a (X,c,x) A~ (X,c,x)
“ " B oY e
CCl'|'€gOl”y (Y,dy) (Y,d,y)
. . +
* Fix: quotient modulo (Zier2) (Ze:2)
behavioral equivalence D

(homomorphisms of T-transducers) "') resumphons [Abramsky]
Hasuo (NII, JP)



The Memoryful Gol Framework

{ oEceptzon 1+ E+ ( ) N
* Given: ;; — with O-ary opr. raise. (e € E)

f e Nondeterminism P

— with binary opr. LI

% a monad T on Sets, | -
. g . o Probability D, where
5.1'. K].(T) IS Cppo—enr‘IChed DX ={d: X — [0,1] | > _d(x) <1}

— with binary opr. U, (p € [0, 1])
. o Global state (1 + S X _)E

algebraic operations on T .~ with |V]-ary lookup; and unary update,,

* an alg. signature X with

* For the calculus: Ac + (alg. opr. from X) + (co)products + arith.

* We give T
o )
N N coce N
(T+M: 1) in Trans(7)
Nl Nl Nl

Hasuo (NII, JP)



| Interpretation

Recursion: impll * "y cavas —, vy

Theorem (Adequacy) (exploiting free conti. X-alg.)
Let = M : nat. T , ,

Feeding a query | , Plotkin-Power
‘and observing | i

'the outcome

,,,,

e (NIL, 7P)



Our Tool TtT hipiigkon e Mroya

@ QuickTime Player File Edit View Window Help

/ T X\+ % T

~ ‘ © 4
& @ Koko-m.github.io/TtT/ C | Y7/ B Q search
et . PSSR

M TtT (Terms to Transducers)

¥ Enter a term, or type ";ex" to select one from 13 examples. [read documents]

~ (rectflipLoopSimple x) (choose(0.4) x (fipLoopSimple X)) O ] 1] ») (1] 300: |[@)

~ This is a simulation tool of the memoryful Gol framework.
~ Implemented by Koko Muroya, using Processing.js v1.4.8 and PEG.js v0.8.0.

‘Hasuo (NLL, JP)


http://koko-m.github.io/TtT/
http://koko-m.github.io/TtT/
http://koko-m.github.io/TtT/
http://koko-m.github.io/TtT/
http://koko-m.github.io/TtT/
http://koko-m.github.io/TtT/
http://koko-m.github.io/TtT/
http://koko-m.github.io/TtT/
http://koko-m.github.io/TtT/
http://koko-m.github.io/TtT/
http://koko-m.github.io/TtT/
http://koko-m.github.io/TtT/
http://koko-m.github.io/TtT/

Summary

Coalgebra meets higher-order computation
in Geometry of Interaction (cirar, Lc'ss

“Gol Animation” | Gol w/
/ T-branching
f: N — TN  [IH & Hoshino, LICS11]

I meX{f
f: X XN —
T(X x N)

B e |
ﬁ‘,’ Memoryful Gol

[Hoshino, Muroya & IH,

- a-l-egorical Go CSL-LICS'14 & POPL16]

[Abramsky, Haghverdi & Scott, MSCS'02] Hasuo (NII, JP)




Abstraction in a Theory:
“Categorlcal Transfer”

Categorical Geometry of Interaction

[Abramsky, Haghverdi, Scott]

Abstract Techniqu Coalgebra
(Jacobs, Rutten,

B

l -, e 4 "
0 1 [ ] rx IPehe p, rx T py

1 NS ]

cl Tfinal ¢l | Td
Y X--—--32 X—— Y
L oy s  lms  gun  me  gaae  Mas  mus  paes  mam | beh,

system behavior simulation
Identlfy o
mathematlcal ' e —
essense” Choose oose

parameter e

‘----------‘

Novel Technique

parameter ei1
.

‘---------

i Existing Technique | I
C
C
]

[
] Tles]

Geometry of Interaction

quantum, and other effects

(Girard]

-+ =» Memoryful Geometry of Interaction (Hoshino, Muroya, Hasuo, -

A



Retracing some paths in Process Algebra

Samson Abramsky
Laboratory for the Foundations of Computer Science
University of Edinburgh

1 Introduction

The very existence of the CONCUR conference bears witness to the fact that
“concurrency theory” has developed into a subject unto itself, with substan-
tially different emphases and techniques to those prominent elsewhere in the
"~ Whatever the past merits of this separate development, it seems timely
to look for some convergence and unification. In addressing these issues, |
have found it instructive to trace some of the received ideas in concurrency
back to their origins in the early 1970’s. In particular, I want to focus on
a seminal paper by Robin Milner [Mil75]}, which led in a fairly direct line
to his enormously influential work on ccs [Mil80, Mil89|. I will take (to the
extreme) the liberty of of applying hindsight, and show how some different
paths could have been taken, which, it can be argued, lead to a more unified
approach to the semantics of computation, and moreover one which may
be better suited to modelling today’s concurrent, object-oriented languages,

and the type systems and logics required to support such languages.

2 The semantic universe: transducers

Milner’s starting point was the classical automata-theoretic notion of trans-
ducers, 1.e. structures

<Q7X7 Y7 qo0, 5)

Such unification
had been already
suggested by
Samson!

CONCUR'96

Hasuo (NII, JP)
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Abstraction in a Theory |
Categorical Gol (geometry of interaction)

[Abramsky, Haghverdi & Scott, MSCS’02] [Hasuo & Hoshino, LICS’11] [Hoshino, Muroya & Hasuo, CSL-LICS’14]
[Muroya, Hoshino & Hasuo, POPL’16] [Hasuo & Hoshino, APAL’17]

Abstraction in a Theory i
Codensity Bisimulation Games

[Katsumata & Sato, CALCO’15] [Sprunger, Katsumata, Dubut & Hasuo, CMCS’18]
[Komorida, Katsumata, Hu, Klin & Hasuo, submitted (soon on arXiv)]

Abstraction in a Project

Introducing Project:
from to

Abstraction in an Inspiring Mind




Abstraction in a Theory Il

Codensity Bisimulation Games

¢(fQ)

P ffo——20 o(f°Q) / ¢Q
p (Ff ) (<PQ) F1(pQ) ==
C x—1 sy FX — L Fy
position player | possible moves
(z,y) € X% 'S Z C X st c(z)(Z) # c(y)(2)
Z CX D (a:’y’)EXzst:I:EZ/\y Z 7

[Katsumata & Sato CALCO’15] [Sprunger, Katsumata, Dubut & Hasuo, CMCS 18]
[Komorida, Katsumata, Hu, Klin & Hasuo, submitted (soon on arXiv)]

58 Hasuo (NIl, Tokyo)



“Cateqgorical Transfer”

Codensity bisimilarity Codensity

Coalgebra

[Jacobs, Rutten, -] in a fibration

Abstract Technique | 4 = wejmeeians-aio <l

Vo € *N. A | Vz € *R. A

Tl Tomv 7o

Fbeh F
rx Toehe o, rx Ty

B
i
[
' i - Tonal ¢ 3 Td

@ X----22 X— Y
Ll e n B M Baw s mas  pes  mai | beh,
I d to f system behavior simulation
y I ———

“mathematical Cheo.o
essense” Choose
parameter e; parameter ez
Automata, -----‘ ‘----------‘
Mealy machines, - chnique 0 | Novel Technique i
0
i
0 AR 0
Thi=1Tlei] ¢ Tle:]) :
| [ i |
)

o ? Games for bisimulation
Bisimulation

metric, topology, ‘-
games > SR

59



* LaleX slides
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“Cateqgorical Transfer”

Codensity bisimilarity Codensity

Coalgebra

[Jacobs, Rutten, -] in a fibration

Abstract Technique | 4 = wejmeeians-aio <l

Vo € *N. A | Vz € *R. A

Tl Tomv 7o

Fbeh F
rx Toehe o, rx Ty

B
i
[
' i - Tonal ¢ 3 Td

@ X----22 X— Y
Ll e n B M Baw s mas  pes  mai | beh,
I d to f system behavior simulation
y I ———

“mathematical Cheo.o
essense” Choose
parameter e; parameter ez
Automata, -----‘ ‘----------‘
Mealy machines, - chnique 0 | Novel Technique i
0
i
0 AR 0
Thi=1Tlei] ¢ Tle:]) :
| [ i |
)

o ? Games for bisimulation
Bisimulation

metric, topology, ‘-
games > SR
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Games =» algorithms

Infinite state?
=» CEGAR, template-based symbolic presentation, ...

The roles of observations and indistinguishability in
bisimulation notions, formalized

relational
metric
topological = domain theory!

open = observable
continuous = computable



Abstraction in a Theory |
Categorical Gol (geometry of interaction)

[Abramsky, Haghverdi & Scott, MSCS’02] [Hasuo & Hoshino, LICS’11] [Hoshino, Muroya & Hasuo, CSL-LICS’14]
[Muroya, Hoshino & Hasuo, POPL’16] [Hasuo & Hoshino, APAL’17]

Abstraction in a Theory i
Codensity Bisimulation Games

[Katsumata & Sato, CALCO’15] [Sprunger, Katsumata, Dubut & Hasuo, CMCS’18]
[Komorida, Katsumata, Hu, Klin & Hasuo, submitted (soon on arXiv)]

Abstraction in a Project

Introducing Project:
from to

Abstraction in an Inspiring Mind




The Power of Abstraction

&

o momom

-----------~

Abstract Technique |

T[_] -'—' 2’ ;’

A u=  true|false| Ay A As|-Aa; <az)
VYeg *N.A|Vre R A

—‘w

Ident'fy . . W Cyber-Physical Systems, Published
mathematlcal Choose Groug - » ol @ esp. Safety of
essense” Choose I n a _ - Automated Driving —
parameter o parameter e:
Ml N S = = O = E E W i EE = =N = = = = = = ™
Pt Existing Technique . t  Novel Technique th Ongoing
- - eory
i
[ paa8 1
i Thi=Tlei] . Tlez] - Group 1 .
| Ve e seesseme- " N L~ QStatiStica| ML/Al
2 T B4 "'?; Group 3
Z ® A 3 N - )
® ""Software Stience (€ )
4 I Formal Verification Eggifrt‘\ggrrig =
) , Programming
: Languages Control Theoryc | ==

u—t.i.','x-,u: -

project Bi=a) .

PJ
Overview

Group 0

(Meta-)Theoretical , " .
Foundation B

and
iIn an
inspiring mind

-a- o e =
, | 1
1 ] i 29 - m .

domain game quantum
A-calculus theory ~semantics mechanics contextuality
concurrency bisimulation Chu spaces
database economics

Hasuo (NIl, Tokyo)




Abstraction in a Theory |
Categorical Gol (geometry of interaction)

[Abramsky, Haghverdi & Scott, MSCS’02] [Hasuo & Hoshino, LICS’11] [Hoshino, Muroya & Hasuo, CSL-LICS’14]
[Muroya, Hoshino & Hasuo, POPL’16] [Hasuo & Hoshino, APAL’17]

Abstraction in a Theory i
Codensity Bisimulation Games

[Katsumata & Sato, CALCO’15] [Sprunger, Katsumata, Dubut & Hasuo, CMCS’18]
[Komorida, Katsumata, Hu, Klin & Hasuo, submitted (soon on arXiv)]

Abstraction in a Project

Introducing Project:
from to

Abstraction in an Inspiring Mind




ERATO HFEXYBBYYATFLTYA>709x9h
ERATO Metamathematics for Systems Design Project

EIERFAFA & RIFERMTIREEE National Institute of Informatics & Japan Science and Technology Agency

On ERATO MMSD

* JST ERATO Project, 2016/10-2022/03.
Several faculty members,
15+ researchers, 20+ students, 6 sites

* Our goal:
formal methods for cyber-physical systems (CPS)

* Extend formal methods, from software to CPS

* Safety, reliability, V&V (Verification & Validation).
“Check if a system behaves as expected”

* Automated driving as a strategic target domain.
Collaboration with U Waterloo: www.autonomoose.net

* Our principle: broaden the realm of CPS research

* Theory:
abstract mathematical metatheory
=» scale out to diverse applications

* Practice: real-world systems (not only toy examples)
66

ERATO
MMSD

Local moti@EEgianni
. “
- :'

The Autonomoose Project,
U Waterloo

poE e T B N

GRS

I research ”

S -

Hasuo (NIl, Tokyo)



ERATO ZFEEXY9BEBOATLTYA>709x7h
ERATO Metamathematics for Systems Design Project ERATO

EERPIFTAN & Bl iiREEE National Institute of Informatics & Japan Science and Technology Agency MMSD

Cyber-Physical Systems:
Control Theory and Formal Methods/Software Science

* Cyber-Physical System (CPS)
* “A mechanism that is controlled or monitored by computer-based algorithms,
tightly integrated with the Internet and its users” (Wikipedia)

* Physical plant (continuous) + Digital control (discrete)
* In US: NSF Key Area of Research (2006-)

* Formal methods: Logical proofs for “correctness” of (discrete) programs

%k MOdel CheCking [Pnueli, Clarke, Emerson, Sifakis, ...]
*k Theorem PrOVing (Coq, Agda, ...) [Milner, Coquand, Leroy, Voevodsky, ...]

* Control Theory: Analysis of continuous dynamics
* Stability, Lyapunov function, ...

* Their similarity is widely recognized

* e.g. HSCC, one of the main conferences of
annual CPS Week

67



ERATO ZFEEXY9BEBOATLTYA>709x7h
ERATO Metamathematics for Systems Design Project

ERATO

EERPIFTAN & Bl iiREEE National Institute of Informatics & Japan Science and Technology Agency MMSD

CPS Research, So Far
(the V&V Aspect)

-----------\

] CPS -

1 (esp. hybrid systems)

ﬁ-----------

Analysus
Hip — O 1 Formal , && | 1 Control ,
(P=%9) 1 Methods , €™ 1 Theory 1 @ = f(@w)

-
v

y
P >

PO CO// e
@ 4 aboratlo n :;'?—> c B

F

* Challenge: scalability, esp. for real-world CPSs
* Require complete understanding of a white-box model
* Insist on being absolutely sound and correct

* Little tolerance to uncertainty and noise
=» don’t get along with statistical machine learning
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EERPIFTAN & Bl iiREEE National Institute of Informatics & Japan Science and Technology Agency

CPS Research:
Our Comprehensive Approach

’--_------------------.
N
t' S

' ---------‘

'
' ; Control Theory

ERATO EEXBBYYATFLTYAA709xIb
ERATO Metamathematics for Systems Design Project ERATO
MMSD

4

[ | E E E . E N EEm e

[]
,Mathematical -- - - .Q -
|Metatheory ] formal Methods ¢

B O = = m m m W

N "

HE B = = = = = g T ——

.-----'

0
0
[
i
1

! 4
' Statistical : : Software
. : Machine 1 , Engineering R
. ] Learning ' - s e .. ¢
N I I I I B B = = v



-

ERAT
MMSD
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Abstract Technique 4+ = i ansi-ajo<a

Ve € *N. A |Vx € *R. A

ERATO EEX9BBYYATFLTYAA709x9h
ERATO Metamathematics for Systems Design Project ERATO
& Japan Science and Technology Agency MMSD
Loglc esp. model theory

] rx TP gy px T py
4 . g J cl Tfinal ¢ 23 Td
Categorical simulation X----oZ X———Y

EERER RSN N beh,. f
g system behavior simulation

|dentify
“mathematical
essense”

[ — T

Choose
parameter ez

------‘

echnique

T|e2]

TR R B GRE BB e R

7 Choose
parameter ex

---‘

xisting Technique .

= Tlei] *

Boolean simulation |

arrat e .

Example 1: Coalgebraic Unfolding

[(Hasuo, Urabe, Shimizu et al.]

Example 2: Nonstandard Transfer
[Suenaga, Hasuo, Sekine, Kido et al.)



Our Organization

International and multi-disciplinary. “creative chaos”

Kyoto U RIMS Site:
Categorical
Infrastructure
Leader:

Masahito Hasegawa

Kyushu U Site:
Optimization for
CPS V&V
Leader:

Hayato Waki

Osaka U Site:

CPS
Leader:

"

o/

M Group 1 @ NII:
0 f"“k Heterogeneous Formal Methods

Control Theory for

Toshimitsu Ushio

Group 0 @ NIl:

Metatheoretical Integration ?;f,‘,‘,gﬁm%m'és and
Leader: Shin-ya Katsumata Intelligence

Topics:
Programming Topics:
Languages, Software

Formal Semantics,
Categorical Models,
Mathematical

Logic, ...

&

Leader: Fuyuki Ishikawa

Engineering,
Formal Modeling,
Testing, Safe &
Explainable Al

Leader: Ichiro Hasuo

Topics:

Automata Theory,
Formal Verification, }§
Proof Assistants,
Automated
Deduction,
Runtime Verification

779

| Group 2 @ U Waterloo:
Formal Methods in Industry
Leader: Krzysztof Czarnecki

@4{4{/ Topics:
: ] Automated
5o\ ] Driving, Software
‘4 Engineering,
-~ Machine Learning




Group 0 @ NII:
Metatheoretical Integration
Leader: Shin-ya Katsumata

Topics:
Programming
Languages,

Formal Semantics,
Categorical Models,

* Shin-ya Katsumata (Group Leader, PhD (Edinburgh)): Mathematical
fibration, lambda-calculus, categorical semantics, monoidal category, Logic, ...
programming language, program verification

* Jéerémy Dubut (PhD (ENS Paris Saclay, 2017)):
concurrency, directed topology, topos theory, coalgebra, verification, hybrid system

* David Sprunger (PhD (Indiana, 2017)):
coalgebra, monoidal category, categorical logic, fibration, machine learning

* Clovis Eberhart (PhD (U Savoie Mont Blanc, 2018)):
game semantics, nominal set, verification, machine learning

* Kenta Cho (PhD expected (Nijmegen)):
categorical logic, qguantum mechanics & logic, verification, machine learning

* Soichiro Fujii (PhD confirmed (Tokyo)):
Lawvery theory, higher-dimensional category, algebraic effect

* Natsuki Urabe (PhD confirmed (Tokyo)):
coalgebra, concurrency, model checking, game, verification, probabilistic systems

* Yuichi Komorida (PhD student (Nll/Sokendai)):
fibration, coalgebra, game

* ... and at Kyoto Site (Masahito “Hassei” Hasegawa, Naohiko Hoshino, Koko Muroya, and more)
73 Hasuo (NIl, Tokyo)
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Group 1

Software Science
Formal Verification
Programming
Languages

Group 2

Kolcak+
submitted

Cyber-Physical Systems,
esp. Safety of
Automated Driving

Safety
architecture
DSL for
testina

Waga+
Submitted

Waga+

Zhang+
EMSOFT’18

EMSOFT'18 |

Andre+
ICECCS’18

Andre+
TACAS’19

D’Argenio+
FoSSaCS’'18

Kura+
TACAS’19

Control Theorye

Miyazaki+
POPL’19

Komorida+
Submitted

PJ
Status

Avanzini+
FLOPS’18

ITP’18

Submitted

Divason+

Budde+

Statistical ML/AI

Arcaini+
ICSA'18

I Zhang+

Submitted

Safe learning

Hasuo+

Okudono+
Submitted
Arcaini+
ECSA’'18

————

TACAS’18

Sprunger+
Submitted

Eberhart+
Submitted

Takisaka+
ATVA'18

Group O

(Meta-)Theoretical

Katsumata
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—————————

—

Wissmann+
FpSSaCS’19

Categorical
Event-B

S ~——

Foundation

Dubut
FpSSaCS’19

/5

Published

Submitted

Ongoing

Group 3

Software
Engineering




Group 2

Next Step 3:
Automotive appl.

with visibility

IF—-'--#

Kolcak+
submitted

Safety

architecture I'

Waga+
Submitted

Group 1 |

Waga+
EMSOFT’18

Zhang+
EMSOFT’18

Zhang+

Andre+
ICECCS’18

D’Argenio+

Andre+
TACAS’19

FoSSaCS’18

Kura+
TACAS’19

Software Science
Formal Verification

TACAS’18

Budde+

Programming e —
Languages ContrOI Theory Submitted
il B = I

Avanzini+
FLOPS’18

Group O

PJ
Status

—
Divason+
ITP’18

Wissmann+
FpSSaCS’19

Hasuo+
Submitted

Okudono+ G
Submitted

Dubut

‘ FpSSaCS’19

(Meta-)Theoretical
Foundation

Submitted

Safe learning

———

Sprunger+
Submitted
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Cyber-Physical Systems,

Published
esp. Safety of
Automated Driving _
Submitted
DéL_for Ongoing

Next Step 2:

Ishikawa
ER’18
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Arcaini+
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Arcaini+
ECSA’'18

Further Advances
to ML/AI

Group 3
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Engineering

A

Categorical

Event-B

Next Step 1:
From SS, CT, TF to

Software Engineering




Abstraction in a Theory |
Categorical Gol (geometry of interaction)

[Abramsky, Haghverdi & Scott, MSCS’02] [Hasuo & Hoshino, LICS’11] [Hoshino, Muroya & Hasuo, CSL-LICS’14]
[Muroya, Hoshino & Hasuo, POPL’16] [Hasuo & Hoshino, APAL’17]

Abstraction in a Theory i
Codensity Bisimulation Games

[Katsumata & Sato, CALCO’15] [Sprunger, Katsumata, Dubut & Hasuo, CMCS’18]
[Komorida, Katsumata, Hu, Klin & Hasuo, submitted (soon on arXiv)]

Abstraction in a Project

Introducing Project:
from to

Abstraction in an Inspiring Mind




domain game quantum

A-calculus - : .
theory semantics mechanics contextuality
concurrency bisimulation Chu spaces
database economics
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The Power of Apstraction

To come any close
to an

iInspiring mind...

domain game quantum
A-calculus theory ~Semantics ~mechanics contextuality
concurrency bisimulation Chu spaces
database economics
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