Coalgebraic
Representation Theory of
Fractals

lchiro Hasuo Bart Jacobs | |
RIMS, Kyoto Univ., |P Radboud Univ. Nijmegen, NL 50 mintalk. 3 min Q6

PRESTO Promotion Program, JST, JP
Milad Niqui
CWI, NL




Fractals

the Koch curve

“A rough or fragmented
geometric shape that can be
split into parts, each of which
(at least approximately) a
reduced size copy of the
whole” [Mandelbrot]

Friday, May 7, 2010



Fractals

the Koch curve

“A rough or fragmented
geometric shape that can be
split into parts, each of which
(at least approximately) a
reduced size copy of the
whole” [Mandelbrot]

2111...= 2200...
®

® .
0111... =10Q00:

Friday, May 7, 2010



Fractals

the Koch curve

“A rough or fragmented
geometric shape that can be
split into parts, each of which
(at least approximately) a
reduced size copy of the
whole” [Mandelbrot]

2111...= 2200...
e EEEEE——— ®

® .
0111... =10Q00:

the unit interval

Friday, May 7, 2010



Fractals

the Koch curve

“A rough or fragmented
geometric shape that can be
split into parts, each of which
(at least approximately) a
reduced size copy of the
whole” [Mandelbrot]

2111...= 2200...
 — ®

0 1

® .
0111... =10Q00:

the unit interval

Friday, May 7, 2010



The Cantor Set

8

the Cantor set O




The Cantor Set

Iterated function system

(IFS)
wosp1 : I — 1,
mnomn mTTT 900(517):; ’
2 +
p1(x) = 3:1:.

the Cantor set C

(' as the unique attractor:
C = ¢o(C) U ¢1(C)




The Cantor Set

Iterated function system

(IFS)
wosp1 : I — 1,
= T =T =T = T 900(517):; ’
2 +
p1(x) = 3;1: .

the Cantor set C

(' as the unique attractor:
C = ¢o(C) U ¢1(C)




The Cantor Set

Iterated function system

(IFS)
wosp1 : I — 1,
= T = T =T =T 900(517):; ’
2+ x
—pra)y= —— .

the Cantor set C

(' as the unique attractor:
C = ¢o(C) U ¢1(C)




The Cantor Set

Iterated function system

(IFS)
wosp1 : I — 1,
= T =T =T = T 900(517):; ’
2 +
p1(x) = 3;1: .

the Cantor set C

(' as the unique attractor:
C = ¢o(C) U ¢1(C)




Symbolic
Representation




Symbolic
Representation

I
I
I
I
J
1
"




Symbolic
Representation




Symbolic
Representation

fractal
structure
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by infinite streams
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Symb representatives @2“’ (CI,O, aijas ... )
2¢“ — {O’ ]_}w final | =
P aoal_dz ¢ o o

carry a final coalgebra

* combinatorial specification
of the Cantor set:

2-(_):Sets — Sets
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An IFS is an algebra
e for the same functor 2-(_) : Sets — Sets
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Qion map
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Axiomatic Domain
Theory

e Thm. 3! [ [y st 2.2% - ——— == - +2-1
Proof = | final X
* Sets(2¥,I) is a complete metric ” v

space (CMS). 2 ____[[j___%ﬂ

—1X
® &: Sets(2¥,I) —  Sets(2¥,1)
N 2 SO
'T: naI ----------- >£

IS a contracting map.
e Use the Banach fixed pt. thm.
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Axiomatic Domain
Theory

- 2 - [H]x
e Thm. 3! [ |y st 2.29—————% - W
cf. initial algebra-final coalgebra coincidence = | final X
* solving domain equation ey 29 — — — _ﬂ—jx— — — =1

X =(X = X)
* coalgebraic trace semantics pjacobs-sokolova]
~ COI‘CCUI‘SIVE Glgebl‘a [Capretta-Uustalu-Vene]

e typical in enrichment with
“approximation structure”
* of infinitary data, by finitary ones
* order/CPO (smy-rouin, cOmplete metric

[America-Rutten]
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Unit interval 1

gluing
wo,p1 : C— C,
£
2 - [ po(®) = o
2.2(.0 >2‘]I 14+ x
T p1(x) = 5
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categorically?

{ symbolic representatives } = 2% / ~

® Use of presheaves and modules/distributors/
brofunctors

® Freyd’s observation

® TJom Leinster. A general theory of self-similarity I, Il. In arXiv.
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[Edalat-Heckmann, Kreitz-Weihrauch, Weihrauch, ...]

¢¢ . ”», Nw
® “‘representation: 1

A -
44

. . denotation _
® ours: (Coalgebralc/ symbohc) J ~ ’ (metmc)

fractal represe—nt ation \ractal

® Real lines R,1,[0,1),(0,1),...
CategO rical I)’/Coalgebraical I)’ [Escardo-Simpson, Pavlovic-Pratt, ...]

® introducing the fractal point of view
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Fractal as Presheaf
COaIgebra [Leinster]

o .
Aim Turn . ¢ ¢
Xr
900(33) — 5 ’
14z In this talk:
p1(x) = 5
* presheaf
: Ce . P : A — Sets
into an injective X
* module
M: A —— B

M : A°P x B — Sets

» “mod out” via presheaves and modules
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Module

(bimodule/distributor/profunctor)

M : A —+— A, amodule
M : A°P x A —» Sets , a functor

Friday, May 7, 2010



Module

(bimodule/distributor/profunctor)

M : A —+— A, amodule
M : A°P x A —» Sets , a functor

® relation module

function  functor

Friday, May 7, 2010



Module

(bimodule/distributor/profunctor)

M : A —+— A, amodule
M : A°P x A — Sets , a functor

® relation module

function  functor

® sets with left and right A-action

M(a,b) = { SEB>} |
M(f,gym =g -m-f = SQSHA>O>

Friday, May 7, 2010



Module

(bimodule/distributor/profunctor)

M : A —+— A, amodule
M : A°P x A — Sets , a functor

® relation module

function  functor

® sets with left and right A-action

M(a,b) = { SEB>} |
M(figym=g-m-f = “GEA>O

Friday, May 7, 2010



The Base Category A

Ay = (o

1)




The Base Category A

Ar = (o—=1)
T
Py Ap — Sets
0 {*}




The Base Category A

Ar = (o—=1)
T
Py Ap — Sets
0 {*}




Combinatorial Specification

as a2 Module
MH:AH | )AH

M A]?p X A — Sets




Combinatorial Specification

as a Module
MH:AH | )AH
MH:AEP X A — Sets

-_— —_—




Combinatorial Specification

as a Module
MH:AH | )AH
MH:AEP X A — Sets

— —




Combinatorial Specification

as a2 Module
MH:AH | )AH

M A]?p X A — Sets




Combinatorial Specification

as a Module
MH:AH | )AH
MH:AEP X A — Sets

MH(O, O) r-_ ; M]I(Oa 1) { } (])_ ; { ’ ’ }

M (1, 0) : Mi(1,1) 0} ¢ {H+,mH}




Combinatorial Specification

as a2 Module
MH:AH | )AH

M(a,b) = { 39> }

how many ingredients (a-shapes)

are used in the outcome (b-shape)

l- 0
MH(O, O) ¢ M]I(Oa 1) { } ¢ { : ; }

_-lﬂ_-r T W — TT 1 infﬁsup
0 ¢ {r -}

M (1, 0) ¢ My(1,1)
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b
M(id,g) = g-_ : M (a,b) = { S>>}
how many ingredients (a-shapes)

b b b’
ﬁ)m—) —> ﬁ)ﬂ—)@» are used in the outcome (b-shape)
-

MH(O, O) ; M]I(Oa 1) { } L ; { ’ ’ }
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0
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Combinatorial Specification

as a Module
MH:AH | )AH

M(a,b) = { 39> }

how many ingredients (a-shapes) gluing

are used in the outcome (b-shape)

{0} = {osyie,ie)
L inflTsup
(g}

gluing, indeed!
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Tensor Product

MQ( ): Sets® —  Sets®
P — M QP

M(a,b) = { SR> }
P(a) = { @}

(M ® P)b =[] P(a) x M(a,b) )/ ~

acA

:{(qﬂ,ﬂmﬁ»)‘ae,&}/w
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Tensor Product

(ﬂﬂ;ﬂﬁ’a % )N(ﬂﬁ;v%ﬂ’mﬁ’>

® cf.tensor product of vector spaces

cr XY =xRcCy
acA
® def by coend: (M ® P)b= / P(a) X M(a,b)

® |n the bicategory Prof /Dist :
P M

1 —— A A —— A

P M
MKIP: 1 —+—— A —F— A
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O\
{ }1${ i

MI[ : TT infTTSUP P]I . {*} = I
0 ;{ 9 }

(M1 ® Pp)1

— (Pﬂ(o) X Mi(0,1) + Pi(1) X My(1,1) )/ ~

:({*}x{ , Fod, 0 T X {HH, })/N

M Q@ P = P

=1
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Non-Degeneracy:
“Only Forced Equalities™

My & Pdeg Pyeg : Ap — Sets
final | = 0 {*}
ARES — AR

Picg 1 {x}

® Def. P : A — Sets is non-degenerate if, in

el(P)
(ND1) _3(e)., (ND2) 3(e, 2)
v\ 3g
(a,x) (a’;z') = (a,x) (a’,x") (aa 33) — (aa in)
f\, v o f\ v - LS LS
(bv y) (ba y) (b7 y) (bv y)
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Non-Degeneracy:
“Only Forced Equalltles

® Prop. P: Ag Sets
0 P(o)

AR — P()| | P(r)
L P(1)

is non-degenerate iff

e P(l) and P(r) are injective

* their images are disjoint
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wo,p1 : C—C , 2 -1
T
— not injective!
pol@) =3 =) X ’

|
p1(x) = —Iz—w : T

e Y
M ® P : :
N ®
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with gluing

The Scenario

|. combinatorial spec.
n-(_): Sets — Sets

2. symbolic n-n”
representatives ﬁﬂalT%’
nw
3. IFS n- X
x|
X
4. n.nw n'[[—]]x }n.X
g[ﬁnal X
e [[ ]]x >%

|. combinatorial spec.
M ® () : Sets® — Sets”

2. symbolic M®I
representatives final NDT%
I

3. Injective IFS M ®0oX

&)
MJI]~T— — — — — —— M RQXX
final NDT% X
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Injective IFS

e Def. An injective IFS over (A, M) and
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Thank you for your attention!

Ichiro Hasvo (RIMS, Kyoto U.)
http:/www.kurims.kyoto-u.ac.jp/ ichiro
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