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Part I:
Coinductive Predicates,
Conventionally



Coinductive Predicates

* Persisting predicates in dynamical sys.
* now v, next v, next v, ..

% VvV in the modal p-calculus

* G in LTL/CTL

* Expresses safety
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* In Coq; in Agda

[Giménez, TYPES'95] [Bertot & Komendantskaya, CMCS'08] [Nakano, CPP’12]

* Hence In constructive logics

_lG_l
pu.pV Xu 2 —(vu.—p A Xu) L

* Search for useful proof principles

[Hur, Neis, Dreyer & Vafeiadis, POPL13] [Bonchi & Pous, POPL13]
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Establish/Compute/Construct
Coinductive Predicates

X DO (clope)X DO (c7tops))X D

:/\0" , but P~ rvu.Ou

T — T

* Sfd'l'e SPdCe bOUNd [Cousot & Cousot, ‘79] |X| S'I'QPS

* BthV'Oral bound :: [Hennessy & Milner, ‘85]
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Theorem. Let a Kripke frame ¢4  be finitely branching. Then
X
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Coindution in a
Fibration

! Pred s Rel ! P
conventional { |[relational J |fibrational P
Sets Sets C
coind. pred. bisimilarity final coalg.
: . partition
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Hasuo (Tokyo)



Part III:
Technical Ingredients

Final Sequence, Fibration, Predicate Lifting,
Locally Finitely Presentable Category, ...




' [Worrell, TCS'05] in Sets
[Adamek, TCS'03] in strongly LFP C

° —\r—-
Final Sequence

F1 <« F*1 <«
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' [Worrell, TCS'05] in Sets
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' [Worrell, TCS'05] in Sets
[Adamek, TCS'03] in strongly LFP C

Final Sequence

{ i-step behaviors} m
F1 !

N

. Fi]_ L e+ | b
\w—l /
F(F“1)
w——————-w - ‘——Q

* F*1: a final coalgebra?

)
|

% Yes, when F is limit preserving (b is iso)

* Almost, when F'is finitary (b is monic)
* Quotient modulo beh. eq.

%k Con'l-inue .H“ W+ [Worre“] Hasuo (Tokyo)



Fibration i

X / >Y in C

w . EERE——— O,
* "Organize indexed entities,

categorically

% In particular:
categorical model of
predicate logics
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Fibration
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Fibration
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\

P

X ! »Y

W R— T,
* "Organize indexed entities,

categorically

* In particular:
categorical model of
predicate logics
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Fibration

Px
P’ P’ )
\

P

f

X

W R— T,
* "Organize indexed entities,

categorically

* In particular:
categorical model of
predicate logics
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Fibration

Px
P’ s
'\ P’ indexed
/ entities
P
f
X ' indices
DR —— |

* “Organize indexed entities;”
categorically

* In particular:
categorical model of
predicate logics
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Fibration

Px
p T |
‘\ P —— indexed
/ entities
P
f
X ' indices
DR —— |

* “Organize indexed entities;”
categorically

* In particular:
categorical model of
predicate logics
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entities

indices

wr . EREm—
* "Organize indexed entities,

categorically

* In particular:
categorical model of
predicate logics
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indexed
entities

indices

wr . EREm—
* "Organize indexed entities,

categorically

* In particular:
categorical model of
predicate logics
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indexed
entities

X / ' indices
WEREEE. o ccezeananNASEENNNNESRPRAREEE |
* "Organize indexed entities,
categorically *(PX,Q): predicates over X

* In par’ri.cular: * Substitution ..y -y,
categorical model of . px < py :V(f_( ))

predicate logics

X f>Y

Hasuo (Tokyo)



Fibration: from Pointwise Indexing
to Display Indexing

Px o IP’Y{
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Fibration: from Pointwise Indexing
to Display Indexing

P PY'

X

: s’ Q
Pt\ P’ L / i
P/ @

X / >»Y in C i
RRRr——— '

Patch up I
P P’ pr E ?Q’ '
R
p P :
N5 f
C X 4 - Y \ Hasuo (Tokyo)




Fibration: from Pointwise Indexing
to Display Indexing

P

b'e Py § |
. * Q { e objects: |P| = ] x ¢ |Px|
\ PT f ® Arrows:
P/ Q P—Q inP
f (X Lyimc, P> f*QinPx)
X »Y in C i
Patch up |
P P! @ |
N
. Q
p p . g
NS f \
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Fibration: from Pointwise Indexing
to Display Indexing

P

X Py ' .

. o @ e objects: [Pl = [lxee IPxl

\ /,P” v f ® AITOWS:

P Q P— (Q inP
f (X L yinC, P> £*Q in Px)
X >»Y in C

Patch up |

I P’ p < '
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Fibration: from Pointwise Indexing
to Display Indexing

P

b'e Py § |
. * Q { e objects: |P| = ] x ¢ |Px|
\ /,P” v f ® AITOWS:
P Q P—Q mbP
f (X Lyimc, P> f*QinPx)
X >»Y in C ” |
PRR—— . L — ———— | |
Patch up |
P P’ pr : @ ’
rodos g
A T30 g
p pE—
C X ’ Y \ Hasuo (Tokyo)




IPX IPY

P £ Q

o o VAT
Fibration = ,

Defn. A (poset) fibration is a functor ép such that

e Each fiber Px is a poset.

e fFor f: X — Y in C and Q € Py, a “universal arrow”

fQ : £f*Q — Q such that

P Q 7 Q f(Q)Q
g’ f

p — P

. f f

C X —5Y X — Yy

e The correspondences (__)* and (__) are functorial:

idy,Q=Q, (gof)*Q) =Tr"g"Q),
idy (Q) = idq , go f(Q)=3gQo f(g"Q) .

Hasuo (Tokyo)



Px Py
: * Q
17\ 2 /
o o A Q
Fibration *
X / »Y in C
P
Defn. A (poset) fibration is a functor ép such that
e Each fiber Px is a poset.
e For f : X — Y in C and Q € Py, a “universal arrow”
fQ : f*Q — ( such that
f(Q) i
P Q Q Q
g’
p — p~ Y
f f N
C X —Y X —Y
f
TN T
e The correspondences (__)* and (__) are functorial: X Y
4Q=Q, (GoN@=FrGa. ;Fe—Q
idy(Q) = idq , go f(Q) =gQo f(g"Q) . F

T —




Pxpv f* @
. . VA
Fibration = ,

Defn. A (poset) fibration is a functor ép such that

e Each fiber Px is a poset.

e fFor f: X — Y in C and Q € Py, a “universal arrow”

fQ : £*Q — Q such that

f ~
P Q 7 Q @) Q
g’ f
D — P
| ; ; Q
C X —Y X ——Y

e The correspondences (__)* and (__) are functorial:

40 =Q, (900)"Q =F('Q .,
idy (Q) = idg , go f(Q) =gQ o (g’

what's

T —

substitution?



Fibration: Examples

(Pred
S l (F'QCX) —(QCY)

X / »Y

* ﬁ
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Fibration: Examples

(Pred
S ' (F'QCX) —(QCY)

f

X »Y
I — Rfl " »
Sets ( (fngpxg ) — (@ CY XY)
X f Y
L — ——————
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Fibration: Examples

(Pred
S ' (F'QCX) —(QCY)

X / »Y
I — Rfl »
Sets ( (fngpx g ) —(QCY XY)
[Sub((C)
é (C: a topos) X f Y

| — e ————

f*P—PpP P

X TY Y

f

X sy Hasuo (Tokyo)



Fibration: Examples

Pred
S oo —@cy)
et
X / Y
I — Rel .
Se ts ( (fcxjpxg )H(QQYXY)
Sub(C)
é (C: a topos) X f .Y
f*P— P P
X—Y Yy Sub(Setst)
/ J
Sets®

X sy Hasuo (Tokyo)



Predicate Lifting
For Modality

Defn.
A predicate lifting of FF : C — Cis ¢ : P — P s.t.
P L > P
® pl \Lp (hence Yx IP)X — ]P)FX)
C I3 > C

e compatible with substitution.

T — B
Pred L. .
* For " |~ , coincides with
Sets

Ax : 2% — 2% monotone, natural in X

Hasuo (Tokyo)



Part 1V:
Final Sequence in a
Fibration
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Final Sequence in a Fibration

P T4 @ T+ P Ty <

"\

Ti—1 /

;Fw—l-l]_
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equence in a Fibration

final in P
— final in P '
CERR: S QOiT1< \
F“’l
~ ’l, !Trz K
(C le . coo | b
7Tz—1 /

;Fw—l-l]_
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Einal Sequence in a Fibration

— final in P ,

¢—|—1< ooo< ¢’i_|_1< o o o \\

i i——T

final seq. for @
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equence in a Fibration

final in

— final in P e T
"
P T13% \
B Al eh—L N
final seq. for @
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equence in a Fibration

final in

— final in P

lim
= o
P T13% IR oo @' T < \

final seq. for @
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Einal Sequence in a Fibration

lim
= ﬁnal in P __ le

final seq. for ¢

. ﬂ'z K
C 1 '— F'1 JURR Fi1 ¢4 RRENE
\%i—l /

= Fetil
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Einal Sequence in a Fibration

= ﬁnal in P __ le

= =
P T4 — (’01’ ' b h
% /
final seq. for @ Pt T
Fw
pe M f K
\ ~_Fmi

F“’+11 i
e ———

* Assume  F: ﬁm’rary, P: pred. lifting of F

lim

Hasuo (Tokyo)



Einal Sequence in a Fibration

lim
= ﬁnal in P __ le

P Tlﬁ/ﬁ4/ b \
ﬁxé 5’ y

. nal seq. for @ e T1T,
1

— F<1
i—1 i AN
[} [ < F [}

)\F;_Til_;i#—l/l

* Assume  F: finitary,  : pred. lifting of F

* F“]1 :“almost final coalgebra”,
prototype of F-behaviors
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Einal Sequence in a Fibration

= ﬁnal in P __ le

P Tlﬁ/ﬁ4/ b \
ﬁxé 5’ y

. nal seq. for @ e T1T,
1

lim

- Fe1

N

C ! Flu1< N

)\F;_Til_;i#—l/l

* Assume  F: finitary,  : pred. lifting of F

* F“]1 :“almost final coalgebra”,
prototype of F-behaviors
* ©“ T1 : prototype of coind. pred |[1/<,0]]FX

for each coalgebra ot x
X Hasuo (Tokyo)



equence in a Fibration

final in

— final in P

lim

Key Lemma.

Let é’p be a well-founded fibration; F' : C — C be finitary; and
@ be a predicate lifting of F'. Then

P T T L = b" (% T1)

B — —0ENOK /o)




equence in a Fibration

final in

— final in P

lim

:(’OWT

1
N

Z
A\
~
|
pd
-
~
-

A —— ~ |%* p is compatible w/ C: LFP
* p itself is “well-fdd”

Key Lemma.

P
Let P be a well-founded fibration; F': C — C be fimitary;
@ be a predicate lifting of F'. Then

P T T L = b" (% T1)

B — —0ENOK /o)




Technical Contributions

Definition. .
A finitely determined fibration ép is
such that:

1. Cis LFP with F = {FP objects}

P

2. é’p has fiberwise (co)limits

3. Foreach X € Cand P,(Q € Px,

let {X1 —> X }r be the canoni-
cal diagram from [F to X. Then

P <Q < k7P < k;Q, VI.
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Technical Contributions

Definition.

P
A finitely determined fibration ép is
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Technical Contributions

Definition.

P
A finitely determined fibration ép is
such that:

1. Cis LFP with F = {FP objects}

P

2. é’p has fiberwise (co)limits

3. Foreach X € Cand P,(Q € Px,

let {X1 —> X }r be the canoni-
cal diagram from [F to X. Then

P <Q < k7P < k;Q, VI.
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* p is compatible w/
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Technical Contributions

Definition. .

A finitely determined fibration ép is
such that:

1. Cis LFP with F = {FP objects}

P

2. ép has fiberwise (co)limits

3. Foreach X € C and P, Q € Px,
let {X7 —5 X} be the canoni-
cal diagram from [F to X. Then

P<Q < k*P<k*Q, VI.

Definition.
A well-founded fibration is a
poset fibration that

1. is finitely determined, and
2. has no decreasing w-chain

in a fiber Px for FP X.
Hasuo (Tokyo)




Technical Contributions

Definition.

P
A finitely determined fibration ép is Theorem. Assume
such that:
FX
1. Cis LFP with F = {FP objects} e cT , acoalgebra
P X
2. ¥P has fiberwise (co)limits
C P
3. For each X € C and P, Q € Px, ° ép is a well-founded fibration
let {X7 —5 X} be the canoni-
cal diagram from [F to X. Then o F': C — C, finitary
P<Q < k7P < kK5Q, VI. 0o
| I I p—t ,p
PR — T —— o D| 1D, predicate lifting
Definition. ¢ F r C
A well-founded fibration is a
poset fibration that Then the sequence
1. is finitely determined, and Tx «— (cFopx)Tx «— (ctows)?X «—

2. has no decreasing w-chain  gtablizes after w steps, yielding [vp] ¥ X asits limit.
in a fiber Px for FP X. X




P T1

Technical Cont 2

Definition. .
A finitely determined fibration ép is Theorem. Assume
such that:
FX
1. Cis LFP with F = {FP objects} e cT , a coalgebra
P X
2. ¥P has fiberwise (co)limits
¢ P
3. For each X € C and P, Q € Px, ° ép is a well-founded fibration
let {X7 —5 X} be the canoni-
cal diagram from [F to X. Then o F': C — C, finitary
P<Q < k7P < kK5Q, VI. 0o
| I I 7 P . P
R — T — e P 1P, predicate lifting
Definition. C F €
A well-founded fibration is a
poset fibration that Then the sequence
1. is finitely determined, and Tx «— (cFopx)Tx «— (ctows)?X «—

2. has no decreasing w-chain  gtablizes after w steps, yielding [vp] ¥ X asits limit.
in a fiber Px for FP X. X
T — T TTOSUOTMOKY.0)N




Examples
(or: Fibrations vs LFP)

* Finitely determined: very often

Prop. Assume C is LFP and LCCC. Then
e Sub(C) is LFP; and

Sub(C)
° é is finitely determined.

Prop. Assume (2 is an algebraic lattice.
Fam ((2)
Consider + - then
Sets

e Fam((2) is locally presentable; and

Fam/(€2)

N s finitely determined.
Sets

L re— ———————L Hasuo (TOkYO)
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Examples
(or: Fibrations vs LFP)

* Finitely determined: very often
Prop. Assume C is LFP and LCCC. Then

e Sub(C) is LFP; and fh
topos = LCCC '
Sub(C)

° é is finitely determined.

B e i

Prop. Flgrsszlsrzr)le (2 is an algebraic lattice. Y(Algebmic lattice:

Consider S(;Lts ; then * every elem. is a sup
of compact elem’s

* “LFP poset”

e Fam((2) is locally presentable; and

Fam/(€2)

N s finitely determined.
Sets

L — ———————L Hasuo (TOkYO)




Examples
* Well-founded: depends

Definition.
A well-founded fibration is a

poset fibration that
1. is finitely determined, and

2. has no decreasing w-chain
in a fiber Px for FP X.
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Examples
* Well-founded: depends

Definition.

A well-founded fibration is a
poset fibration that

1. is finitely determined, and

2. has no decreasing w-chain
in a fiber Px for FP X.

T —

Pred Rel
. EEiSrmssRsniny
Sets ' Sets
fin.-det., well-founded
s Sub(Sets™) Sub(SetsF+)
i 1
Setst : SetsF+

fin.-det., well-founded

Kk Sub(Sets!)
4
Sets!

fin.-det., not well-fdd
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Examples
* Well-founded: depends

Definition.
A well-founded fibration is a
poset fibration that

1. is finitely determined, and

2. has no decreasing w-chain
in a fiber Px fo .

Pred Rel
. EEiSrmssRsniny
Sets ' Sets
fin.-det., well-founded
s Sub(Sets™) Sub(SetsF+)
i 1
Setst : SetsF+

fin.-det., well-founded

Kk Sub(Sets!)
4
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Part 1V:
Conclusions &
Future Work




Fibered
Coinduction

FX-----Fz {
* InC? CT ETﬁnal i
X-——=-= Z
beh(c)
W———

[P
* In a fibration ip i
C { F-behaviors } +
coinductive

% This work: ™= :
predicate

* final coalgebra in p;

* final sequcence in p
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Conclusions

% Inductive construction [Cousot & Cousot, ‘79]

> 4

X 2 (clope)X 2D (cloge)’X D .-

%* Final sequence T
in a fibration e &

* behavioral w-bound: _*

conditions formulated in LFP terms

%k Covers various lOgiCS <(rela+ions, constructive,
name-passing, .. o)




conventional

invariant

coind. pred.

inductive constr.

Q (C\l

h © SOO)X )

Conclusions

Pred A Rel [ P
{ |relational { |fAbrational P
Sets Sets C

bisimulation coalgebra

bisimilarity final coalg.
partition

final sequence
refinement T




Future Work

-
* General proof principles for coinduction <_  Proof
: : assistants
e Paramefr‘lzed COlnd. [Hur, Neis, Dreyer & Vafeiadis, POPL13]

58 BiSimUIGHOﬂ UP—'l'O [Bonchi & Pous, POPL'13]

* Appl. to termination analysis of algorithms

o« o . . \'
% Bisimilarity check, etc. Much like appl. of
* Infinite states final sequences

% Current result: semidecidability

* To the full fixedpoint logics

* Coalg. p-calculus, coalg. automata, ... fibrationally
Model checking algorithms

Combine with bialgebraic SOS
Games < automata < fixedpoint logic

* % *

Hasuo (Tokyo)
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m=riEgfare Work

%* General proof principles for coinduction <_  Proof
: : assistants
i Par‘amefr‘lzed COlnd. [Hur, Neis, Dreyer & Vafeiadis, POPL'13] | |

5% BiSimUIGHOn UP—'I'O [Bonchi & Pous, POPL'13]

* Appl. to termination analysis of algorithms
% Bisimilarity check, etc.

'Much like appl. of
* Infinite states final sequences

% Current result: semidecidability

* To the full fixedpoint logics

* Coalg. p-calculus, coalg. automata, ... fibrationally
Model checking algorithms

Combine with bialgebraic SOS
Games < automata < fixedpoint logic

* ¥ »*
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