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Kleisli categories for [ monads [Moggi’91] for structured output
:\:Vgl [1 comonads for structured input

e cocaoris [0 (monad + comonad + distr. law)

Elenberg oore) for structured input/output

algebras for Arrows

All come with notions of

[1 Kleisli categories
[J Eilenberg-Moore algebras

B Arrows [Hughes'00] generalize them

Question

Kleisli categories
What are for Arrows?

(Eilenberg-Moore) algebras
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Kleisli for Arrows:

Introduction

Inroducing Arrows__ Freyd categories [Power, Robinson, Thielecke]
Kleisli categories for .

Arrows ’

2-categorical E

chgr;cterizatiqn of E |:| {AI’I‘OWS on (C}

Kleisli categories .

b Kleisli! [This paper] l%’ [Heunen&Jacobs, MFPS’'06]

{Freyd categories on C}
[1 2-categorical characterization (Cf. [Street’72])

B (Eilenberg-Moore) algebras for Arrows:

T
our notion is comparable to monad-algebras U

id
[1 Not carried by specific object(s)
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C: category of types and pure functions. C = Sets, Cpo, etc.

B Monad T : C — Cis a functor equipped with:

(1 unit X ix

[] extension (X 5

!, ry) —— (rx L

v ' X for each X

%

S TY)

B Useful as an interface for computations with structured output, or

computations with effect X

[] embed pure functions
due to unit

TY
T"?Y

X——Y

TY . We can...
[] compose computations

due to extension
I TY

P and

X Y

=

f TYLTZ

compose

X
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distr. law)

Arrows [Hughes'00]

Arrows generalize
(co)monads

Comparing strong

monad vs. Arrow

Arrows, like Monads,

are monoids [He-
unené&Jacobs,MFPS’06] E

Kleisli categories for
Arrows

2-categorical
characterization of
Kleisli categories

(Eilenberg-Moore)
algebras for Arrows

Kleisli category for monads

A monad T’ gives rise to a Kleisli category.

cat.

embedding

¢ Id. on objects 'Cr

Kleisli category
base category cat. of computations with str. output

of pure functions X — Y inCr
X —TY inC

Embedding is due to unit.
Cr is a category.

[]

In particular, composition of arrows is due to extension

(—=)".
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Strong monad

Introduction § AsSsume (C haS X

aediceAlows ¢ Strong monad = monad + compatibility with X

Use of monads
[Moggi'91]

Kleisli category for .
monads N .
Strong monad :

Use of comonads,
(monad + comonad +
distr. law)

Arrows [Hughes'00]

Arrows generalize

(co)monads

Comparing streng

monad vs. Arrow . ]

Arrows, like Monads,
are monoids [He-
unen&Jacobs,MFPS'06] +

Kleisli categories for
Arrows

2-categorical
characterization of
Kleisli categories

(Eilenberg-Moore)
algebras for Arrows

Defn. A strong monad I’ is a monad with strength

st X, Y

(TX) XY

T (X XY)

Allows us to add environments (—) X Z:

T

X

a

dd env.
p—

TY

Computation from X to Y

sty,z
(TY) x Z X217V x Z)

FxZ

X X Z

Computation from X X ZtoY X Z
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Use of comonads, (monad + comonad + distr. law)

Introduction g S|m||ar|y
Introducing Arrows E . ]
Ut of monads : M A comonad M is an interface for
Moggi'91 . . : .
S computation with structured input M X — Y
eisli category for
monads
Strong monad : [1 Brookes & Geva '92, Kieburtz '99, Uustalu & Vene '05
Use of comonads, : embedding
(monad + comonad + E |:| C > CM
distr. law) .

Arrows [Hughes'00] . .
co-Kleisli category

Arrows generalize .

(Cojmonzes : base category cat. of computations with str. input
Comparing strong 4 . _

monad vs. Arrow E cat. of pure functions X — Yin (CM

Arrows, like Monads, 9 -

are monoids [He- 1 MX — Y in C

unené&Jacobs,MFPS’06] E

Kleisli categories for
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2-categorical
characterization.of
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Jse of monads : is an interface for
[Moggi'91] o

leisl category for computation with structured input & output M X — TY

monads

Strong monad [] Uustalu & Vene, '05

Use of comonads,

: embedding
(monad + comonad + ¢
distr. law) : [] C ” CT, M,

Arrows [Hughes'00]
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(co)monads

Comparing strong base category cat. of computations with str. I/O
d vs. o 2 .
monad vs. Arrow E cat. of pure functions X — Yin CT,M,)\

Arrows, like Monads,
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Kleisli categories for .
Arrows

2-categorical
characterization of
Kleisli categories

(Eilenberg-Moore)
algebras for Arrows

9/31



Introduction

Introducing Arrows

Use of monads
[Moggi'91]

Kleisli category for
monads

Strong monad

Use of comonads,
(monad + comonad +
distr. law)

Arrows [Hughes’'00]

Arrows generalize
(co)monads

Comparing strong

monad vs. Arrow

Arrows, like Monads,

are monoids [He-
unen&Jacobs,MFPS'06] +

Kleisli categories for
Arrows

2-categorical
characterization of
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Arrows [Hughes’00]

An Arrow on C is...

a bifunctor A(—, +) : C° x C — Sets,

equipped with
arrx,y : Homc(X,Y) — A(X,Y)
>>xvz : AX,Y)X AY,Z) - A(X,Z)
ﬁI‘StX,Y,Z : A(X,Y) —> A(X X Z4,Y X Z)

with coherence conditions

(a>>b)>>c=a>> (b>>c),
arr(g o f) = arr(f) 3> arr(g),
arrid > a = a = a 3> arrid,
first(a) > arr(w1) = arr(mw1) =>> a,
first(a) >> arr(id X f) = arr (id X f) =>> first(a),
first(a) >> arr(a) = arr(a) >> first(first(a)),
first(arr(f)) = arr(f X id)
first(a >> b) = first(a) > first(b)

10/31



Introduction

Introducing Arrows

Use of monads
[Moggi'91]

Kleisli category for
monads

Strong monad

Use of comonads,
(monad + comonad +
distr. law)

Arrows [Hughes’'00]

Arrows generalize
(co)monads

Comparing strong

monad vs. Arrow

Arrows, like Monads,

are monoids [He-
unen&Jacobs,MFPS'06] +

Kleisli categories for
Arrows

2-categorical
characterization of
Kleisli categories

(Eilenberg-Moore)
algebras for Arrows

Arrows [Hughes’00]

An Arrow on C is...

B abifunctor A(—,+) : C” x C — Sets,
A(X,Y): set of structured computations from X to Y’

B equipped with

arrx,y : Homc(X,Y) — A(X,Y)
embeds pure functions
>>xvz ¢ AX,Y)X AY,Z)— A(X, Z)
composes structured computations
firstxyz : AX,Y) > AX X Z,Y X Z)

allows for handling environment

B Straightforward to enrich the whole setting,
by replacing Sets by symmetric monoidal V

10/31



Arrows generalize (co)monads

Introduction

Strong monad T’ gives rise to an Arrow AT by

Introducing Arrows

Use of monads E

Moggis1 : Ar(X,Y) = Hom¢(X,TY)
Kleisli category for .

monads

Strong monad

Use of comonads, . . .
monad + comonad = M Comonad M gives rise to an Arrow A s by

distr. law)

Arrows [Hughes'00] §
Arrows generalize E AM (X, Y) — HOm@ (MX, Y)
(co)monads ;

Comparing strong
monad vs. Arrow

Arrows, like Monads,

: L A
eremoncdsie- = @ Monad T" + comonad M + distributive law MT = T M

unen&Jacobs,MFPS'06] +

Kleisli categories for § g|VeS ”Se to an AITOW AT,M,A by

Arrows

Tl Ara(X,Y) = Home(M X, TY)

Kleisli categories

(Eilenberg-Moore)
algebras for Arrows
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Comparing strong monad vs. Arrow

Strong monad T’

Arrow A(—, +)

structured computation

X —-TY inC a € A(X,Y)
from X toY
o TY
funct
pure tunction is unit TnY Hom¢(X,Y) 25 A4(X,Y)
embedded due to %
B x L Ty) A(X,Y) x A(Y, Z)
composition of _
extension I(—)* l>>>
computation due to pe A(X Z)
(TX = TY) ’
compatible with X (TX) XY A(X,Y)
(i.e. environment) strength lst lﬁrst
due to T(X XY) AX X Z,Y X Z)
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Arrows, like Monads, are monoids

[Heunen&Jacobs,MFPS’06]
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Introducing Arrows
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[Moggi'91]

Kleisli category for
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Strong monad

Use of comonads,
(monad + comonad +
distr. law)

Arrows [Hughes'00]

Arrows generalize
(co)monads

Comparing strong

monad vs. Arrow

Arrows, like Monads,

are monoids [He-
unen&Jacobs,MFPS’'06] E

Kleisli categories for
Arrows

2-categorical
characterization of
Kleisli categories

(Eilenberg-Moore)
algebras for Arrows

This similarity can be put more formally:

Monad with 1, (—)*

= monoid in functor category [C, C]

Strong monad  with 1, (—)*, st

= monoid in [C, C]
+ (compatibility with X)

Arrow  with arr, >>>, first

= monoid in [C”” X C, Sets]
+ (compatibility with X)

[C, C]: monoidal
tensor: F QG = F o GG
unit: id

[C™” x C, Sets]: monoidal
tensor: like composition

unit: Hom¢
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2-categorical

characterization of
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Kleisli categories for Arrows
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Kleisli categories for Arrows

Introduction . Obvious definition:
Introducing Arrows : Kleisli Category CA for A IS

Kleisli categories for

Arrows :
Kleisli categories for § X L) Y in CA . X & (CA
Arrows : arrow obj.

Kleisli is Freyd a € A(X, Y) X € C

2-categorical
characterization of
Kleisli categories

(Eilenberg-Moore)
algebras for Arrows
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Introduction

Introducing Arrows

Kleisli categories for
Arrows

Kleisli categories for
Arrows

Kleisli is Freyd
2-categorical

characterization of
Kleisli categories

(Eilenberg-Moore)
algebras for Arrows

Obvious definition:
Kleisli category C»4 for Ais

X 2.y inCa
a € A(X,Y)

arrow

Inclusion functor

C »Ca
arr(f) € A(X,Y)

i

x Ly— -
— x Yy

C 4 is a category.
In particular, composition is due to >=>>>.

X €Cyxy

X eC

Cf.
Hom¢(X,Y)

larr

A(X,Y)

A(X,Y) x A(Y, Z)
1>
A(X, Z)
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Kleisli is Freyd

Introduction § Let’s look at CA

Introducing Arrows

B C4ispre-monoidal (which is, almost monoidal)

Kleisli categories for

Arrows .
Kleisl categories for & [0 Instead of a bifunctor @ : C4 X C4 — Cag4,
Arrows .
o we have two functors for each Z
Kleisli is Freyd

2-categorical

characterization of ‘ (—) X Z . CA — CA

Kleisli categories

el Zx(=): Ca—Ca
given by
X-2.Y inCa ct A(X,Y)
X xZ Y X Z inCa | first
first(a) A(X X Z,Y X Z)

|
a X 4
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Kleisli is Freyd

Introduction § Let’s look at CA

Introducing Arrows

B C4ispre-monoidal (which is, almost monoidal)

Kleisli categories for

Arrows o

Kleisli categories for & [1 But not quite monoidal. If it were,
Arrows E

Kleisli is Freyd E X X Z X X g >X X W

2-categorical

characterization of f ® g
Kleisli categories y f X Z f X [’[’

(Eilenberg-Moore)

algebras for Arrows § Y X Z }Y X W
: Y xg

should commute,

which is unlikely.
E.g. A(X,Y) : “state-based computations from X to Y

16 /31



Kleisli is Freyd

introduction . Infact, C — C4 is a Freyd category.

Introducing Arrows

B A Freyd category on C is: [Power, Robinson, Thielecke]

Kleisli categories for
Arrows

Kleisli categories for
Arrows

id. on objects

\
Kleisli is Freyd ! K ’
2-categonical : with finite products pre-monoidal
characterization of .

Kleisli categories

(Eilenberg-Moore)

algebras for Arows___ & preserving appropriate structures.

B 1-1 correspondence between Arrows and Freyd categories:
[Heunen&Jacobs, MFPS’06]

{Arrows on C} — »{Freyd categories on C}
A(—,—I—)I >((C—>(CA)
Homg (J—, J+) « (C A K)
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Introducing Arrows

Kleisli categories for
Arrows

2-categorical
characterization of
Kleisli categories

Why “Kleisli”?

Eilenberg-Moore
construction as right
2-adjoint

Kleisli as left 2-adjoint

Arrows on Freyd
categories

Kleisli for Arrows, as
left 2-adjoint

Four 2-functors, three
2-adjunctions

(Eilenberg-Moore)
algebras for Arrows

2-categorical characterization
of Kleisli categories
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Introduction

Introducing Arrows

Kleisli categories for
Arrows

2-categorical
characterization of
Kleisli categories

Why “Kleisli"?

Eilenberg-Moore
construction as right
2-adjoint

Kleisli as left 2-adjoint

Arrows on Freyd
categories

Kleisli for Arrows, as
left 2-adjoint

Four 2-functors, three
2-adjunctions

(Eilenberg-Moore)
algebras for Arrows

Why is this “Kleisli”?

12

{Arrows on C} AT {Freyd categories on C}

Al >((C—>CA)

B For Arrows induced by (co)monads,
“Kleisli” (for Arrows) coincides with usual Kleisli (for monads).
B 2-categorical characterization. Details now

Ins
-
P

“Kleisli”

Freyd Arr(Freyd) ,  justlike

Cat\/kT/Mnd(Cat*) for monads [Street'72]

Kleisli
19/31



Eilenberg-Moore construction as right 2-adjoint

2-categorical characterization [Street’72] of

B Eilenberg-Moore construction of algebras

B for monads
2-category Mind (Cat)

IS presented as a showcase.
object: (C,T)

Ins (C, T) e (D, S)
ﬁ
(jat‘$\\\\‘;%;__—~//;hdrui(CJat) H
1-cell: >D
EMAlg T, Yo s
C > D
H

2-cell: ...
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Eilenberg-Moore construction as right 2-adjoint

2-categorical characterization [Street’72] of

B Eilenberg-Moore construction of algebras

B for monads
2-category Mind (Cat)

IS presented as a showcase.
object: (C,T)

C > (C,id)

Ins (C, T) e (D, S)
/ﬂ
Cat, L Mnd(Cat) H
EMAlg 1-cell: / )
T S
CT < (C,T) é 7 >$
H

2-cell: ...
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Eilenberg-Moore construction as right 2-adjoint

2-categorical characterization [Street’72] of

B Eilenberg-Moore construction of algebras

B for monads
2-category Mind (Cat)

IS presented as a showcase.
object: (C,T)

C > (C,id)

Ins (C, T) e (D, S)
/ﬂ
Cat, L Mnd(Cat) H
EMAlg 1-cell: / )
T S
CT < (C,T) é 7 >$
H

2-cell: ...

obj.inCT «—= 1—CT inCat <= (1,id) — (C,T) in Mnd(Cat)

X

1 > C TX
<— id] o 1T <= |0O«
1 > C X

X 20/31



Kleisli as left 2-adjoint

Introduction

Introducing Arrows

Kleisli categories for
Arrows

2-categorical
characterization of
Kleisli categories

Why “Kleisli”?

Eilenberg-Moore
construction as right
2-adjoint

Kleisli as left 2-adjoint =

Arrows on, Freyd
categories

Kleisli for Arrows, as
left 2-adjoint

Four 2-functors, three
2-adjunctions

(Eilenberg-Moore)
algebras for Arrows

Similarly, [Street’72]

Can we do the same for Arrows?

Ins
. >

FPCat, T

ICe

Arr(FPCat)

2-category Arr(FPCat)
object: (C, A)
1-cell: ...

2-cell: ...
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Introduction

Introducing Arrows

Kleisli categories for
Arrows

2-categorical
characterization of
Kleisli categories

Why “Kleisli”?

Eilenberg-Moore
construction as right
2-adjoint

Kleisli as left 2-adjoint =

Arrows on, Freyd
categories

Kleisli for Arrows, as
left 2-adjoint

Four 2-functors, three
2-adjunctions

(Eilenberg-Moore)
algebras for Arrows

Similarly, [Street’72]

Can we do the same for Arrows?  No. 2-category Arr(FPCat)

Ins object: (C, A)
FPCat__ T Arr(FPCat)  t-cel: ..

]ée 2-cell: ...

CA< I ((C, A)

pre-monoidal,
not with finite products!

21/31
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Introducing Arrows

Kleisli categories for
Arrows

2-categorical
characterization of
Kleisli categories

Why “Kleisli”?

Eilenberg-Moore
construction as right
2-adjoint

Kleisli as left 2-adjoint

Arrows on Freyd
categories

Kleisli for Arrows, as
left 2-adjoint

Four 2-functors, three
2-adjunctions

(Eilenberg-Moore)
algebras for Arrows

Arrows on Freyd categories

We extend notion of Arrows: on FPCat — on Freyd

B Arow A onC € FPCat:
0 A:C”" x C — Sets, with arr, >>>, first

1 with coherence conditions

B Arow A on(C A K) € Freyd :
0 A: K" x K — Sets, with arr, >>>, first

1 with similar coherence conditions
Especially, first is compatible with Cartesian structure
carried from C to K
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Kleisli categories for
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2-categorical
characterization of
Kleisli categories

Why “Kleisli"?

Eilenberg-Moore
construction as right
2-adjoint

Kleisli as left 2-adjoint

Arrows on Freyd
categories

Kleisli for Arrows, as
left 2-adjoint

Four 2-functors, three
2-adjunctions

(Eilenberg-Moore)
algebras for Arrows

Kleisli for Arrows, as left 2-adjoint

Then indeed IC€ - Ins for Arrows.

Freyd

Ins
s

N
e

Arr(Freyd)
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Kleisli for Arrows, as left 2-adjoint

Introduction

Then indeed IC€ - Ins for Arrows.

Introducing Arrows

Kleisli categories for

rrows § J | N J
j-categorical § ((j — K) | : ((j — K’ HomK)
characterization of E I’nS

Kleisli categories : T
Why “Kleisli"? Freyd \T//
Eilenberg-Moore .

construction as right . ’Ce

2-adjoint . J JA ) | J
Kleisli as left 2-adjoint (C — K — KA) A ' (C — K, A)

Arrows on Freyd
categories

Arr(Freyd)

Kleisli for Arrows, as
left 2-adjoint

Four 2-functors, three
2-adjunctions

(Eilenberg-Moore)
algebras for Arrows
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Kleisli for Arrows, as left 2-adjoint

Introduction

Then indeed IC€ - Ins for Arrows.

Introducing Arrows

Kleisli categories for

Arrows

2-categorical .

characterization of : InS

Kleisli categories . 3

Why “Kleisli"? Freyd T AI‘I’ (FI'QYd)

Eilenberg-Moore

construction as right . ’Ce

2-adjoint

Kleisli as left 2-adjoint

Arrows pn Freyd . I ns
categories : >
Kleisli for Arrows, as FPCat A_I'I' (FPC&t)

left 2-adjoint . — x
Four 2-functors, three E
2-adjunctions

(Eilenberg-Moore)
algebras for Arrows
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Four 2-functors, three 2-adjunctions

Introduction

Introducing Arrows
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Kleisli as left 2-adjoint

Arrows on Freyd
categories

Kleisli for Arrows, as
left 2-adjoint

Four 2-functors, three
2-adjunctions

(Eilenberg-Moore)
algebras for Arrows

Freyd Arr(Freyd)
(€ LK)+ IT] (Cc LR, A)
(C A K) ! I_':lz_s 7 (C <, K, Homy)
(C L KABKR,: ’g (C LR, A)
7 Arr

> (C 2 ¢, Homg(J—, J+))

B Insis a full embedding.

(1 Freyd is a full reflective 2-subcategory of Arr(Freyd).
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Why “Kleisli"? (C — K) | > ((C — K, HomK)

Eilenberg-Moore

construction as right

. . J J J

2-adjoint : (C —>K—A>KA)< I((C —>K9 A)
Kleisli as left 2-adjoint ¢ T

Arrows on Freyd g J A’l"’r‘

categories § (C = K) | 7 ((C E) C, HOmK(J—, J‘I’))

Kleisli for Arrows, as
left 2-adjoint

Four 2-functors, three E
2-adjunctions

(Eilenberg-Moore) g B :F]_’GYd 4 AI’I'(:FI'GYd)

algebras for Arrows

(C A K) — TIns
Arr(FPCat)
(C, Homg(J—, J+)) 24131
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Algebras for monads

For a monad T', consider the following notion of “algebras”...

B Defn.

An T'-algebra is a natural transformation

T

{

1

d

in

[C, C],

compatible with 7, (—)*
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Algebras for monads

For a monad T', consider the following notion of “algebras”...

B Defn. AnT-algebra is a natural transformation

' in [C,C], compatiblewithn, (—)*
id

B We aim at generalizing this to Arrows

Recalk [C, C]: monoidal
Ll Monad tensor: FQ G = F o G
= monoid in [C, C] it id
[0 Arrow [C™” x C, Sets]: monoidal
=monoid in [C"" X C, Sets] tensor: like composition
+ (compatibility with X) unit: Hom¢

J1
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Algebras for Arrows

Defn. An algebra for Arrow A is a natural transformation

A(_a ‘l‘)
! in [C” x C, Sets],
Hom¢(—, +)

compatible with arr, >=>>, first.

Justification?

0 For Az induced by a monad T,

T
this is the same as algebras U
id
[1 Also for comonads, (monad + comonad + distr. law).
(1 Proof: non-trivial computation!
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- | [ 1 Characterized as a left-inverse of Kleisli inclusion.
Kleisli categories for . .
Arrows : [Envisaged by John Power]

2-categorical .
characterization of : (

Kleisli categories § A ( —, _|_)
(Eilenberg-Moore) : A'algebras \U/X >

algebras for Arrows

Algebras for monads § Homc (_ R _I_)

Algebras for Arrows

left inverse of

112

N\

C— Cy4y

/

Algebras for Arrows p

Vervaes e : [ Also the case for (co)monads. For a monad T,
satisfactory notion of .
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Towards more satisfactory notion of algebras

B Specific object(s) as a carrier?

A(X,Y)

E.Q. l

Hom¢(X,Y)

[1 Doesn’t work: meaning of “compatibility with =>=>"is not clear

B As a 2-categorical dual of Kleisli?

(] For monads,

[ 1 Does not work for

\

;

Ins
/_N
Cat . L Mnd(Cat)
EMAlg !
2-cells opposed
Ins %
—
Cat . T  Mmnd(Cat,)
KCe
Ins
s
Freyd_ T = "Arr(Freyd)

ICe
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1 If not, why?
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Conclusions & future work

Arrows generalize (co)monads: they are monoids.
Kleisli for Arrows:

{Arrows on C}

12

Kleisli

> {Freyd cat. on C}

Al

[1 2-categorical characterization

>((C—>(CA)

Eilenberg-Moore algebras for Arrows:

A(_a +)

{

Homg¢(—, +)

[]

Examples?

just like

T
ﬂ for monads .
id
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Arrows generalize (co)monads: they are monoids.
Kleisli for Arrows:
Arrows on C — > { Freyd cat. on C
{ R U }
Al » (C — Ca)
[1 2-categorical characterization
Eilenberg-Moore algebras for Arrows:
U , Justlike ﬂ for monads .
Hom@(—, —|—) id
[1 Examples?

Thank you for your attention!

Contact: http://www.cs.ru.nl/~ichiro
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