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Invariant vs.
Ranking Function

T 7 \ A linear Kripke structure:
° ! succ: X —- X, [p|]CX

eesettaEnTs—m——————TT

* Gp (everywhere p)is a gfp  vu.p A Xu

\

* the greatest solution of u=p A Xu

* Fp (eventually p) is an Ifp  pu.p Vv Xu

* the least solution of u=pV Xu
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Invariant vs.
Ranking Function

T 7 \ A linear Kripke structure:
° ! succ: X —- X, [p|]CX

S B

\

Lem. (witnessing Gp = vu. (p A Xu))

I C [p] x €I = succ(xz) € 1
I C [Gp]
W—-L m
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Invariant vs.
Ranking Function

T 7 \ A linear Kripke structure:
° ! succ: X —- X, [p|]CX

.

\

Lem. (witnessing Gp = vu. (p A Xu))

I C [p] x €Il = succ(x) € 1
IC|Gp]

Lem. (witnessing Fp = pu. (p V Xu))
Let rk: X — w II {#} be such that

invariant |
72 rk(z) =n A x & [p]

—> rk(succ(xz)) <n-—1.

Then rk(x) # & implies € [F p].




Invariant vs.
Ranking Function

T 7 \ A linear Kripke structure:
° ! succ: X —- X, [p|]CX

W

\

Lem. (witnessing Gp = vu. (p A Xu))

I C [p] x €Il = succ(x) € 1
IC|Gp]

Lem. (witnessing Fp = pu. (p V Xu))
Let rk: X — w II {#} be such that

invariant
S rk(z) =n A x & [p]

—> rk(succ(xz)) <n-—1.

= Then rk(x) # & implies x € [F p].

T— ﬂ
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Lem. (witnessing Gp = vu. (p A Xu))

I C [p] x €I = succ(x) € 1
IC|Gp]

Lem. (witnessing Fp = pu. (p vV Xu))
Let rk: X — w II {#} be such that

rk(z) =n A x & [p]
—> rk(succ(z)) <n-—1.

Then rk(x) # & implies x € [F p].

How come the difference?
-» Let us take a foundational view...



Lattice-Theoretic Foundation

L: complete lattice, f: L — L monotone

Thm. (Knaster-Tarski) Thm. (Cousot-Cousot)

o nf = LCf(L)C---Cfo)C---
min{l € L | f(I) C 1}  stabilizes, and converges to pf

* v = TJFT) I T f(T) I

max{l € L |l C f(l)} stabilizes, and converges to v f

[ — ————
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Lattice-Theoretic Foundation

L: complete lattice, f: L — L monotone

Thm. (Knaster-Tarski) Thm. (Cousot-Cousot)
o« uf = LCf(L) T C (L) C e
min{l € L | f(I) C [} stabilizes, and converges to u f
[) L1
. f0C
pf L1
* v = T F(T) 2 - 3 f(T) 2
max{l € L |l C f(lI)} stabilizes, and converges to v f
LT f(1)
— —
[ vf
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Lattice-Theoretic Foundation

L: complete lattice,

Thm. (Knaster-Tarski)

o uf =
min{l € L | f(I) C 1}
f) 1
— ufCi
o Vf =
max{l € L |IC f(l)}
LC f(l)
— ICuf

f: L — L monotone

Thm. (Cousot-Cousot)

LEf(L) T EfL)E---

stabilizes, and converges to uf

—  fY(L) Epf (Vo€ Ord)

TOAT) D2 FT) 2D -
stabilizes, and converges to v f

— vfLC f*(T) (Vo€ Ord)

I — ————————
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Lattice-Theoretic Foundation

L: complete lattice, f: L — L monotone

- Thm. (Knaster-Tarski) Thm. (Cousot-Cousot)
o uf = LEFL)E-+C (L) C---
min{l € L | f(I) C [} Staz)lhzes and converges to
f) £ — |
pf L1
o vf = TIAT) DT f(T) 3 -

max{l € L |l C f(l)} stabilizes, and converges to v f

— vfLC f*(T) (Vo€ Ord)

T —— I—
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Lattice-Theoretic Foundation

L: complete lattice, f: L — L monotone

- Thm. (Knaster-Tarski) Thm. (Cousot-Cousot)
o uf = LEFL)E- C (L) T
min{l € L | f(I) C [} stabilizes, and converges to
- /
N f(l)_: ! \ fa(J_) — uf (Vo € Ord)
l’l’f — [ —-— I
* vf = TFT) 22 f(T) 3 -

max{l € L |l C f(l)} Stabilize and converges to v f

|

WfC Fo(T) (Ya €Ord)

p—

‘ﬁ

Sound approx. FromHasul?'mYO)




The Table

properties witnessed by...

safety, gfp invariants

liveness, Ifp| ranking functions




properties witnessed by...

safety, gfp invariants

liveness, Ifp| ranking functions

nested,
alternating
gfps & Ifps




properties witnessed by...

safety, gfp invariants

liveness, Ifp| ranking functions

winning strategies

for a parity game

nested, (if finitary)
alternating

gfps & Ifps




The Parit

-Game Workflow

MC, satisfiability,
Your Problem synthesis, ... - Solution

;encode f
Winner &
Parity Game ﬁ
Y J

urdzinskis©  Winning Strategy
algorithm
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The Parity-Game Workﬂow

MC, saﬂsﬁ ablll’ry,

Your Problem <5 4uiii 1 Solution

;encode f
Winner &
Parity Game |
: Jﬁ

urdzinskis Winning S'I'ra'l'egy
algorithm

* In parity games:

% alt. branching (v vs 3, A vs V)

* parity acceptance cond.
= alt. betw. u and v vasuo (ok0)



Jurdzinskis Progress Measure
for Parity Games: Intuitions

n
oal: “visit bigger even

godk: S

1%1%1
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Jurdzinskis Progress Measure
for Parity Games: Intuitions

YOU WlNl qoal: “Visit bigger Ve
. ok g
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Jurdzinskis Progress Measure
for Parity Games: Intuitions

Q: your POS.\'\'.\On
0: opponents

YOU WlNl qoal: “Visit bigger Ve
. ok g
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Jurdzinskis Progress Measure
Intuitions

= N

FisiE D

>+ your pos\hon
0+ opponents
oal: “visit bigger ever’

el
1

3]0

0 0

2 1 |1
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Jurdzinskis Progress Measure
Intuitions O your posifion

0 opponen’r's "
oal: “visit bigger even

b

2 1
310 310

1 1 0

- O

how many 15 will be visited

| (before visiting 2, a bigger even) |
Nerrermeremrnmsmmarmersmm s smsmarmesememnesne? | HASUO (ToKYO)



o o our pos\’r\or\
Jurdzinskis Progress Me . sponents

n’
oal: “visit bigger eve

Intuitions o

(e JES.N

- O

™ how many 1s will be visited ,
| (before visiting 2, a bigger even) (
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o o our POSV\'\On
Jurdzinskis Progress Me . sponents

yisit bigger even

Intuitions o
N 723 +

(e JES.N

- O

™ how many 1s will be visited |
| (before visiting 2, a bigger even) |
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o o our POSV\'\On
Jurdzinskis Progress Me . sponents

yisit bigger even

Intuitions il

- O

™ how many 1s will be visited |
| (before visiting 2, a bigger even) |
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i i our posmon
Jurdzinski’s Progress Me 7. soponents

“yisit bigger even”

Intuitions goot ™ ——m

—

2
3 0 3

1
0

1 1 0

™ how many 1s will be visited _
. (before visiting 2, a bigger even) |




o o our pos\’r\or\
Jurdzinskis Progress Me . sponents

isit bigger even

Intuitions e =l
2 1
510 AN

™ how many 1s will be visited
| (before visiting 2, a bigger even)
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Jurdzinskis Progress Measure

Deﬁ ni'l'iOﬂ (Assuming priorities are O, 1, ..., 6)
18453
* A prioritized ordinal is «3 (each «; is an ordinal)
5]
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Jurdzinskis Progress Measure

Deﬁ ni'l'iOn (Assuming priorities are O, 1, ..., 6)
18453
* A prioritized ordinal is «3 (each «; is an ordinal)
5]

* foreachi=0,1,...,6,
the i-th truncated lexicographic order

Qs Bs is defined by
az i Ps * the lexicographic order
1 B * after truncating oy, ; for all j <1
* examples: 7 8 2 2
142 <; 0 142) <,00 C&@G

63 0 63 I%suo&\fgkyo)



Jurdzinskis Progress Measure

Definition

* A progress measure is an assignment like

such that

5

A

(Assuming priorities are O, 1, ..., 6)

5

5
Y3

71
Bs
3

B
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Jurdzinskis Progress Measure

Definition

(Assuming priorities are O, 1, ...

* A progress measure is an assignment like

5

Cerey
1 1
such that
1843 Bs
Qs a3 > ,83 (lf’L 1S Odd)
(8 41 o /6
Har = Gl
(843 Bs
asg —; PBs (if ¢ is even)
851 B

, 6)

V5
73
: i)
Bs 05
/61 51
1825 Bs
ag >; B3 (if 2 is odd)
O aq B1
L i1 |—> Ve
a1 Qs Bs
ag >=; Bz (if ¢ is even)
Qi B1




properties witnessed by...

safety, gfp invariants

liveness, lfp| ranking functions

progress measure

for a parity game
nested, [Jurdzinski]

alternating
gfps & Ifps




properties

safety, gfp
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invariants

liveness, lfp| ranking functions
progress measure
for a parity game
nested, [Jurdzinski]
alternating

gfps & Ifps

lattice-theoretic
progress measure



The Table

properties witnessed by...

safety, gfp invariants

liveness, lfp| ranking functions

progress measure Erito
ted for a parity game algorithmic
nested, [Jurdzinski] - s
alternating

lattice-theoretic
progress measure
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The Table

properties witnessed by...

safety, gfp invariants

liveness, lfp| ranking functions

progress measure Eoits
ted for a parity game algorithmic
nested, [Jurdzinski]
alternating

lattice-theoretic
progress measure

gfps & Lfps
infinite,
(Our first main contrib.) symbolic,

logical



properties

safety, gfp

The Table

Knaster-

witnessed by... |

invariants

liveness, lfp| ranking functions
progress measure s
ted for a parity game algorithmic
nested, [Jurdzinski]
alternating

gfps & Ifps

lattice-theoretic

roaressS measure , :
PTog infinite,

(Our first main contrib.) symbolic,

logical



Syntax: Equational Systems

[Arnold & Niwinski ‘01], [Cleaveland, Klein & Steffen, CAV'92], ...

Def. An equational system over a complete lattice L is

Uy =—n, fl(ulv . o °7um)9

Um =1, fm(ula s ooy um)
where

e f1i,...,fm: L™ — L are monotone, and

® MNiy---yNm € {“9V}°

SEE———— 1
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Svntax: Eauational Systems

Def. An equational system over a complete lattice L is

Uy =, fl(ula R 9um)9
Um =n,, fm(ula c ey um)
where
e fi,..., fm: L™ — L are monotone, and

'771’°°°777m€{“7’/}°
U1 =, fl(ulv Uz), //
Uz —p fZ(ula Uz) vuz. fo (Hul fl(ulv Uz)a Uz)
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Svyntax: Eauational Systems

Def. An equational system over a complete lattice L is

Uy =, fl(ula c o 9um)9
Um =n,, Fm(U1y ..o stUm
7 ) solved first
where
® fi,.-.s fm: L™ — L are monotone, and 4

The order matters!
bttt n Hasuo (Tokyo)



u1 =, fi1(u)

Definition: wy =, fo(d)

Progress Measure for | ws=, 5@ 7
Ug —p f4(ﬁ)
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w1 =, fi(u)

Definition: v £

Progress Measure for | us=. 5@ |;
Uy —p ff@
P (a s (X ) :
B p:(ai, Oﬂz) with
P=1 ps(ai,as) pi(a, as) € L,
Vi € [1, 4]

p4(a1’ Oﬂg) o1 ,03€E0rd

* “"Counters” ai,03 for each n-var.
* Subject to:
1. Monotonicity
2.u-var. cond.
3.v-var. cond. isiio (Tokyal



u1 =, fi1(u)

Definition: v £

Progress Measure for | ws=.f:@ |7
TEV f4(ﬁ”)
P (a s (X ) :
_ p:(ai, az) with
P=1 ps(ar,as) pi(a, as) € L,
Vi € [1,4]

P4(a19 O63) 01,005 €0rd

1. (Monotonicity) For i € [1,4],

(alaa?») jz (1319/63)
=== pi(ala C’43) = pi(/Bla 133)

Hasuo (Tokyo)



u1 =, fi1(u)

Definition: ws = £a(a0)
Progress Measure for | us=. f:(@)

Ugq —p f4 (ﬁ)

over

——
/ p1(a1, as) \ .
p = p2(o, ag) with
pa(c, ag) pi(a, Oﬂ3) € L,
\ p4(a1’ Oﬂ3) ) a1,x3€0rd Ve € [1’4]

2. (u-var. cdnd.)
® (base) p1(0,a3) = 1L, p3(a1,0)=_1
i (S'I.ep) pi(ar +1, as ) L fi (pl(al,a3)>

p3(a17 C¥3)

ps( a1 ,as+1) C fs(gg§§1jg§§) (381)

o (llml'l') | pi(c,a3) T | | p1(Br,as)  (ou: alimit ord.)  (same




Thm. (¢
LT ES
st ab.ﬂ.lZesv all

2. (n-var. cond.)

¢ (base)
° (step)

o (limit)

0\180t—60“50t>

..E,fw(J’)E...

onverges to b

/ p1(a, ag) \
p2(a17 ()43)
p3(a1, Oﬂs)

p4(a17 a3) / a1,03€0rd

uy =, f1(4)
uz =v f2(4) over
U3z =pn f3(ﬁ) T

Ug4 =vp f4(’l_1:

S — T —
¥

with
pi(a1,a3) € L,
Vi € [1, 4]

pl(Ov Oﬁ?») — va p3(a17 O) = |

pl(al—l_]-, Qg ) |

1 (pl(ah as) )

p3(a1, a3)

B (o) @

p1(ai,a3) C u p1(B1, a3) (a1: a limit ord.) (same

B1<o

| for a3)

Ry



u1 =, fi1(u)

Definition: v £
Progress Measure for | us=. f:(@)

Ugqg —p f4 (ﬁ)

over

/ p1(o, a3) \

| p2(a1,3) with
P=1 ps(oy,as) pi(al’(,x‘g) €L
\ p4(a1’ Otg) ) a1,x3€0rd Ve € [1’4]

3. (v-var. cond.)

Iz (?(/Blv 043)) (531)
f4 (?(/317/63)) (5/317/83

_ I

p2 (g, 3)

P4(a19 as)
10—

Hasuo (Tokyo)



ur =, f1(4)

Thm. (Knaster—TarSki)
o Vf = ug =, foli
.__ v J2\(U
(L€ LILE f} o (ﬁ; G
LU
I — I Ug =, f4(’l_1:)
C10 i
— V'f with
P31, ((3) p’i(al,ag) €L,
\ pa(ai, ag) cy .05 €Ord Vi € [1, 4]

3. (v-var. cond.)

Iz (?(517 s) ) (361)
fa (P (B1,83))  (3B1,Bs)

————————

p2(a]_, ag)

p4(a17 a3)




u1 =, fi1(u)

Definition: v £

over
Progress Measure for | us=. f:(@)
Ug =p ff@
D (a s (X ) :
_ pl(ai, ai) with
b= p3(a1, as) pi(a1, as) € L,
Vi € [1,4]

P4(a19 Oﬂ3) 01,005 €0rd

1. Monotonicity

2.u-var. cond.
(base, step, limit)

3.v-var. cond.
Hasuo (Tokyo)



Definition:
uz =, f2(U) over
Progress Measure for | us=. f:(@)
Ug =y f4(u)
a1, X
_ gigai, aig with
P= p3(o1, a3) pi(a1, os) € L
pa(o, as) s v cOrd Vi € [1,4]

1. Monotonicity
2.u-var. cond. pa(cs 41
(base, step, limit) Psl a1 a541) g (ﬁf((;hag))

P3 (B4, Qagz) (3/31)

P2(ay, ay) C f (?(519 asz) )

3.v-var. cond. Pissan) £ 1 (g g

a3 ) g fl (pl(al,a3)

(36,)
(381, 8s) Hasuo (Tokyo)



Definition: wa = fals) [
ove
Progress Measure for | us=. f:(@)
Ugq —p f4(u)
p1(a1, as) :
D = Pz(ah a3) \]’:-'(1-21 as) € L
p3(a17a3) ¢ \’_/a‘r— rﬁ,‘1
P4(a1, as) aq,03€0rd 5 : o
1420 <4| 0
1. Monotonicity 63
fse—
Z.M-Vdr. COﬂd. pl(a1+1, az ) [C f (pl(al,a3)
(base, S.I-epl l|m|1-) pP3( o yas+1) C ¢ ;:13((;11’:3))
Pa(az,a5) f2 (P (8,
3.v-var. cond. Pa(e, ap) f4( (Brs00))  (3p,)

( ?(ﬁl,&)) ” (361, 3, ) Hasuo (TokyO)




(soundness)

/ P1(Oé1, Oﬂs) \

Let  _ | pa(cu, ) be a prog. meas.
p_
p3(0é170ﬂ3) w =, £1(@)
\ p4(a1’a3) )al,ageOrd For U2 25 J2 ()

uz =, f3(u)

Ugqg —p f4(ﬁ)

Then p underapproximates the solution:

pi(aq, az) C (the solution for u;),
for each ay, a3 € Ord and 2 € [1, 4]

(completeness) There is a prog. meas. that
achieves equalities



The Table

properties witnessed by...
safety, gfp invariants
liveness, |fp ranking functions

progress measure
for a parity game
nested, (if finitary);

Iternati
;FP?S Zalf';?s (lattice-theoretic)
progress measure

(in general)



(Potential) applications:

e Theorem proving, + Tdble

proof rules

e Program verification:
"synthesis of symbolic

witnessed by...

Invariants

progress measures”
® In metatheories

ranking functions

® Generic "coalgebraic”
model checking

alternating
gfps & Ifps

progress measure
for a parity game
(if finitary);

(lattice-theoretic)
progress measure

(| q geneml) Hasuo (Tokyo)



Lattice-Theoretic
Progress Measures
In
Coalgebraic Model Checking

(in 2 min.)



See e.g. [Rutten, TCS'00] [Jacobs, book draft]

Categorical abstraction of state-based dynamics

>
FX F=2x(_)* DFA
F=(P_)* LTS
CT F =7D Markov chain
X F = PP nbd. frames, games

other F"s graded sys., game frames, - - -




[Moss, Pattinson, Kurz, Cirsteaq,

COGlgebraiC Madal Logic Kupke, Venema, Schroeder,...]

modal logic coalg. modal logic
Kripke frame coalgebra

Hasuo (Tokyo)



[Moss, Pattinson, Kurz, Cirsteaq,

COGlgebraiC MOdal Logic Kupke, Venema, Schroeder,...]

modal logic coalg. modal logic
Kripke frame coalgebra

* Modalities by predicate liftings

A: QX — QF X natural in X

where 2 = {truth values} (e.g. {t,f} or [0,1])

* Hennessy-Milner logic, neighborhood logic,
graded logic ("in more than k successors”),
game logic (“a coalition C forces...”),
Lukasiewicz logic [Mio, Simpson, ...],
Iogics w/ future discoum‘ing [Almagor, Boker, Kupfermann, ...], ...

* Fixed points by eq. sys. wu; =, (p A uz) V Xuy

U —p U2



Def.
Progress measure, as a witness IR
p ) ( | )
c_)ZEOrd

in model checking

pm(ala c ooy ak:)

X can be infinite
e with pz(ﬁ) e QX
Q can be [0,1] e subject to

1. monotonicity
2. p-var. cond.
3. v-var. cond.

MC algorithm, if finitary -~ - e
X: finite, Q = {t, f} |

pi(1,...,0p)
Generic algorithm, 5
o €0rd

works for a variety of logics Pmlo;.. k) / 5
Ui = 901(7)

Complexity exponential
only in alternation depth

Lt =1, o () ]| &



Contributions II: Linear Time
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Contributions II: Linear Time

®|ike LTL
(as opp. to CTL)

® More challenging for

coalgebra
-

in a Kleisli category

® We focus on nondet.
branching

Hasuo (Tokyo)



Contributions II: Linear Time

® Like LTL
* Progress measure, for (as opp. fo CTL)
linear-time model checking .
-H @) ® More challenging for
PFX ( it B ) coalgebra
4 Um =n, ‘~Pm(7) : . A
is witnessed by in a Kleisli category
FY
% aruntree + . and ®* We Foc.us on nondet.
Y branching
3 da'l'a l|k€ ( pl(alvt--aak) )
pm(al,....,ak) < cOrd

with p; () € QY

* Decision procedure, if finitary
* Exploits the small runtree theorem Hasuo (Tokyo)



Conclusions
properties ‘ witnessed by...

safety, gfp invariants

liveness, Lfp ranking functions

winning strategies for a parity game
nested, (if finitary);
alternating

gfp’s & fps (lattice-theoretic) progress measure

(in general)

(Potential) applications:

® [done] Generic “coalgebraic” model checking

e [Forthcoming] Coalgebraic modeling of Buechi automata & simulations
Theorem proving, proof rules

Program verification: “synthesis of symbolic progress measures”
In metatheories, e.g. for higher-order model checking [ong, Kobayashi, Tsukada, .
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