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Functional Quantum
Programming Language

* A real man’s programming style

CITRIX CREDIT SUISSE‘
O

Quantitative Strategies

% Heavily used in the financial sector

- IS JANE
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sozur/a/vs

: L alois
% Mathematically nice and clean ealols| ==
H . Microsoft:
* Aids semantical study Research N"
; Vol
* Transfer from classical to & -
Standard ‘Q TSURU
quantum Chartered & 2y CAPITAL
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Functional QPL:
Semantics

%k Semantics = mathematical model

% Operational semantics: [Selinger & Valiron, ‘09]

* “Quantum closure,’
reduction with probabilistic branching

[a]Qo) + B]Q1), |1

| Zn), meas T;] — a2 [|Qo), |1 ... 2n),0]
[alQo) + B[Q1), |21 |z1...2n), 1]

Tn), meas ;| — |82 [1Q1), |x

* Allows to identify linear logic ® and quantum ®
(feature of the Selinger-Valiron language; not in ours)

Functional QPL:
Syntax

Preparation/Unitary
* Linear A-calculus transformation/Measurement
+ quan’rum primifives [van Tonder, Selinger, Valiron, ...]

* Linearity for no-cloning

* “Input can be used only once”
!
* Not allowed/typable: Az. (meas x, meas x)

* Duplicable (classical) data: by the !-modality

F tt : !bit

! ‘arbitrary many copies”

Hasuo (Tokyo)

Functional QPL:
Semantics

* Denotational semantics

* [M]: a function, or an arrow of a category
* Compositionality: [M N] = [M] o [N]
* Linear category: [Benton & Wadler, Bierman]

(axioms for) a categorical model of linear A-calculus

Defn.
A linear category (C, ®,1I,—o,!) is a sym. monoidal
closed cat. with a linear exponential comonad !.

% For functional QPL? Is Hilb (or alike) a linear cat.?

Hasuo (Tokyo)




Functional QPL:
Semantics

* Hilb (or alike) is not a linear category

monoidal closed str. (C, ®, I, —) ! (for duplicable data)

t ity veve f infnitedim.

t finite dim.

* Challenge: coexistence of quantum and classical data
* Only partial results

* [Selinger & Valiron, ‘08]:
for strictly linear fragmant (w/o !)

Hasuo (Tokyo)

Quantum data

“Quantum Data,
Classical Control”

Illustration by N. Hoshino

' I I I I = E EEEEm

Classical control
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%

What We Do

tr(f) =
Gol (Geometry of Interaction) (cirard 891 . |, (H PESRSARRETIN fxz)

neN

An “implementation” of classical control

Categorical GOl [Abramsky, Haghverdi, Scott ‘02] LS
Its categorical axiomatics

We add a quantum layer to Gol
% < “Quantum data, classical control”

% Used: theory of coalgebra
[Hasuo, Jacobs, Sokolova ‘07] [Jacobs ‘10]

Hasuo (Tokyo)

The Categorical Gol
Work flow




Gol:
Geometry of Interaction

* J.-Y. Girard, at Logic Colloquium ‘88

* But I'm no linear logician!

* In this talk:

* Its categorical formulation
[Abramsky, Haghverdi, Scott ‘02]

% “The Gol Animation”

Hasuo (Tokyo)

The Gol Animation

* Function application [MN]

* by “parallel composition + hiding”

Hasuo (Tokyo)

The Gol Animation

[M] = (N — N, a partial function )

e | |

(countably many)

l l l l Hasuo (Tokyo)

[“parallel composition + hiding”

(cf. games)
W




[MNT]

. M=IAz.x+1 N =2
> M =Azx.1 N =2
> M=A\f.f1 N =Xx.(x+1)

Categorical Gol

%* Axiomatics of Gol in the categorical language

% Our main reference:

* [AHSO2] S. Abramsky, E. Haghverdi, and
P. Scott, "Geometry of interaction and linear
combinatory algebras,” MSCS 2002

%* Especially its technical report version
(Oxford CL), since its a bit more detailed

Hasuo (Tokyo)

The Categorical Gol
Workflo

QS ™ I I I =E = = = = = = N EE N Em

. Al le Al
. Traced monoidal category C fl = |wo

: + other constructs =» “Gol situation” [AHSO02] , B| |C B|

L R B B B R iy

‘ Categorical Gol [aHs02] *  Applicative str. + combinators

'----------------5 * ModeloFunfypedcalculus

: Linear combinatory algebra .

Ve e e e o e e e e e e e e m %k pER,UJ-Sef,OSSme[Y,...

4 Realizability

----------;

* “Programming in untyped \”

1
' Linear Cafegory I _Model of typed calculus

] Hasuo (Tokyo)

Linear Combinatory Algebra
(LCA) \l\\:/veh‘::anf (outcome) }

A linear combinatory algebra (LCA) is a set A equipped with * MOdel OF

untyped linear A

e a binary operator (called an applicative structure)

- A2— A
® a unary operator * are A =
oA closed linear A-term
o (combinators) distinguished elements B, C,1,K, W, D, 4, F
tisfyi o
Annun % No S or K (linear!)
Bzyz = x(yz) Composition, Cut
Caxyz = (z2)y Exchange .
p3=as Identity * Combinatory
Ky ek completeness: e.g.
Wza!ly=z!y'!y Contraction
D!z =2 Dereliction
slea=1z Comultiplication )\wyz. ZTY
Flz!y = !(zy) Monoidal functoriality
Here: - associates to the left; - is suppressed; and ! binds deSigna‘i‘eS an elem- OF A

stronger than - does.

Hasuo (Tokyo)




What we use (ingredient)

Gol situation

Defn. (Gol situation [AHS02])
A Gol situation is a triple (C, F, U) where

e C = (C,®,I) is a traced symmetric monoidal category
(TSMC);

e F : C — C is a traced symmetric monoidal functor,
equipped with the following retractions (which are monoidal
natural transformations).

e: FFQF : € Comultiplication
d:id<F :d Dereliction

c: FF<<F :c Contraction
w: Ki<F : w Weakening

Here K7 is the constant functor into the monoidal unit I;

e U € C is an object (called reflezive object), equipped with
the following retractions.

J:UQU U : k
I<U
u: FU<U : v

Hasuo (Tokyo)

R

Gol situation

* Monoidal category (C,®,I)

Defn. (Gol situation [AHS02])
A Gol situation is a triple (C, F,U) where

{- C = (C,®,I) is a traced symmetric monoidal category
(TSMC);

e F : C — C is a traced symmetric monoidal functor,
equipped with the following retractions (which are monoidal
natural transformations).

* String diagrams

e: FFAF : € Comultiplication A gi s B B 9 s C
d:id<F :d Dereliction
c: FQF«F : ¢ Contraction A ﬂf) C B
w: Ki<aF : w Weakening E
Here K7 is the constant functor into the monoidal unit I; C

e U € Cis an object (called reflexive object), equipped with
the following retractions.

At g et p
Ac ™™ B D

jJ:UQ@UU : k
I1aU
w: FU<U : v

il

Gol situation

Defn. (Gol situation [AHS02])
A Gol situation is a triple (C, F, U) where

{ e C = (C,®,1I) is a traced symmetric monoidal category
g (TSMC);

* “feedback”

e F : C — Cis a traced symmetric monoidal functor,
equipped with the following retractions (which are monoidal
natural transformations).

e: FFQF : € Comultiplication

* Traced monoidal category

Ac LisBeC

d:idaF :d Dereliction
c: FQFAF : ¢

w: Ki<aF : w ‘Weakening

Contraction

that is

Here K7 is the constant functor into the monoidal unit I;

e U € Cis an object (called reflexive object), equipped with
the following retractions.

j i URUAU : k A| |

Q

I<U tr
u: FUQU : v f —

A" B

Hasuo (Tokyo)

4 m E E E = E =E E O EEE “ m EmEEEEE o Eom

ho (f®g) 9]
0)
String Diagram vs.
1\ ° ° 0
Pipe Diagram
* I use two ways of depicting partial
functions N — N In the monoidal category
e e R R A pmamand (Pfn, +,0)
1 S 2 L il 1
1 2 B: S ) 1 N
| et W
§ DMl :. [M] :
: 1 : i 1
[ | N 1
: A RErnms SuE :: | :
1 1
' Pipe diagram  .* String diagram .
1 ! Hasuo ileyo)




Traced Sym. Monoidal Category
(Pfn, +, 0)

%* Category Pfn of partial functions

% Obj. A set X

* Arr. A partial function

|
X —Y in Pfn f
X — Y, partial function Y

%* is traced symmetric monoidal

Hasuo (Tokyo)

Gol situation

ol shation s 4 opk (6 F,U) where * Traced sym. monoidal cat.

is a traced symmetric monoidal category

A\Y "
F : C — Cis a traced symmetric monoidal functor, * Where one can FeedbGCK

equipped with the following retractions (which are monoidal
natural transformations). |
4l e
e: FFQF : € Comultiplication tr
d:id<F:d  Dercliction Fl = |«
Bl |C B

c: FRFAF :c Contraction
w: Ki<aF : w ‘Weakening L

h'S

Here K7 is the constant functor into the monoidal unit I;
* Why for Gol?

e U € Cis an object (called reflexive object), equipped with
the following retractions.
j:U®U<U : k
I1<U
u: FU<QU : v

Traced Sym. Monoidal Category
(Pin, -, O)

X+ZI3sv+Z P
uF . How?
X Y in Pfn
% 1o
if Y
fxv (@) = {f Gdisti et
1 0.W.

Similar for fxz, fzy, fzz

XT | z
=

* Execution formula (Girard)

* Trace operafor; * Partiality is essential (infinite loop)

X | 4

f tr(f) =
WhY fxv U (H fz3 o (fz2)" o fXZ)
Ya | neN i
— S— SN

1MN]

(V]

[M] N]] in string diagram

Hasuo (Tokyo)



Gol situation

Defn. (Gol situation [AHS02])
A Gol situation is a triple (C, F,U) where

% Traced sym. monoidal cat.

(o C = (C,®,I) is a traced symmetric monoidal category
(TSMC);
S

} % Where one can “feedback”

e FF : C — C is a traced symmetric monoidal functor,
equipped with the following retractions (which are monoidal
natural transformations).

e: FF<F : € Comultiplication
d:id<aF :d Dereliction
c: FQFAF :c Contraction
w: Ki<aF : w ‘Weakening

Here K7 is the constant functor into the monoidal unit I;
e U € C is an object (called reflezive object), equipped with
the following retractions.
J—+-U-Q@-U-a-U—1—k
I1aU
w: FUQU : v

lc
fl = |

hS

=
ﬁ
&)

X
* Why for GolI?

: = = tr
|

%* Leading example: Pfn
Hasuo (Tokyo)

Gol situation

Defn. (Gol situation [AHS02])
A Gol situation is a triple (C, F,U) where

e C = (C,®,1I) is a traced symmetric monoidal category
(TSMC);

e F : C —» C is a traced symmetric monoidal functor,
equipped with the following retractions (which are monoidal
natural transformations).

e: FFAF : € Comultiplication
d:id<F :d Dereliction
c: FQF«F : ¢ Contraction
w: Ki<aF : w Weakening

%, Here K is the constant functor into the monoidal unit I;
o s e

e U € Cis an object (called reflexive object), equipped with
the following retractions.

jJ:UQ@UU : k
I1aU
w: FU<U : v

Defn. (Retraction)
A retraction from X to Y,

Fe X Y gty

is a pair of arrows

“embedding”

“projection”

such that g o f = idx.

o i— R

* Functor F

% For obtaining !: A - A

Hasuo (Tokyo)

Gol situation

Defn. (Gol situation [AHS02])
A Gol situation is a triple (C, F,U) where

e C = (C,®,1I) is a traced symmetric monoidal category
(TSMC);

e F : C — Cis a traced symmetric monoidal functor,
equipped with the following retractions (which are monoidal
natural transformations).

e: FFQF : € Comultiplication
d:idaF :d Dereliction
c: FQFAF : ¢ Contraction
w: Ki<aF : w ‘Weakening

Here K7 is the constant functor into the monoidal unit I;

% The reflexive object U
J
* Retr. UUZ_ U

e U € Cis an object (called reflexive object), equipped with
the following retractions.
j:U®U<U : k
I<U
u: FU<QU : v

Hasuo (Tokyo)

Gol situation

Defn. (Gol situation [AHS02])
A Gol situation is a triple (C, F, U) where

e C = (C,®,1I) is a traced symmetric monoidal category
(TSMC);

e F : C — Cis a traced symmetric monoidal functor,
equipped with the following retractions (which are monoidal
natural transformations).

e: FFIF : €

d:id<F :d
c: FRF<F : ¢
w: Ki<aF : w

Comultiplication

Here K7 is the constant funct

e U € C is an object (called reflezivg
the following retractions.

ject), equipped with

% The reflexive object U

* Why for Gol?
N
NS

W

DR

* Example in Pfn:

N € Pfn, with
N+ NZN,

N.N=N

rdsuo (Tokyo)




fl = e
B| |C B

Defn. (Gol situation [AHSOZ]) N
A Gol situation is a triple (C, F,U)

e C = (C,®,I) is a traced symmetric monoidal category
(TSMC);

e F : C — C is a traced symmetric monoidal functor,
ing retractions (which are monoidal

uation: Summary

%* Categorical axiomatics of
the “Gol animation”

natural transformation:

e: FFAQF : ¢

L L N
| .
d:idaF :d D For ° 0 via
c: FRFAQF : C .
w: KiaF : w' W F -'=|| B T
Here K7 is the constant functor into t ‘f

e U € C is an object (called reflexi
the following retractions.

jUQUAU : k * Example:

(Pfn, N- _, N)

w: FU<U : v
W } Hasuo (Tokyo)

Categorical Gol:
Constr. of an LCA

Thm. ([AHS02))
Given a Gol situation (C, F,U), the homset

U
carries a canonical LCA structure.
PR L
* Applicative str. - *g-f
* | operator _tr((U®f)ok:ogog

Hasuo (Tokyo)

% Combinators B, C, I, ...
e

Categorical Gol:
Constr. of an LCA

Thm. ([AHS02])
Given a Gol situation (C, F,U), the homset

U
W) € C(U,U)

carries a canonical LCA structure.
e

>

P g’

* Applicative str. -
* | operator

% Combinators B, C, I, ...
Y -

Categorical Gol:
Constr. of an LCA

% Combinator Bzyz = z(yz)

=
k ] i
j i

Y

Figure 7: Composition Combinator B

from [AHSO02]

Hasuo (Tokyo)




Categorical Gol:
Constr. of an LCA

% Combinator Bzyz = z(yz

Hasuo (Tokyo)




Summary:
Categorical Gol

Defn. (Gol situation [AHS02])
A Gol situation is a triple (C, F, U) where Thm. ([AHS02])
Given a Gol situation (C, F, U), the homset
e C = (C,®,I) is a traced symmetric monoidal category

(TSMC); C(U,U)

e FF : C — C is a traced symmetric monoidal functor,

carries a canonical LCA structure.
equipped with the following retractions (which are monoidal

natural transformations). —
e: FFJF : ¢ Comultiplication
d:id<F :d Dereliction
c: FRF<F :c Contraction
w: Kr<aF : w Weakening

Here K7 is the constant functor into the monoidal unit I;

e U € C is an object (called reflezive object), equipped with
the following retractions.

jJ:UQUU : k
I<U
u: FUQU : v

Hasuo (Tokyo)

Categorical Gol:
Constr. of an LCA

% Combinator Bzxyz = z(yz)

j
k j

k j
j

B ! a

- Figure 7: Composition Combinator B

, . . from [AHS02]
Nice dynamic interpretation of

(linear) computationt!
Hasuo (Tokyo)

Why Categorical Generalization?:
Examples Other Than Pfn usoz

* Strategy: find a TSMC!
* “Wave-style” examples AN
% ® is Cartesian product(-like)
%* in which case,
trace = fixed point operator wmesegawarmyiand

> N

* An example:  ((w-Cpo, x,1), (L)Y, AY)

%* (... less of a dynamic flavor)
Hasuo (Tokyo)




Why Categorical Generalization?:
Examples Other Than Pfn (ausoz

* “Particle-style” examples
N
* Obj. XeC is set-like; ® is coproduc’r—like C
M
% The Gol animation is valid e
% Examples:
* Partial functions @ ((Pfn,+,0),N._, N)
% Binary relations ((Re1,+,0), N- |, N)

* “Discrete stochastic
DSRel 0), N. N
relations” (( o350 No—p 1)

Hasuo (Tokyo)

Categories of sets and
Why Cateqatunctions with different branching/partiaiity)
Examples

((Pofem‘ial) non-termination

* Pfn (partial functions)

X =Y in Pfn
X — Y, partial function where LY = {1} +Y

X — LY in Sets

* Rel (relations)
X — Y in Rel
R C X XY, relation where P is the powerset monad
X — PY in Sets

* DSRel .2 :
X > Y in DSRel { Probabilistic branching ]
X — DY in Sets -
where DY = {d: Y — [0,1] | ) d(y) < 1}
Yy

( Non-determinism }
| 2l

Hasuo (Tokyo)

Different Branching in
The Gol Animation

=3+ Pfn (partial functions) | | | ]

* Pipes can be stuck

=9+ Rel (relations)

% Pipes can branch

=3+ DSRel

% Pipes can branch
probabilistically

Hasuo (Tokyo)

Why Categorical Generalization?:
Examples Other Than Pfn (asoz

* Pfn (partial functions)
X — Y in Pfn #

X — Y, partial function where LY = {1} +Y
X — LY in Sets

* Rel (relations) M| N
X — Y in Rel A

R C X XY, relation where P is the powerset monad
X — PY in Sets

* DSRel
X — Y in DSRel
X — DY in Sets Essential to have
where DY ={d:Y — [0,1] | Y Jd(y) <1} isubdistribution,

Y for infinite loops

0)




The Coauthor

* Naohiko Hoshino

%* DSc (Kyoto, 2011)

% Supervisor:
Masahito “Hassei” Hasegawa

% Currently at RIMS,
Kyoto U.

* http://www.kurims.kyoto-u.ac.jp/
“naophiko/

 KI(B) for different branching
monads B

Why Categ
Example

* Pfn (partial functions) ((pmnﬂal) non-termination

X — Y in Pfn
X — Y, partial function where LY = {1} +Y
X — LY in Sets

* Rel (relahons) {l:lon-deferminism }
X — Y in Rel 1
R C X XY, relation where P is the powerset monad
X — PY in Sets

* DSRel

X — Y in DSRel
X — DY in Sets

where DY = {d: Y — [0,1] | Y _d(y) < 1} "

{Probabilistic branching

Hasuo (Tokyo)

A Coalgebraic View

* Theory of coalgebra =
Categorical theory of state-based dynamic
sysfems (LTS, automaton, Markov chain, ...)

% In [Hasuo, Jacobs, Sokolova ‘07]:
* Coalgebras in a Kleisli category Ki(B)

X —Y in K¢(B)
X — BY in Sets

* =» Generic theory of “trace semantics”
Hasuo (Tokyo)

Branching Monad: Source of
Particle-Style Gol Situations

Thm. ([Jacobs,CMCS10])

Given a “branching monad” B on Sets, the Roughly) monads in
monoidal CATSEOTy L asuo, Jacobs, Sokolova ‘07]

. . -
(K¢(B), +,0) KI(B) is Cpo.-enriched
t * like £, P, D

e a unique  decomposition  category
[Haghverdi,PhDO00], hence is

! Particle-style: trace via
the execution formula
Cor. tr(f) =

((Ke(B),+,0), N-_, N) is a Gol situation. Fry U <H Fov o (fzz)" o fxz)
neN

e a traced symmetric monoidal category.

—r | |

Hasuo (ToKyo)




The Categorical Gol Workflow

Branching monad B Fancy

. : monad
Coalgebraic trace semantics

Traced monoidal category C

Fancy
+ other constructs =» “Gol situation” [AHS02] TSMC
Categorical Gol [AHs02]
L L Fanc
Linear combinatory algebra LCAy

Realizability

Model of fancy

language
guas Hasuo (Tokyo)

Linear category

What is Fancy,
Nowadays?

% Biology?

% Hybrid systems?
% Both discrete and continuous data, typically in

cyber-physical systems (CPS)

* = Our approach via non-standard analysis
[Suenaga, Hasuo ICALP11]

* Quantum?

% Yes this worked!
Hasuo (Tokyo)

Fb\’\-w —D\‘rcc‘(‘:‘bn s

L (T 20 Noa-aumging a.ﬂjm
(W%J%( Y-cale /PR )

— U YVine 1‘0(33(03?(& inlo

LR O‘F&laTV? Jﬂ/’
- GD L 3 Uses AC{JJ*[\M, z Kda/t%fu

Mv\d% —
GoT 4 {lest ) =
(gt : Exq{-‘,z) o F
b (A T o )

Y Newmann

Phil Scott.
Tutorial on Geometry of
Interaction, FMCS 2004.
Page 47/47

The Categorical Gol Workflow

. Quantum
Branching monad B branching
. : monad
Coalgebraic trace semantics
Traced monoidal category C Quantum
+ other constructs = “Gol situation” [AHS02] TSMC
Categorical Gol [aHso2]
Linear combinatory algebra Quiantum
74 LCA
Realizability
Model of
Linear category quantum

language;.«..; (tokyo)




The Quanfum Branching

uantum operations,
QOm . q P }

o

from dim. m to dim. n

QY = c Y — @0\ %e trace condltlon}

o> trf(e(y) m,n(p)] <1

YyEY neN

v

Vm €N, Vp € D,,.

% Compare with

Yy ={c:v (3
DY:{C:Y—)@’ yGZYC(y)Sl}

Hasuo (Tokyo)

The Quanfum ich S {C 1Yo m’I;IEN Q0,1 ’ the trace condition}

Branching Monad - {Z 3 (@) )] 1
x5y inke(Q)

Vm €N, Vp € Dyp,.

X —> QY in Sets

8o
en’rrar:;a exit dlr:_}{_olﬁ'! I I H I

%* leen xeX,er meN,neN
determines a quantum
Oper‘aﬁon (f(a:)(y) ) ! measure (and others) v]

% trace cond.:

Token led
D Pr| iy

y,n with dim. n

y y F ) A
=1 o (f@®), () eDn
for eachn |

The Quan'l'um L= {C wYi= m’l;IeN QO | the trace Condition}

YEY neN

vm €N, Vp € D,,.

Branching Monad {Z > tr[(e®)),, (M) <1

x5y inke(Q)

X l) QY in Sets

* Gvenze X,yeY,meN, neN
determines a quantum operation

’
Any opr. on

& quantum data:

: D,, — D,, combination of

(F@w))

m,n

® preparation

- o ® unitary transf.
% Subject to the trace condition

® measurement
\,

TRITQT IR T

* “in which pipe”

Qua % (measurement =» case-distinction)
leads a token to different pipes
Geometry o

et

v
1 {'Classical Control”

Not just a token/
particle, but
quantum state!

(countably many)

£

[M] = M

Not just a token/
particle, but
quantum state!

[“Quantum Data”

| BRRREE (enen

Hasuo (Tokyo)



Indeed... End of the Story?

* The monad Qqualiﬁes as a * No! All the technicalities are yet to come:
“branching monad” * CPS-style interpretation (for partial
measurement)
* The quam'um Gol workflow leads * Result type: a final coalgebra in PERq

to a linear cateqory PER
gory Q % Admissible PERs for recursion

%* From which we construct an * ..
adequate denotational model

%k On the next occasion :-)
Hasuo (Tokyo) Hasuo (Tokyo)

Thank you for yoﬁr attenti
3 ) ention!
Conclusion: the Cat e chiro Hasuo (Dept. Cs, U Tokyo) on

p://www—mmm.is.s.u—tokyo.ac.jp/"'ichiro/

R R ey The Language gA¢

. |
" Branching monad B | branching
-----------’ monad . o g
, Coalgebraic trace semantics * Roughly: linear A + quantum primitives
I‘ i 25axSumEnSasEmeEns AnEaeE i AnRRSEN e CAu R Aai * “Quantum data, classical control”
Traced monoidal category C
X g ! Quantum * No superposed threads
"4 other constructs = “Gol situation” [AHS02] 1 TSMC
9 CHEHnSNENAERSRASNASESEMSEAmESSamEnanAnAY * Based on [Selinger&Valiron'09]
e !. = .CS*ngr.ICSI.GSI.[PLHS.ozi = %* With slight modifications
; : 1 fum : -
: Linear combmai-ory q[gebrq 2 Qu:gAu * Notably: quantum ® vs. linear logic X

‘----------------’

Reaizabilty i e
: Linear category : quantum * But.. problem with Gol-style semantics

N T T T T e ol T e L language; - . (Tokyo) Hasuo (Tokyo)




Th e Lan gua Different from quantum ®

(Unlike [Selinger-Valiron'09]);
same as the one in PER
2-gbit = gbit @ gbit

A,B:=nqgpit |!A|A—-B|T|AXB|A+ B,
with conventions gbit := 1-gbit and bit := T 4+ T .

The terms of qAg are:

MIN,Pli=
x| Az M | MN | (M,N) | * |
let (z*,y®) = M inN | let* = M in N |
injgZ M | inj? M |
match Pwith (¢4 — M | y® — N) |

Recursion
letrec fz = M inN |
1
new |0) | meas? ™ | U | COp,, s
Quantum with conventions tt := inj;r(*) and ff := inj;r(*) 0
primitives “"Ha&SUo (Tokyo)

Implicit linearity tracking
via subtyping «<:
eg. 'AcA AclA

(following [Selinger-Valiron'09])

n=0=m=0 (%)

q =0=>m=0
k-gbit) 2 T
" k-gbit <: !mk—qbit( dBit) | e ()
A; <:B; A, <:B: *

2 Eoa 2 (9 (@) with @ € {®, +}

1"(A; © Ay) <: (B, & By)

By <:A; A; <:B; (%) )

1"(A; — Ay) <: " (B; — By)

'A,z: Ak x: A

A< A AL <GTAY

(Gect) 'Abkc: A

A injAN : (A + B)

AFM:I"A
1
A injPM :1"(A + B) (+:1)

s
AFN:'"B (+.1)

(Ax.2)

AT, z:"AFM:C

1A, T, -P:1"(A+B) AT, y:!"BF

N:C (G my,)

'A,Ty,T2

F match Pwith (z'" 4 — M | y'" B s N): C

z: A, A+-M:B
AFXzAM:A—-B
x: AJ'AFM:B

(—o.14)

Measurements
Apesjoy = gbit
Bl it (n + 1)-gbit — (bit K n-gbit) forn > 1
Apeas? = gbit —o bit
Ay := n-gbit — n-gbit for a 2™ X 2™ matrix U

A

TPy, n.

(m-qbit W n-qbit) —o (m + n)-gbit

Bookkeeping
(due to ® vs. [X)

1
TAF A M A =B 2
1AT,FM:A—<B AT;FN:A
TA,T,,T, - MN : B
AT My Ay LAT, E Myt Ay
1A,Ty, T - (My, M) : (A, B Ay)

TAF*:1™T (G,

VA, To,xy : 1" A,z : "M A - N A
TA,T; F M : 1"(A, K A,)

(—=-B), (1)

X.1), (1)

(B.E), (1)

a3

1A,Ty,T; F let (z) A1,z 42) = Min N :
AT, FM:T 'AT,FN: A
'A,T1,IoFletx=MinN : A (T-E), (1)
'AT,f:!Y(A—-B)FN:C
'A,f:Y(A—-B),z: A-M:B
(rec),
A, T F letrec fABx = MinN : C

A

(1)

Hasuo (Tokyo)

Operational Semantics

E[(AzA.M)V ] =1 E[M[V/x]]
E[let (z4,yB) = (V,W)in M ] —1 E[M[V/z, W/y]]
E[let* =xinM ]| —1 E[M]

E[match (injeBV) with (w!"A — M | y" B N)]

5, E[M[V/x]]
E[match (injAV)with (z'" 4 — M |y B — N)]

1 E[N[V/y])
E[letrec fA™Bx = M inN|

—1 E[ N[DAzA.letrec fABx = M in M/ f]]

E[meas? ! (new p) ] —1 E[(tt, new (0;|p|0;) )]
E[meas? " (new p) | —1 E[(£f, new (1;]p|1:) )]
E[measj(newp) ]| —ojpj0y E[tt]
E[measi(newp) ]| — 1)1y E[£f]
E[U(newp)] —1 E[new (Up)]
E[cmp,, ,(newp,nevo)] —1 E[new(p® 0)]

* Standard small-step one, CBV, but with probabilistic

branching (measurement) Hasuo (Tokyo)




