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while (v > 0) {
ifm-2z<s
then a := -b
else a := a0;
t = 0;
while (t < eps && v > 0) {
z =z + v x dt;
v := v + a *x dt;
t =t + dt }}

{z < m}
© ?: AR YN
[* MAHERIEE T ?
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Hoaredt Analyzer
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* #uN& (infinitesimal) Z=#&FD,
T Z DR

* Ultrafilter [C&EBEFIL
- BIBRES (EFILER) ORE |

——
FEZERRNT(C KD
%ﬁ%@DZ?A®%ﬁ@ﬂ

| Y
FRREDF 1~ [ B (HIZRIES) }

+ BEYCFIOR (WER) S S

' BETCFIOR
S (ZIUS L)

AR i= o0 (k- DUE1—SRE)
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* RRIEE (27 VPR SrY

* Hoare smi2%ZHl(C SRl
* \NAMTVUYER - YRFA

* BN+ E

* PMBERY 2T LAO—AIE

* BERITICSDBER

* BERIBUIREEFR%Z, XNFRDZDEXX
INATUY R - Y RFTAITER
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For You to Take Home

* Mathematical logic at work!

EE —B (RK-JvE2—98RE) 10
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RERFBBEVY—

* FiE &RE, BR KM, AP BE
RERAF IV 21— SRFERELRE
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* [ICALP’11] K. Suenaga and I. Hasuo. Programming with
infinitesimals: A while-language for hybrid system modeling.
In L. Aceto, M. Henzinger and J. Sgall, editors, ICALP (2),

vol. 6756 of Lect. Notes Comp. Sci., pp. 392-403. Springer,
2011.

* [CAV’12] I. Hasuo and K. Suenaga. Exercises in Nonstandard
Static Analysis of hybrid systems. In P. Madhusudan and
S.A. Seshia, editors, CAV, vol. 7358 of Lect. Notes Comp.
Sci., pp. 462-478. Springer, 2012.

* [POPL’13] K. Suenaga, H. Sekine and I. Hasuo. Hyperstream
processing systems: nonstandard modeling of continuous-
time signals. In R. Giacobazzi and R. Cousot, editors, POPL,
pp. 417-430. ACM, 2013.
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H2TUIREE & (&
(Hoare @2z 5l(C)
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SEBATCEH S (7

~ ... (thATHD)
([F\LY, KLKTTY. R3(FE. FNTE
BERS, FEORE s (C B\,
WMUT, TYRS ¢ OB
- Y
>/ popeap JYVRSHEHEELE
T zonEs, DLBW? ALE?
ESTL&S.

{;l' LHOEERFD '33')

G‘ﬁiﬂ‘kii’iv?‘ ! ,

"z pEris,
ES2TMI?

SEBATCED D
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(IAXEZ VD)

MY KIC? BAT?

JVRSHERLE
DULRRW? KEK?

* THaBDEFI D

* #ﬁ%FHﬁL—DEaﬁETESL-&:

1% (specification):
VAT ADBIEINRNEME.
TV RSHBZRDMSHR
RE.

P fo induction on the derivation. We only present the
c other cases are al llsml L[JE SVarEnva
NdEnvbes chthatJ):Fa d K = A.

nsider the i-th se« of the whole rule instance of (|

Tt results in the fnllowing.

AlsTliFei: [Toe

Al Lli Feafi i [],e

= Vv € N.vu eiC(
(v>r(it1)

w{u€C| Prli}
nlu € Cl Pali}
r(i+ 1) APl = Pl)A

v <
DA Pi[(v = [r(i+ D) /vl = Pl




TRk
Formal Verification

* 2T LIREE (system verification),
=X FE (formal methods), ...

* HEPHAEED toy TIEARL
* FTIARARSA)\DEFHREE

(Microsoft)
* FRZOHEEIEY) D kD T P OIREE
(Airbus)
%*
IT==|.}82Z
=T VIR E
= Py PRy e
ek RIAREZEIRE D T
(> 3a BEY 8 71
* SPIN, PRISM,
Uppaal, MCRLZ, ...
+ £88)
— IRREHUGF

— W4 X, OREE

g 7
hr‘ihng graph ndfa-fa.dot
riting Pronela proaran ndfa.onl

M. Ben-Ari, ACM Inroads, 2010

* DERSIRKT, BELVPT LA

* = SEHIC X DIE,
TENEBEML

) E IR EIEBA
TV R ShER

L7eb LWL ? * (fBRZ=2B8FHTEL !
* [GANPEZE->E DR

N HT, ZZITHME
: * KeY, KeYmaera,
Hoaredt Analyzer, ...

+ 288§

N\ + VU1 X, OWREE
EEDIREE s [T/ LT, — 25—-5SFEYUF~«
JYRS g OIEZ 2, &
gdE, ...




SR TEIRST O

* NRBIHEEBEZ DYV
Ea1—45TEL.

* Coqg, Agda, PVS,
ACIEZ,

+ 'VH4 X, DIREE

+ JLFVEUFTa

— A3 R~
(BX!)

UL

Hoare gl
(LAJ:%S;L/_E¢§hJE
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EXRTIR

TA D test

SSiE siietst
& qu{%nE(Dxn

Y AT LGERLED

(2RO Ny

B O TRE

B &9

 1REF verification

EFLRE | anEEEs Iﬁ%iﬂiw

15 Zlh

DN

er‘*fZJ TR ]
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* [Hoare, 1969]

*

* Hoare triple ZEWTWL KR

Hoare 3

Sir Antony Hoare
(1934.1.11-)
Microsoft Research, Cambridge

'YRT7L) = (@HF) while 705340
Mt#%k, = precondition & postcondition

{A} P{B} 1 :{ n=2 } ni=nse1 L=z )

[

EITHIICHK

. k8
TRICADIDOUE | 5oys5, RITRICKDIOEER
“precondition” ‘postcondition”
2




(ETHD)
Hoare triple O
while (n>0)

{k=1An=N} woirn:  {k=N1)

n:=n-1

Hoare FRIBIC K DELEDH

(Assign)

k*n*((n-1))=N! - K*((n-1)1)=N! K (n-1)1)=N! i k*(n)=N! §
An-120 } jerken (/\ n-120 ) { AN-120 ) n"M{

ANn=0

( K*n*((n-1)))=N! } k:=k*n; { K*(n!)=N! }
= k*n*((n-1)1)=N! AN-120 n:=n-1 ANn=0

k*(n!)=N!

25
SAT IR

Hoare 5®IED "##l,
* JOUSLRKR

* JOUSL = XEVREDEIR
* XEVRREOMEZEIRT D/2HD

assertion language
* Hoare triple Z&< 7z D

BR8] (JL—JU) , soundness

27

{ Lk } k:=k*n; { K*(n)=NI }
A n>0 n:=n-1 A Nn=0
k=1 A n=N (While)
i k*(n!)=N!
ke(l) = NI while (n>0) K*(nl)=N! (n!)
k:=k*n; An=0 A Nnz0 A =(n>0)
ANn=0
n:=n-1 A =~(n>0) = k=N!
while (n>0)
( k=1 A n=N } k:=k*n; { k = N! }
n:=n-1

2070 S5 ARk

=11
==

28

(SeqComp)




/u\[]jEDFFBJ & (i ?

* TJOUSAD TER) XaH

* IFRREZR: E - T;
r£17 L7zBE®M MacBook RERD Wh11e (n > 0)
BEZL ke
x > @HIET TEAB, n = el

}

* ZZTRAEUYREZAWS

* JOUSIVIERBICED
(A REUSFEIEH S XEVIREZ(E
S, IEZSEBESERS (SR
ELTRKZEDID)

29

2005 LhADEIK

* XEURRBOZRE UT

* DED, B Mst — MStuU {1}

[x :=a] : o — o|x— [a]o]
7;59“5A x:=a O XEURE, PvIT—hENXTURE.
U] FExE x Dfe%Z, a%Z 0 DHETHEL

[y +1]oc =14

x (2, ald "MOREK, ) EPvTF—h

y +— 13
(FEZE y+1) ]

el (Fz&Z(&
X — 2 ]

31

XEVIREE

* R EEDOTMDRDZ &,

2
1

X
y — 13

* BEWICE : B

o: Var — 7
30

B

2005 AhADEIK

* XEURRBOZEHEUT
* DED, B3¥ MSst — MStu {1}

[Py; P2] : o +— [P]([P:]o)

£9 P [C&Ko>TEHA

N (— — e
P2 (7055 A RIC P2 [C&>TZL A

32




00 S5 LhADEK

* XEVUREBORIBEE LT
* DED, B Mst — MStuU {1}

[if bthen P; else Ps] :
o [Pi]o if [b]o is true
[P2]o if [b]o is false

P, P2 ldFB T S
b (& "ERFRIR,

(x>0 &D)
33

(o) \J
2005 LhDE
M2k L7
« XEUREOTHE LT {_;:, s |

* DFEDO, B MSt — MStU {1}
[while b P] : o — 17
* REZTROBDIRL [PleEEZ3 !
o, [Plo, [P]([P]o), [PI([P]([P]s)),

* HBEETbHBICHENE, DEO [BI([P]"0) = false
B5, F5BB3LSBE|ID n [CHTZ [P] e
RY

* pHAI>EETHNIE, L RER, FEEL)

34

7073 LADR0R
RED

* AEUREOE#E LT
* DED, B MSt — MStU {L}

MEE LB, |

[x :=a] : o +— olx— [a]o]
[Pi;Ps] : o +—— [P]([P:]o)
if bthen P; else P : 7
e S e
[Pi]o if [b]o is true

7 {[[Pz]]o if [b]o is false *k BENCHBERER

: %k BRETH (KERT0
[whileb P] : o — .. 55 ADBKE, Z05

GRDBHENSRED) 4

L)
T

Hoare F®IEMD "#8,

* 7075 L2
* J7OU5Ah = XEVREOLEH

* XEVREOUEZELIRT B72HD
assertion language

* Hoare triple Z&< 72D
EHRE] (JL—JL) , soundness

36




Assertion Language

* Assertion: XEUIRREOME =T 25mBX. 4 :
=i AYE<t3
AR 7 (e =120 iz ALY =31 7))

* BiiD7cdD—REREHREZRS.
AExp > a
Fml > A

z|n|a+az2|ar —az|a;*az
true | false | Ay A Az | A | a1 < a2 |
Ve € N. A where © € Var

* Z59BZLMENTERBMOILD

* BEEEASORE TS, hEmECHIR.
(FREFERE QE ZEERLD)
37

|
han

Hoare s8I 0DEHiRAl

(Sk1p)

S —— (AssIGN)
{A) skip {A}

{A}e {C} {C}e2{B}

{Ala/z] }  := a {A}
{AANb}er {B} {AA-b}e:{B}

{A} c15c2 {B} (SeQ) {A} if b then c; else cz {B} (IF)
{A} wh{iflle/\bbjocc{éél}/\ —-b} (WLE) L4 ra {{i&ZEg}} 5= (ConseQ)

m

Hoare S®IED #1#

* J0OJS5LABKHR
* J7OUS5Ah = XEUREBOZEH

* XEVYRREOUEZEIRT B72HD
assertion language

* Hoare triple Z&< 7z ®D
BR8] (JL—JL) , soundness

38

39

Hoare fRIBDE LR A

" {a) P {C)} (C}Pz{B}(Se S
i seeear s e e ikl

ﬁ---------------------'

* fl

(Assign) (Assign)
(y—1 =2} y:=y-1 {y=2 )

{x-1=2} yi=x {y-1=2 )

(SeqComp)
{x-1=2} y:=X; y:=y-1 {y=2)

40




Hoare @B E L FEEI

£ I AIL—TFzE)

s {AAD} P1{m5 i )-
ne)n
- {A) whilebP1{AA=Db} "
. )L—?"%Hﬁﬂjbt-}
b (FRIZ LR ET '
* 5l

{x=20 A x>0} x:i=x-1{x=02}

(While)
{x=0} while x>0 (x:=x-1) {x=0n —(x>0) )

41

Hoare SmIED

Hoare smIBlC KB
FETAREE (K& D)

* VAT + £tk Z Hoare triple
{A)P {B) &LTER E?

* Hoare 52T,
BEhEteA GESARR)

A7 sxip {4 OKIP) (Alaja]}o = a (a3 55N
{A}ei {C} {C}e{B} {Anb}er {B} {AA-b}cz2{B}
{A} c1;5¢2 {B} (SEQ) {A} if b then c; else cx {B} (IF)
{AAD}c{A} Wiy EAZA (A)elB) EB =B

{A}while bdo c{A A —b} {A}c{B} (CoNsEQ)

Ay swap (a3 M) A e agm Ao

/\] V {A}e1 {C} {C}c2{B} {AAb}ei {B} {AA-b}c:{B}
1i_$ i Aremes By 5% (A £ b then e, stse ey () ()

{AAb}c{A} A=A {A}c{B} EB =B
AT while bdo e (A A by LVHLE) {AYc(B} (Consra)

e ter |

Thm. (Sound|ness)
F{A}e{B} = F{A}c{B},
where
E {A}c{B} <&

for each memory state o,
o = A implies [¢](o) | B.
T

J0035L c® "Bk,
(XEUREOEHE LT)

TEERENTICEL D
IERIBER S R T L DR TUREE

SEEmEaaa LY
+ FRREE (37 A
* Hoare 5@i27ZAI(C EiE
* \ATVyR - 2RFA
* BN+ &
* PIBEHRI AT LAD—AIE
* BERITICS DB

* BERBVIREEFRZ, NFRODZDEXX
INATVY R - YRFAITER

BR 8 (RA-JvEa1—9RF) #4




2 IN1T EBVE SRR & i

/ \ I ‘;;cel. rr;\te Iﬁ Jump &
1TUYR - o
J vele — figw flow

ey ]
\/ 7— ¥
* Flow & jump

* YBRICHFDTIHILHE

* YIRBEHRI AT LO—HIE

45 46

A 4

NIBIEER AT CPS: - B 5

e NATUYER - YRFA

Cyber Physical System s
-. %E%QE’\J?—Q QEJE, RITHE  etc. ;

* The term cyber-physical
systems refers to the tight

conjoining of and coordination R TAREIE (Jump)
between computational and
physical resources.
(NSF Program Solicitation, NSF 08-611)
TNATYUYRIEL, t TN\ATUyRTL& !

* YEBERS RT L CPS:

* Real-Time (EKFRE) . . A 27 TEES
~ T -y |

* Embedded (HHAH) 7 -+ IMENIRER

* Sensor Network (FIOW)

* Hybrid System

EE —B (RK-JvE21—98IF) 48




I\/Iatlab/SimuIink

B thermo =X Thermo Plot

Fle Edt View Smulation Format Tooks Help leam|ocpop ABREB B A &
De@&| %2’ = > = |Noma d@es BE T emp.

Ready 100%. [ odedS A
* EERTOTIFPOR - R9VT—R
(AT VY —-2RDOREBHEZH)

* AR EFUVY, YZIal—y3Yv (FRKN) , @

(m]

20
0 2 4 6 8 10 12 14 16

4
%10

BEEID\S I\ T U w KA

* BIEASE - Mo AR EEVNE DR
* \ATUYR « A=Kk MY (Aun

z>s

flow-dynamics dvmard 5

(maHEk) —

jump-dynamics
T (RenER)

IF N
ot A D)
INAT Uy RA

méﬁﬂ.?ﬁ

HEID\SI\1 T U w KA

* RIEFMR : MOoARRAZEVNE PR

* Differential Dynamic Logic (piatzer]

[ = 1 while x < 3]

EE —B (RK-JvE1—98F) 52




RERDNSI\NA T U w kA

* BIFOARE : Mo HhEXEEVWE»X
* BER WHARANEEELLEW!]

RRTF5

Flow Z Jump le&@

* BETF DRt B VIR 50"
UTH, XFBOBETED (REHICF)

* HPEHICRI KL, BEFBFTT

EE 88 (RK-2JvEa2—9R%) 53

The Formel

Theoretical

| | textbook
/N [Winskel]
Fram ewo rk [Suenaga&H., ICALP11] [t "
While®* Assn®" Hoare™"
Programming lang. First-order assertion | Hoare-style program
lang. logic

while (t<a) do {

ti=t+ly 3z (x=2%z A y=3*z) ARG el

A2 500 {A}vwhile bdo c{A A b}

}

Flow Z Jump (CZ i

% Infinitesimal number dt

==l

* “Infinitely small”
while (£ < 1) do {

0 < dt <r for any positive real r
* TR t=1?
} . R

Nonstandard analysis!

[Robinson '60s]

EE —B (RKX-JvE2—5R%E) 54

Rigorous semantics by nonstandard analysis

* Hoare® :sound and relatively complete

Hasuo (Tokyo)

pEes + | While +dt | Syn'l'ax

~----'IAEXp3 H= wlcrlalaopaqldt
Where ¢y is a const. for r € R, aop’€ {+, —,,",/}

BExp > b = true | false | by Abz | 0b | a1 < a2

Cmd > c u= skip |z :=a | c15¢2
| if b then ¢; else ¢ | while bdo ¢

‘-----“' 2

1 Assndt 1

! A true | false | Ay A Az | "A | a1 < a2 |
Va € *N. A | V& € *R. A

-----‘l— 1

“C =

[§
" Hoare |
- s m m P

¥ (Sk1p) (AssIGN)

{A}skip{A
{A}ei {C} {C}c{B}
{A}er;e2 {B}
{AAb}c{A}
{A} while bdo c{A A —b}

{Ala/z] }x:= a{A}
{AAb}er {B} {AA-b}ca{B} (1F)
{A} if b then ¢; else c; {B}
EA=> A {A'}c{B'} EB' =B
{A}e{B}

(SEQ)

(WHILE) (ConsEeq)

Tokyo)




¢===== JWhlle+dt) Syn‘l'ax

' Whiledt
~_____IAExp9 a m|cT|a1aopa2|@
Where ¢y is a const. for r € R, aoP”€ {+,—,-, ", /}
BExp > b = true | false | by Abz | -b | a1 < a2
Cmd > c u= skip | x :=a | c15¢2

| if b then ¢y else co | while bdo ¢

L[ Assn, *-transformed )

A u= true | false | Ay A Asx | 7A | a1 < az |
Ve € *N. A | Vx € *R. A

l-----\l ]

Assndt

P

- s m m
{A} skip{A}
{A} e {C} {C}ec:{B}

{A}er;e2{B}

{AAb}c{A}
{A}vwhile bdo c{A A —b}

(Sk1p) (ASSIGN)

{Ala/a] }2 := a{A}
{AAb}er {B} {AA-b}c:{B} (Ir)
{A} if b then ¢; else cp {B}
EA=A {A}c{B'} EB' =B
{A}c{B}

(SEQ)

(WHILE) (CoNSEQ)

[Tokyo)

Whiledt 7’070 S5 LDH

t—10;
while (t < 1) do {

}

EE 8 RK-2JvEa1—9RZF) 59

l""'JWhlle+dt) Synfax

: Whiled®

“ - E---

1 AExp > a

BExp > b

c

' Hoaredt :

= x| ¢ | a1 aop ag |1t
where c,. is a const. for r € R, aop”€ {+, —,-,", /}

= true | false | by Abs | =b | a1 < a2
= skip |z :=a | €15 ¢2
| if b then ¢y else c2 | while bdo ¢

(A sxip (a3 & {Ala/a]} 2= a (A _
{A}c1{C} {C}e2{B} {AAb}ei {B} {AA-b}c{B}
{A} c1;¢c2{B} (Seq) {A} if b then ¢; else cp {B} (IF)
{AAb}c{A} EA= A" {A}c{B'} EB =B )
[ATwhile bdo e {A A b} (VHILE) {Ayc{B} (Conseq)
[Tokyo)
WhileOlt 709 S Lol
z
\
Y
S
while v > 0 do {
while t < € do { t:=0;
t:=1+1dt; if m — z < sthena := —belsea:=aop;
vi=v+a-dt; while t < e do {
z:i=z+v-dt t:=t+dt;
} vi=v+a-dt;
: ‘ z:=z+v-dt
1
Hasuo (Tokyo)




(B7R)
Hoaredt triple MDA

while v > 0 do

2 = z:=z+v-dt;
{v?® < 2b(m —2) } Asiimpanan sl {z<m}
t—rtdt
11— BN w— |
'Hoaredt‘c“
BRCEHETERT

V=T RZEE%E>T)
(Tokyo)

REFEDD—D 70—
(AZ(X)

TBE TR DD -5
HBU»iRuLh, . .
BRISE N ? )

2. fthkEcat

while v > 0 do {

t:=0;
if m — z < sthena := —belsea:=aop; » {A} C {Z < m}
while t < e do { h

t:=t4dt;

IREFEODD—0 70—

TBE[C R DH -5
p ZESY R Y ~N VAV S
AAE, IREADHET,

2. TR

while v > 0 do {

t:=0;
if m — 2z < sthena:= —belsea:=ap; {A} C {Z < m}
while t < e do {

t:=t+dt; h
vi=v+4+a-dt;
" z:=z+wv-dt 3 ! ﬁz:_;t*ﬁEIE Hoare %ﬁi@f‘\
s (] SRR

, S 3. fustiesE| Baiss A S8
% [EIF(CIRR
ERE —BB

Hoaredt @

{A} skip {A} {Ala/2]} = a{A}

152 |£| {A}e{C} {C}e2{B} {C} {C} 2 {B} (510) {AAb}e {B} {A/\ﬂb} 2 {B} (1¥)
T {Atese{BY {A} if b then ¢; else c; {B}

{A/\b} {4} EA= A {A} (B} EB' =B
TATwhile bdo e (A A By VHILD) {Ayc{B}

T (SK1P) (ASSIGN)

(CONSEQ)

—
Thm. (Soundness)

F{A}c{B} = [ {A}c{(B},
where
= {A}e{B} &

[ for each memory state o,

o = A implies Mg)i: B.

-{ n(E? ?

700354 c® TR
(XEUREOZERE LT)




Whiledt 7’020 5 LD

10

while (t < 1) do {
tii—=1T-+Fdt

}

EE 88 (RK-2JvE2—9R%) 65

ﬁ_ ﬁ‘F*ﬁ'(c_ck%
%@Tﬁ/lTﬂwﬁTﬁE

* EHIREEE (X ? {
* Hoare @iz H4l(C

* \MTUYEK - IRFTA
* BN+ &
* PIBEHRI AT LAD—AIE

* BEEMRITIC &K DBER

* BERBVIREIFEZE, XFBOZDER
NATVY R - YRFAITER

EE —B (RK-JvE21—5RI%) 66

4

FEZERENT(C KD
128R

0

67

Nonstandard Analysis

* Analysis with an infinitesimal 9, e.g.! “Infinitely small”
: . 0<od<r
f is con mu(.)us. (:) (Vr € Ry)

|z — | is infinitesimal
= |f(x) — f(«')| is infinitesimal ) =

T )
24 O
2]

%* Done naively =» contradiction!

Logical foundation via an ultrafilter
[Robinson,1960]
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Hyperreals

= Reals + Infinitesimals + ...

Defn.

~ ~ ~

O ($) (€)
. g & &
The set of hyperreal numbers is Rl
Q i N

R = RN/i’\’.’l-'l :) [(a09a17a2"°‘)]

T
S ’a"e

(a'Oval?"')}

% Operations:

; ; + [ (bosb1,--.)]
SeC'l'IOFIWISQ = (a(:] —|—1b0,01 + by, .. )]
- — ]
* Reals are R < *R,
hyperreals r ()]

Hasuo (Tokyo)

Hyperreals

= Reals + Infinitesimals + ...

Defn. . Y
The set of hyperreal numbers is [(az)leN] hi [(bl)leN} 5
< a; <b; “for almost every 2”
R := RY/ ~x < {ieN|a; ¢£b} i finite
— S— m—TT |
A 11 IR E
Brop.t wi-—— [(1, S )} is infinitesimal.
1EmE | 1 1
SRR RRY C D Red e RN PR R S
2155 N N+1
A A L XX
OKIA %%% % v v
1 3 k] L 1 1
v Gwweow N o)

Hasuo (Tokyo)

Hyperreals

= Reals + Infinitesimals + ...

Defn.
The set of hyperreal numbers is

IR — RN/ ~r D [(ao,al,az,...)]

[(@i)ien] < [(bi)ien]
<~ a; <b;

* Predicates:
sectionwise,

“for almost every ¢”
= {’L eN I a; £ b,,,} is finite

“for almost all i”
A

r \ . ol
“For sufficiently large i
“Except for finitely many i”

N,

S———

Hasuo (Tokyo)

Trouble... Resolved

(1,-1, 1,-1,...)]

:3/\ v

* Meaning of “almost every i extended

*x ...s0 that For each S C N, exactly one of
S and N\ S

is “almost all 2.”

- "
Defn.
The set of hyperreal numbers is

*R := RY/ @

% =» Ultrafilter!
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Filters & Ultrafilters

Given X C N s Defn.
“yes, almost all!’” or “no!” A filter F C P(N) is that which satis-
Defn. fies Cond. 2.-4.

An ultrafilter F C P(N) is such that:
Prop.
1. For each X C N, exactly one of
Fe:={S CN|N\ S is finite}

X and N\X is a filter (the cofinite/Frechet filter).

isin F. '
Prop.
Any filter F’ can be extended to an ul-

2. X, Y e F— XnNY € F
trafilter F O F’. (By Zorn’s lemma)

XS EE EXTE @Ry —— YA cFE : —rT
Cor.
4.0 Q F There is an ultrafilter F such that
T — — | F.C F.

Fix one such

Hyperreals

Defn.

ap, 1y bo, b1, ...
The set of hyperreal numbers is ( 0> s )N}-( 05 71s )

&L {ieN|ai=b}eF

R := RY/ ~p.

* Predicates: pointwise, “for almost every i”

[(as)ien] < [(bi)ien]
—— | a; <ib; for “almost every 2”
< {ieN|a;<b}eF

% Congequences: w is infinite; W is infinitesimal;
"R is an ordered field;
[(0,1,01,..) ] is either O or 1; ..

74

The Sectionwise Paradigm

Thm. (Los)
For any first-order formula ¢ (x) and a

hyperreal a = [(ai)iEN]a

R = p(a) <—

{teN|RE p(a:)} € F.
S\

| —
AR A @) .
a = [(ag,ai,az,...) ] a satisfies
£ iff

5115 o .

2|1 8|8 almost every section does
9| |o|| &

£ 5 ~
@ @ W

75

BEn/RIE
The Transfer Principle

For any first-order formula ¢(x) and a
hyperreal a = [(ai)ien].

REe@@)

{i eN|RE p(a:)} € F.

| iam—

Ve,y.(z <yVae=yVz>y)
Thm. V. (z #0 = Jy. (zy = 1))

For any first-order sentence ¢, 2

R i

[T— -

V@, B, m Vave R. 3

’------------------------‘

: FRDEEE © THoare RIBICK I DBE[RIB, :
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Defn.
A subset F' C A of a BA is a (proper) filter if it is

e upward closed,

e closed under T and A, and

o L& F.

* filter = consistent theory

* (filter ~ ultrafilter)

= (consistent theory ~ model)
= strong completeness!
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T

0;

while (t < 1) do {

1

}

T - dt
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Denotational Semantics

%k Execute sectionwise and
bundle up the outcomes!

=0l
while (t < 1)
(E e L B O B o

Hasuo (Tokyo)

Denotational Semantics

% Execute sectionwise and
bundle up the outcomes!

Tl =110, ORIO5 LD

whillle (e <E (i SELER))
1
t =t +(1a 59 ga) g

Hasuo (Tokyo)

Denotational Semantics

%k Execute sectionwise and
bundle up the outcomes!

L= 05
while (t < 1)
E i e L SO b o

Hasuo (Tokyo)

Denotational Semantics

% Execute sectionwise and
bundle up the outcomes!

Oth section 1st section 2nd section
t :=0; ti = 0; t- =0
whallioEEE<1t) while (t < 1) while (t < 1)
1 al
= + = +i = +
t G il 18 t 5 it it 3’
t=1 t=1 tri=nt

Hasuo (Tokyo)




Denotational Semantics

%k Execute sectionwise and
bundle up the outcomes!

i =05 ORISR
while (t < (1,1,1,...))

11

t :=¢t +(1’ 57 ‘B“’) ]

HH=HCEEE D

Hasuo (Tokyo)

Denotational Semantics

% Execute sectionwise and
bundle up the outcomes!

PR 3 663
while (t <= 1)
= At

T — ——
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Denotational Semantics

%k Execute sectionwise and
bundle up the outcomes!

L= 05
while (t < 1)
E i e L SO b o

t=1

Hasuo (Tokyo)

Denotational Semantics

% Execute sectionwise and
bundle up the outcomes!

P o 83
while (t <= 1)
(E i oy L S 0 K

T p— —

Hasuo (Tokyo)




Denotational Semantics

%k Execute sectionwise and
bundle up the outcomes!

i =F O OL0 L)
while (t <= (1,1,1,...))
i
NEENAREEEAN 5 57"') ;

Hasuo (Tokyo)

Denotational Semantics

% Execute sectionwise and
bundle up the outcomes!

t = (0L 0L O
whitller (Gt t<= 15545, TheiDD)

il
" +(19 53 ga"') 5

SEEREE)

N |~
W]~

PHECEE GrIRE B (A SRBRRE ST A1)

)

Denotational Semantics

%k Execute sectionwise and
bundle up the outcomes!

Oth section 1st section 2nd section
Trre=—6r (G- =R )i Crre=no;
while (t <= 1) while (t <= 1) while (t <= 1)
1 !
15 Ly e il e Let ;‘; W ERES S g‘;
T 1
e B i CrE=rH e H— t=1+ —
) 3

Denotational Semantics

% Execute sectionwise and
bundle up the outcomes!

P o 83
while (t <= 1)
(E i oy L S 0 K

G =l d T

m—

—

Hasuo (Tokyo)
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Denotational Semantics

%k Execute sectionwise and
bundle up the outcomes!

=0l
while (true)
(E e L B O B o

Hasuo (Tokyo)

Denotational Semantics

% Execute sectionwise and
bundle up the outcomes!

=0 0L 05 L)
while (true)

SRS EEr

[C R

b

N | =

t =t + (L

Hasuo (Tokyo)

Denotational Semantics

%k Execute sectionwise and
bundle up the outcomes!

L= 05
while (true)
E i e L SO b o

Hasuo (Tokyo)

Denotational Semantics

% Execute sectionwise and
bundle up the outcomes!

Oth section 1st section 2nd section
t :=0; ti = 0; t- =0
while (true) while (true) while (true)
1 1
=t + R TRE R S e
t t il G T 5 its 15 3’
i i B s

———en14SUO  (TOKYO)




Denotational Semantics

%k Execute sectionwise and
bundle up the outcomes!

£ =1 1(050501 D)
while (true)

SESEsqiat:

9

N |

=t +(1?

W~

= T )

Hasuo (Tokyo)

t:=0; ] ) t:=0;
while (t < 1) do | “"F9%°" | while (t < 1) do

Denotational Semantics

%k Execute sectionwise and
bundle up the outcomes!

L= 05
while (true)
E i e L SO b o

L

T —ee—

Hasuo (Tokyo)

D 1_ t:=t+dt t:=t+i.+%
eno S
%w]]a ]] = E(ﬂj}) o Def.
aj aop az|o = ai|o aop |az|oc - . dt
[at]o et The 2 {,‘h secz?wn of a WHILE
expression e 18
[true]o =Lt [fal
[[bl N b2]]0' = |Ib1]]0’ N [[b2]]0’ |I—lb . P— 1
[a1 < az]o = [ai]o < [az]o el"’ = € [ i+1 /dt ] .
[skip]o := o [t:=a]o := o[z~ [a]o] [eisez]o = [e2]([ei]o)
; _ Jle]o if [blo =t
[if b then ¢; else ca]o := {[[62110_ it [bo = fF
[while b do c]o := ( [ (while b do c)|; ] (o) )ieN
L — m——

Sectionwise
definition

Hasuo (Tokyo)

“Sectionwise Lemmas”

T

Sectionwise Execution Lemma.

For any expr. e and 2 € N, while X723 TR <,

I/NT sectionwise

[elo = [ ([elil(o]i) );en] - J

Sectionwise Satisfaction Lemma.
For any hyperstate o and an ASSN®

formula ¢: j “f o’ Theorem”}
ocEy <—

oli; E ¢|; for almost every 1.

— — Hasuo (Tokyo)




“Sectionwise Lemmas”

Lem. (Sectionwise validity of Hoare triples)

= {A}e{B} <=
= {Al;} cli {B|;} for almost every 4.

i — S

7095 LMREEFED
BEDIEODAVI—T AR

Hasuo (Tokyo)

Hoaredt @

TAysap{ay OF) (Afa/al e maia)

| {A}a{C} {C}e{B} {C} {C) 2 {B} {AAb}e {B} {A/\ﬁ"} {B}
15% T AleneiB O [A} if b then c; else 2 ()

{A/\b) {A} EA= A {A} (B} |=B =B
AT while bdo e (A A by LVHLE) {AYc(B}

(ASSIGN)

(CoNSEQ)

Thm. (Soundness)

F{A}e{B} = F{A}c{B},

Prototype
Automatic Prover

P A

(Whiled® program) i
VC generator (precondition)
(Frontend, in OCaml) s.t
2 - {A}P(B)

(postcondition)

here
E{4}e{B} &
for each memory state o,
o = A implies [¢](o) | B.
“ . G

R—F |

Sectionwise lemmas H'5
B5ICE(FS

{ 70J35h cd "&E

(XEUREDZTH#E LT)

Symbolic Comp. Engine |
(Backend, in Mathematica)

Totally symbolic

(crucial for transfer)

”
For reals, not hyperreals §

q A § Core AMD Opteron 2.3GHz CPU, 32GB memory.
=» justified by the

x86 (64-bit)
transfer principle

fth one manual insertion of invariants Hasuo (Tokyo)

PR T T P

Q. Does the choice of dt

matter?
%k A. : :

Yes, for some “pathological” programs
t:=0; Terminates with dt = (1, 1/2, 1/3, ...)
while (t # 1) Doesn’t with dt = (1/=, 1/27, 1/37, ...)

t:=t+dt;
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Q. Whiledt program 2T
EITCERRLIENT?
* AL ZD@ED, RTTEFEA.

* 'S55 EFUVSEE

* KUBEELL
#HR/IMBIC KD, exact BETVUVY

Static analysis (B2H0fEHT)

* E(TF BT EBL BN

* Static analysis * o Dynamic analysis
= ETTERLLTOK ! |« @1: yorsssmEc L2

* TER@w+E2E °to

109

* UN& (infinitesimal) Z=#&FD,
T2 ORI

* Ultrafilter [CXBDETIL
- ¥IERIEE (ETILIBR) OMR !

BERITIC & 2
YIRS 27 L O ZUREE

KT >
HRREDF =129 —4' v b~ | ﬁ%<ﬁﬂﬁﬁ?>
* BEYAFIOR (WER) I= &SRR

x BEYIFSOR
S (FYDILHE)

AR i= o (54 OVE1—SRP) 111

Qu

REHEINDS

Static Analysis

Nonstandard Static Analysis

Nonstandard Analysis

Hasuo (Tokyo)




Nonstandard Static Analysis

* JOTSLRED S W\ BBl
& TOUS ey gesh GRSl s f =
* FBORRSR
* OS5 LR

* BERBVREEFIRZ,
ik« INATYUY RV RFTAIIC
X80 ZDEEBER

* WA RINEAE
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I\/Iatlab/Slmullnk

B thermo

File Edit View Si

DeR&

W \é\p,@mmnn Ba
SR ] omomd [ E 0 BRE T ® Indoor vs. Qutdoor T

mulation Format Tools Help

Tst

Ready

Heat Cost (§)

Heat Cost ($)

aaaaaaa

House Themadynamics
(Double click on the "7 for mare info)

n nd stop the simulation, use the "Start"
o tha *Simutato p i donn menu

100% odeds Y

*

*

EERTOTI7IL - RYVF—R
(AT VY —-22DRBHLE)

B&: ESUVY, ¥=al—y3yv (FRH),

= j(
offd SHDEHNPANS

* [ICALP’11] K. Suenaga and I. Hasuo. Programming with
infinitesimals: A while-language for hybrid system modeling.
In L. Aceto, M. Henzinger and J. Sgall, editors, ICALP (2),

vol. 6756 of Lect. Notes Comp. Sci., pp. 397 roEE
2011. B bH g@J*ﬁﬁE%ﬁ

* [CAV’12] I. Hasuo and K. Suenaga. Exercises in Nonstandard
Static Analysis of hybrid systems. In P. Madhusudan and
S.A. Seshia, editors, CAV, vol. 7358 of Lect. Notes Comp.
Sci., pp. 462-478. Springer, 2012.

* [POPL’13] K. Suenaga, H. Sekine i AR —=LIESEAOIGA
processing systems: nonstandard (Simulink (2K D3EWLY)
time signals. In R. Giacobazzi aric-
pp. 417-430. ACM, 2013.

H OE E E E E = E EEE NN NN D& §N NN ®BED BB ®m

X - RSOARRBREFD T IR-IH5 3

http://www-mmm.is.s.u-tokyo.ac.jp/ “ichiro/ '
‘ﬂi) 114
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4

%10

8 10 12 14 16

4

%10
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Nonstandard Static Analysis
[ROPLE 5]

* Advanced Lﬁﬁﬂﬁ [Robmson & Zakon, 1969]
BMOEBNSEESHDEEN

* 218MEE e
* FBRSE - “superstructure” [£&D

* FB&, BHEEIESR hyperdomain theory HNERATIE
* e.g. NBBEELD *-EREKERIAERZRD,

* . B5HFDDEM[HE.
Standard RHERAD T 4 — R/)\y ODBTITH UL,

EE —B (RK-JvE21—98IF) 116




Nonstandard St i

Hypersampling

in [POPI| c&zr—# /\/J

(mild 7&&fkeE .

<Q)

5Q

DIREDTIC)
(dt B33 Pl
BANJ—LNIBESE e

B2 t'
Sl 155

(BHEAREFRI) [ »
s ([

\
(EfbEE)
A

y=r

)y
— / >
Ea—58%) 1z

integrator

For You to Take Home

* Mathematical logic at work!

CSERH DM ES SEVNELE )
BE —BB (X - f58RET - JVE 21— 5f=)
http://www-mmm.is.s.u-tokyo.ac.jp/~ichiro

Future Work

* Y —)LDER %R L

* EERDRG TCERIERE(CEM
* 7O75L0 "oligant) =0
* BABIIC (RRRZES)

[Moerdijk, Palmgren, FfE, ...]

* BEFRLEN S HESTE & ORER
* NERIEG - HIEER & D E

EE —B (RK-JvE2—5R%) 118

* /& (infinitesimal) =D,
= d0)iZaw |4

* Ultrafilter [C&EBEFIL
- BIBRES (EFILER) ORE |

BRI (C & 2
WIBISIRS 2 7 ADFERIE

N e
FRRE OB~y 5 (HERES)
" ERYAFIOR ER) e SBHRE

' BETCFIOR
S (ZIUS L)
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