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Trace Semantics

non-deterministic branching
a y (set of options)
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Trace Semantics

non-deterministic branching
a é (set of options)
() ?D b ‘ - J

v & '
 —— — set of execution traces
tr(x) = {a,ab,abb,...} = ab®

probabilistic branching
—— (prob. distribution over options)
prob. distribution over
e ] - execution traces
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Coalgebra Offers a
Uniform Understanding
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Coalgebra Offers a
Uniform Understanding
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Lynch-Vaandrager, Inf. Comp. 1995

Forward/Backward
Simulation

Forward A relation R between states of two systems, s.t.
simulation
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Lynch-Vaandrager, Inf. Comp. 1995

Forward/Backward
Simulation

Soundness If there is a fwd. or bwd. simulation from S to T,
theorem then tr(S) C tr(T)
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Lynch-Vaandrager, Inf. Comp. 1995

Forward/Backward
Simulation

Soundness If there is a fwd. or bwd. simulation from S to T,

theorem then tr(S) C tr(7)
N

“trace inclusion”
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Lynch-Vaandrager, Inf. Comp. 1995

Forward/Backward
Simulation
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Lynch-Vaandrager, Inf. Comp. 1995

Forward/Backward
Simulation

Soundness If there is a fwd. or bwd. simulation from S to T,

theorem then tr(S) C tr(7)
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“trace inclusion”
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Coalgebra Transfers
Definitions & Results

A relation R between states of two systems, s.t.

Forward

simulation ,, & . ,, .R
0

Soundness Existence of fwd./bwd. simulation
theorem = traceincl.
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Coalgebra Transfers
Definitions & Results

Il’l ’C@(T) F f F f
FX > F'Y FX > F'Y
T o E 1d
X »Y X »Y
I I
forward simulation backward simulation

r =7

F orwar d A relation R between states of two systems, s.t.
o (a
simulation ,’ & S 1
(a
©

Soundness Existence of fwd./bwd. simulation
theorem = traceincl.

Thursday, July 1, 2010



Coalgebra Transfers
Definitions & Results

FX >» F'Y
¢ 3 fd
X Y

f

forward simulation

FX
et
X

F

/ > 'Y

C Td
Y

f

backward simulation

T =P

A relation R between states of two systems, s.t.
® 0w
Soundness Existence of fwd./bwd. simulation
theorem = traceincl.

Forward
simulation

Forward
simulation

T=7D

Definition. Let X = (X, zg,c¢) and Y = (Y, yo,d) be GPAs. A forward
(Kleisli) simulation from X to Y is a function f : Y — DX which satisfies

the following (in)equalities.

Prlyo --» zo] =1 (InIT)

Yowex Prly -——x — V] < Prly — V] foreachy € Y (TERM)
Yeex Prly & 5 2] <Y oy Prly > ¢ - 2]
foreachy € Y,a € Actand 2’ € X (Acrt)

Soundness Existence of fwd./bwd. simulation

theorem

= trace incl.
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Coalgebra: Mathematical
Theory of Systems

® Models state-based dynamic systems

® Deterministic/non-deterministic automata, LTS, Mealy/Moore
machines, probabilistic/weighted systems, ...




Coalgebra: Mathematical
Theory of Systems

® Models state-based dynamic systems

® Deterministic/non-deterministic automata, LTS, Mealy/Moore
machines, probabilistic/weighted systems, ...

® With the language of category theory

® . X »Y
Focus on the essence everything \
gof

® Genericity, abstraction  as arrow
—— ——
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Plan

® |ntroduction to coalgebra
® Recent research topics
® (Coalgebraic trace semantics

® Wrapping up

Thursday, July 1, 2010



Theory of Coalgebra:
Basics




Coalgebra

Definition.
Let C be a category,
F : C — C be a functor.

FX
A coalgebra is CT in C.

X

® Mathematical simplicity

—> feedback to mathematics
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as | in C.
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FX
as | in C.

Xx X (a,y) (byz) (c,x) ¢

T I I I ‘ ); — Ew, ?;, z}}‘
X I Yy zZ = q1a,0,C




as | in C.

XXX (a,y) (b,z) (c,x) {

T 1 1 I | X={=uz2)
X T Yy z Ez{a,b,c}%




action and

continue
(& ¢
FX
as | in C.
X

XXX (a,y) (b,z) (c,x) {

T 1 1 I | X={=uz2)
X T Yy z Ez{a,b,c}%
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Coalgebra




Coalgebra

FX
C

pa S
state space




Coalgebra

transition type

@

C

pa S
state space




Coalgebra

transition type

x
N
dynamics »@
-
state space




FX
as | in C.
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as | in C.
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FX
as | in C.
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g0
b FX
as | in C.

X

P(Ex X) {(bx),(a,y)} {

0
x L




P(Ex X) {(bz),(ay)} 0

| 1 1 2
X x Yy




non-det. choice
over (action & continue)

(& s
FX
as | in C.
X

P(Ex X) {(bz),(ay)} 0

| 1 1
X x Y
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Jacobs, Rutten, Reichel, ... in 90s

Theory of Coalgebra

| coalgebraically

FX ¢
coalgebra cT i
system
)4 x
g g
FX %Ff FY °
: :
behavior Preserving coalgebra morphism cT Td
map X 7 Y
———aea— — S
——— -3
i by final coalgebra |
behavior (“coinduction”) c] Tfinal %
X—==—c Z
beh(c)
PR — Se——
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Coinduction: Behavior by
Final Coalgebra

FX. C = Sets
as | in C.

X

b

F=— e

B — ——




Coinduction: Behavior by
Final Coalgebra

FX. C = Sets
as | in C.

X

b

Fos oy e
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final F-coalgebra:

> x 2N (ao,alaz...)
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Coinduction: Behavior by
Final Coalgebra

FX, C = Sets
as | in C.

X

b

B DG

1 — —8

final F-coalgebra:

> x 2N (ao,alaz...)

= I

{possible behaviors} = 3N apa1as ...




Coinduction: Behavior by
Final Coalgebra
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Coinduction: Behavior by
Final Coalgebra

3 X beh(c)
D X X >3y x BN
CT Tﬁnal
X - 2N

beh(c)
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Coinduction: Behavior by
Final Coalgebra

3 X beh(c)

2 X X >3 x XN
CT Tﬁnal
X -+ 3N

beh(c) -

T | > abcabe. ..
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Coinduction: Behavior by
Final Coalgebra

T (1 y
b
) . 3 X beh(c)
D X X >3y x BN
CT Tﬁnal
X -+ 3N

beh(c)




Coinduction: Behavior by
Final Coalgebra

(a,y) 1 > (a, beh(c)(y) )
[ 3 X beh(c) !
¥ X X >3 x b
CT Tﬁnal
X - 3N
| beh(c) |
T | > beh(c)(x)
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Coinduction: Behavior by
Final Coalgebra

(a,y) = (a, beh(c)(y))
[ 3 X beh(c) !
> X X >3 x XN
B CT Tﬁnal
X - 2N
I beh(c) |
T | > beh(c)(x)

beh makes the diagram

<= beh(c)(x) = a - beh(c) (y)‘
commute




Coinduction: Behavior by
Final Coalgebra

FZ
Definition. A coalgebra (T is final if,
Z
FX
e given any coalgebra cT
X
e there is a unique homomorphism from ¢ to (:
Fbeh(c)
FX—-—-———— +FZ
cl ¢ Tfinal
X - —— ==~ 5 Z
beh(c)




Coinduction: Behavior by
Final Coalgebra

FZ
Definition. A coalgebra (T is final if,
Z
FX
e given any coalgebra cT
X
e there is a unique homomorphism from ¢ to (:
Fbeh(c)
FX—-—-———— +FZ

¢l %nal
X - “beh(c) N {possible behaviors}
- e ———NR




Jacobs, Rutten, Reichel, ... in 90s

Theory of Coalgebra

| coalgebraically

FX ¢
coalgebra cT i
system
)4 x
g g
FX %Ff FY °
: :
behavior Preserving coalgebra morphism cT Td
map X 7 Y
———aea— — S
——— -3
i by final coalgebra |
behavior (“coinduction”) c] Tfinal %
X—==—c Z
beh(c)
PR — Se——
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“Categorical Disciplines”
in Computer Science

® Semantics of functional programming, A-

Cal CuU I us (Hasegawa, Hasegawa, Kakutani, Katsumata, ...)
® Jerminating vs. non-terminating, reactive

® Algebraic data type, program calculation

(Hu, Matsuzaki, Morihata, Takeichi, ...)

® Graph rewriting via pushouts
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Category

Definition. A category C consists of
e a collection obj(C) of objects and {

e a collection C(X,Y) of arrows from X to Y,
for each X,Y € obj(C),

equipped with

e an identity arrow idx : X — X
for each X € obj(C) and

e composition g o f of arrows

for each successive X i) y 2y 7.

PERERe—— A
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Category

Definition. A category C consists of Sets
e a collection obj(C) of objects and . O_b]_)( a set
e a collection C(X,Y") of arrows from X to Y, arr. . X—Y: a function
for each X,Y € obj(C),
equipped with BA
e an identity arrow idx : X — X obj. X:
for each X € obj(C) and a Boolean algebra
e composition g o f of arrows arr. f.' X=3Y:
for each successive X i) y 4 7. 2 homomorphism
VRRr——— ee—
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Category

Definition. A category C consists of

e a collection obj(C) of objects and

e a collection C(X,Y) of arrows from X to Y,

for each X,Y € obj(C),
equipped with

e an identity arrow idx : X — X
for each X € obj(C) and

e composition g o f of arrows

for each successive X i) y 2y 7.

M—v ~Steeven@URE

Hask
obj. X:
a Haskell type
arr. f- X—Y:

a program

Sets

obj. X: a set
arr. . X—Y: a function

obj. X:
a Boolean algebra
arr. f- X—Y:

a homomorphism

obj. X:
a compl. partial order
arr. f- X—Y:

a continuous function
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Category

Definition. A category C consists of

e a collection obj(C) of objects and

e a collection C(X,Y) of arrows from X to Y,

for each X,Y € obj(C),
equipped with

e an identity arrow idx : X — X
for each X € obj(C) and

e composition g o f of arrows

for each successive X i) y 2y 7.

- e
N< Hask
obj. X: obj. X:
a natural number a Haskell type
arr. f: X V- arr. f: X2 Y-
the order < a program

Sets

obj. X: a set
arr. . X—Y: a function

obj. X:
a Boolean algebra
arr. f- X—Y:

a homomorphism

obj. X:
a compl. partial order
arr. f- X—Y:

a continuous function
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Recent Topics in
Coalgebra




® Bisimilarity
® esp. for probabilistic systems (Panangaden, Sokolova, ..

® Coalgebraic modal logic

® Transfer conventional results (Cirstea, Pattinson, Roessiger, Schroeder, ...)

® Via the Stone duality (Bonsangue, Gehrke, Kupke, Kurz,Venema, ...)

® Process algebra, SOS

® Bialgebraic modeling (iin, Piotkin, Turi, ..)

® Component calculi (Barbosa, Clarke, Silva, ..

® Coinductive data type in functional
P rOg Famm i ng (Capretta, Uustalu,Vene, ...)

Thursday, July 1, 2010



LTS

Definition. A labeled transition system (LTS) is a triple l

(Xv 2? {i}aEE)
where

e X is a non-empty set of states;

e X is a non-empty set of labels;

e »C X X X is a binary relation, for each a € 3. |

4

® Non-determinism a

® Well-accepted model of
Systems/processes ( inen b
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LTS

Definition. A labeled transition system (LTS) is a triple
(X, %, {_>}a62)

where
e X is a non-empty set of states;

e X is a non-empty set of labels;

e 5C X X X is a binary relation, for each a € X. i

PEXX) {(a,2')|a€eZ,z— '}

| [

X €T =

P (X X _ )-coalgebra
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Coalgebraic Modal Logic

LTS

90

* (Model of) system

— S

Modal logic

o | a-transition is possible

Req = G( T URes)

request is eventually responded

e LTL, CTL, p-calculus,...
* Specification language

| — S
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Coalgebraic Modal Logic

LTS

90

* (Model of) system

— S

¢« Modal logic

F
Semantics o | a-transition is possible
x = < &
- e Req = G(TURes)
Jz'. (z w2’ &2’ o) request is eventually responded

* Model checking,

satisfiability check, ... ¢ LTL, CTL, py-calculus,...

* Specification language

| — S
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Coalgebraic Modal Logic

LTS
F

ﬁ Semantics o | a-transition is possible
b x = Oqp &

Req = G(TURes)

* (Model of) system ' (z =2’ &z =) request is eventually responded

— —

¢« Modal logic

* Model checking,

satisfiability check, ... e LTL, CTL, p-calculus, ..
* Specification language

 — S

Coalgebra FX

¢ Non-deterministic, CT
probabilistic, ... X

—————— S
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Coalgebraic Modal Logic

LTS
F

H Semantics o | a-transition is possible
b x = Oqp &

Req = G(TURes)

* (Model of) system ' (z =2’ &z =) request is eventually responded

S— T

+ Modal logic

* Model checking,

satisfiability check, ... e LTL, CTL, p-calculus, ..
* Specification language

S

Coalgebra fFXx l ’ ’ Modal logic
* Non-deterministic, CT A . / , ,
probabilistic, ... X r e @

—— S — S
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n, Roessiger, Schroeder,

Coalgebraic Modal Loglc .

via Predicate Liftings
Coalgebra FX . 22 Modal logic

C e 6 s
¢ Non-deterministic, r / ’ ’
probabilistic, ... X e o




Cirstea, Pattinson, Roessiger, Schroeder, ...

Coalgebraic Modal Logic I:

via Predicate Liftings
Coalgebra FX . 22 Modal logic

° Non_deterministic’ CT r \ Given/assumed Set Of
probabilistic, ... X modalities A\




Cirstea, Pattinson, Roessiger, Schroeder, ...

Coalgebraic Modal Logic I:
via Predicate Liftings

Coalgebra FX | Modal logic
° Non_deterministic, CT r 4L leen/assumed Set Of
probabilistic, ... X modalities A\

e Assumed: for each L € A, a predicate lifting
2X AL, oFX (natural in X)

e x = Ly PLEN c(x) € Ar([e])
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Cirstea, Pattinson, Roessiger, Schroeder, ...

Coalgebraic Modal Logic I:
via Predicate Liftings

Coalgebra FX l Modal logic
° Non_deterministic’ CT r 1t ‘ leen/assumed Set Of
probabilistic, ... X modalities A\

e Assumed: for each L € A, a predicate lifting
2X AL, oFX (natural in X)

e x = Ly & c(x) E)\L(M)

c 2%
EZFX'
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Cirstea, Pattinson, Roessiger, Schroeder, ...

Coalgebraic Modal Logic I:
via Predicate Liftings

e Assumed: for each L € A, a predicate lifting

2X AL, oFX (natural in X))

oz =Ly < c(x) e Ar([e])
DR —— R




Cirstea, Pattinson, Roessiger, Schroeder, ...

Coalgebraic Modal Logic I:
via Predicate Liftings

e Assumed: for each L € A, a predicate lifting

2X AL, oFX (natural in X))

oz = Lp & c(x) € Ar([e])

M—‘ ' """.
® Kripke frame (O, ), LTS (& 4), probabilistic system

(O ), neighborhood structure, coalition logic, ...
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Cirstea, Pattinson, Roessiger, Schroeder, ...

Coalgebraic Modal Logic I:
via Predicate Liftings

e Assumed: for each L € A, a predicate lifting
2X AL, oFX (natural in X))
def.
e x =Lp < c(x) € Ar([¢])
® Kripke frame (O, ), LTS (& 4), probabilistic system

(O ), neighborhood structure, coalition logic, ...

® One-Step Paradigm
Many conventional techniques can be transferred!

® Axiomatization, soundness/completeness, finite model property, complexity results,
cut-elimination, fixed point operators, ...
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angue, Gehrke, Kupke, Kurz,Venema

Coalgebraic Modal Loglc 11:
via Stone-Like Dualities

Stone duality P
opT  ~
Stone @/BA

Sop
——— —

(state) spaces P propositional logic

Setsc’pi T __/N/BA/
SeP
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angue, Gehrke, Kupke, Kurz,Venema

Coalgebraic Modal Loglc 11:
via Stone-Like Dualities

Stone duality P

StoneoP;?BA
AR — ——
(state) spaces P propositional logic
— "4
Sets® . T 7 BA
\_ gop

F°P

uuuuuuuuuuuuuuuuuuu



angue, Gehrke, Kupke, Kurz,Venema

Coalgebraic Modal Loglc 11:
via Stone-Like Dualities

Stone duality P 1
Stone‘)p@BA
Sop
PR ———
(state) spaces P propositional logic
Sets® . T 7 BA
S°P

F°P

f

transition type
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angue, Gehrke, Kupke, Kurz,Venema

Coalgebraic Modal Loglc 11:
via Stone-Like Dualities

Stone duality P 1
Stone‘)p@BA
Sop
PR ———
op
Coalg
(state) spaces P propositional logic
Sets® . T 7 BA
F°P S

f

transition type

uuuuuuuuuuuuuuuuuuu



Bonsangue, Gehrke, Kupke, Kurz,Venema, ...

Coalgebraic Modal Logic ll:
via Stone-Like Dualities

Stone duality P .
Stone‘)p@BA

5P

transition systems PR —
Coalg
(state) spaces P propositional logic
op = > "4
Sets™ . T ~ “BA
S°P
F°P

f

transition type
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Bonsangue, Gehrke, Kupke, Kurz,Venema, ...

Coalgebraic Modal Logic ll:
via Stone-Like Dualities

Stone duality P .
Stone‘)p@BA
S°P
transition systems PR —
Coalg
(state) spaces P propositional logic

Sets®P i T B6
\_ gop
F;p L

transition type
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Bonsangue, Gehrke, Kupke, Kurz,Venema, ...

Coalgebraic Modal Logic ll:
via Stone-Like Dualities

Stone duality P ¢
Stone‘)p@BA
S°P
transition systems PR ——
Coalg
(state) spaces P propositional logic

N2 - — Ve
Sets®* ., T = 7 B@
\_ gop
F°P L
f <~ modalities
transition type
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Bonsangue, Gehrke, Kupke, Kurz,Venema, ...

Coalgebraic Modal Logic ll:
via Stone-Like Dualities

Stone duality P ¢
Stone‘)p@BA
5P
transition systems PR ——
Coalg} Alg;
(state) spaces P propositional logic
Sets®P

. T B
\_ gop \D

F°P L .

f <4 Mmodalities

transition type
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Bonsangue, Gehrke, Kupke, Kurz,Venema, ...

Coalgebraic Modal Logic ll:
via Stone-Like Dualities

Stone duality P .
Stone‘)p@BA
5P
transition systems PR T———
Coalg%p AlgL«mOdal logic
(state) spaces P propositional logic

Sets®P i T B\B
\_J gop
F°oP L
f <4 Mmodalities

transition type
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Bonsangue, Gehrke, Kupke, Kurz,Venema, ...

Coalgebraic Modal Logic ll:
via Stone-Like Dualities

Stone duality P .
opT ~
Stone @/BA
S°P
transition systems PR ——-— T———

X

/

Coalg%l) : T > AlgL«mOdal |OgiC

(state) spaces P propositional logic
— 1 —pA’
T U
FOPU S L
f <~ modalities

transition type

~

Sets®P
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Bonsangue, Gehrke, Kupke, Kurz,Venema, ...

Coalgebraic Modal Logic ll:
via Stone-Like Dualities

Stone duality P .
opT ~
Stone @/BA
S°P
transition systems PRI — —

X _ |
Coalg%p . T > AlgL«mOdal logic

/

(state) spaces P propositional logic

Sets®’®, T B d

FOPU L
f <~ Mmodalities

transition type ® Deriving modalities via L = PF°PS°P

® Semanticsby A\ : LP = PF°P
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Process Algebra

® Simple “programming language” for
describing systems

(CCS, 11-cal. [Milner], CSP [Hoare], ACP [Bergstra-Klop], ...)

Pl Q
P;Q
P+Q
'P

® Fg. coin; (b;iIWater | grin

parallel/concurrent
composition

sequential composition

non-deterministic

P and Q at the same time

first P, and then Q

do either P or Q

choice
.. infinitely many copies of P
replication fi yin pazlallef
w
dBeans)
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Operational Semantics

7N,
FAYY:

mERee—— ———————

la || (c+d)] =




Operational Semantics

|| : (process term) — (LTS)

/\\
AN kR

W m

la || (c+d)] =




Operational Semantics

|| : (process term) — (LTS)

/\\

la || (¢ +d)] =
/\’ ° ‘o’a
W —— ———

® Mathematically rigorous definition?

uuuuuuuuuuuuuuuuuuu



SOS =
Structural Operational Semantics

® First introduce SOS rules...

r — &I y—vy
ot (IIL) L (IR),
z||y—a |y r||ly—z|y
a ’ a /
= (+1) 77 (+R)
rx+vy— x r+vy— vy
x — ' (1) (ATOMACT)
e S 2 ||l a— v

Plotkin




Plotkin

SOS =
Structural Operational Semantics

® ...from which we derive transitions

w&m’ y&y’ |
ey nd YT
rT+y—x oty
gwwi)i;lwlll!m () L (ATOMACT)
PR — T
a | (c+ d)
a \X‘
C
V|| (¢ + a) ol all v
C d . i
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Plotkin

SOS =
Structural Operational Semantics

® ...from which we derive transitions

T = ! y >y
— (AtomAct) wllyiw'Ily(“L) a:||yi>a3||y’ (||R),g’
C_)(\:/ (+L) a a
c+d— VvV (” R) a:—>;13 /(+L) y_)f ,(+R)
a” (c—}-d)—p»a” v rt+y—T Tt+y—y
x — x ! (A AcT)
a% v (AtomAct()” 5 AT (" Y TOMACT
allc+d)% ¢ Il (c+a)  —— ———
a || (c+d
/ \‘d\‘
C
v || (e +d) al| v al Vv
& d a a
vV || v vV || v Vv v ||V
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Plotkin

SOS =
Structural Operational Semantics

® ...from which we derive transitions

x 2 yiy’
' c (AtomACt) x|y = | v (HL) x|y 2 r I y’ (IR) ",
C—)(\:/ (+L) . .
cta= v (Il R) e (D) e (+R)
all(c+d)Sallv e v
aﬁ)/(AtomAct) !wz_;,w”!m (1) e (ATOMACT)
a (Il L)
al(c+d)— v | (c+d) RR—— —
a || (c+d)
a NN d [
"‘ VRN
vV || (c+d) allv al|v Jal(c+d]= o o Vo
N . N b
3 3 ° e o o
Vv Vv Vv v
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Plotkin, Rutten, Turi, ...

SOS, Categorically

SOS rules /”( S LTS

v || (e+d) \uw‘ﬂl\/ - /\4\,

= c d @ la [a |l (c+d)] =
TPEFT P o PO VR 987 AN

pa3deJISqe
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Plotkin, Rutten, Turi, ...

SOS, Categorically

SOS rules L, LTS
. A <e+( \wa I v / \\,

22 (L) Y e /\ b

zl||ly—2a' |y W ‘N v v

o N

@ o

< S

) 8

wn (@)

o

distributive law o
A2 F = F>
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Plotkin, Rutten, Turi, ...

SOS, Categorically

SOS rules A /‘ ’L{\ LTS /\\

v allv al v

€T & x’ ¢ all (c+d
a:||y3>a:'||y(”L) ~n /Ilff/ \f/u« «%//%/ o /\ l l
e © — —
< =
® o)
© Q
distributive law 8 bialgebra
A XF = FX
T
initial|
T
177
FT
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Plotkin, Rutten, Turi, ...

SOS, Categorically

SOS rules L, LTS
. f||(«-+{ \cn}‘au« YR /\.\.
a:||yﬁ>a:'||y(”|_) o /||5// \.’/u« /|l|a/ /llll./ & /\ j 1
— —— ® — — o —
2 3
0D o
2 3
distributive law o bialeebra
A XF = FY &
~»
|n|t|all
} ’ 4,??

g (L sFT " FT
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Plotkin, Rutten, Turi, ...

SOS, Categorically

SOS rules B ARS LTS
2l }(H( \QT‘“JJ [all (c+d)] = /\'\‘
iEH?JgiB'Ily(”L) N IV v v v g /\ j l
— . © — ——
< =
D o
73 0
o
distributive law o bialgebra
A XF = F>
T
ST mitiall
- T
initial :??
3 v
T FT
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Plotkin, Rutten, Turi, ...

SOS, Categorically

SOS rules
A ([®
zl|ly—2|y
distributive law
A XFEF = F>

initial

all (c+d)
a d
C

(et all v alv
X‘ lﬂ, l(l

IV i vl Y

S

SOALIDP

Q)
o
7]
-t
o)
@]
—
¢
ol

LTS

2\
/\H

[a |l (c+d)] =

bialgebra
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SOS, Categorically

program

system

algebra

coalgebra

Plotkin, Rutten, Turi, ...




Plotkin, Rutten, Turi, ...

SOS, Categorically

program =  algebra
SOS =
Structural Operational
Semantics /
system = coalgebra
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Plotkin, Rutten, Turi, ...

SOS, Categorically

program
SOS =

Structural Operational

Semantics /

system

algebra

: r bialgebra
/-

coalgebra




Plotkin, Rutten, Turi, ...

SOS, Categorically

program algebra

SOS = -
Structural Operationalr r bialgebra

Semantics / /

system coalgebra

® P o ba b i I i Sti C SYSte ms (Bartels, Kick-Power-Simpson, ...)

® Combined with modal logic in

® Tr-calculus and name-passing calculir oresawon...

® Microcosm extension, component calculus

(Hasuo-Heunen-Jacobs-Sokolova, ...)
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Time to Wake Up!!

® @




Coalgebraic Trace
Semantics




LTS

Definition. A labeled transition system (LTS) is a triple l
(X, 2, {=}aex) \

where

e X is a non-empty set of states;

e X is a non-empty set of labels; b

e 5C X X X is a binary relation, for each a € X. i
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LTS

Definition. A labeled transition system (LTS) is a triple l
(Xa 2, {i)}aez)

where

e X is a non-empty set of states;

e X is a non-empty set of labels; b

e 5C X X X is a binary relation, for each a € X. i

PEXxX) {(a,z') |a€eX,z— '}

| [

X €T

Thursday, July 1, 2010



Bisimilarity

* |nternal states do not matter
a b ¢ * Branching structure matters
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Bisimilarity

* |nternal states do not matter
a b ¢ * Branching structure matters
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Bisimilarity by
Final Coalgebra

3. X beh(c)
XX ————~— >3 x XN




Bisimilarity by
Final Coalgebra

3. X beh(c)
XX ————~— >3 x XN
CT Tﬁnal
X-—————- - - 32N
beh(c) =
x abcab
LTS P(X X beh(c))

PEEXX)—————— = S>P(X X Z)

Q-0 — [
b X—-———==-—=——- - -7




Bisimilarity by
Final Coalgebra

3} X beh(c)

X X-———— - >3 x 3N
CT Tﬁnal
X-————-—--- - 3N

beh(c) >
T | > abcabce. ..

_PEE_{b_ell((_:))%P(z X Z)

Tﬁnal

___________ + Z = {bisimilarity classes}
= {synchronization trees}




Bisimilarity by
Final Coalgebra

3. X beh(c)
XX ————~— >3 x XN

c| Tfinal

X— ===~ + 3N

T | > abcabce. ..

TSN s ) PE BN oo

Q-0 — [
b X - - - - —— — — — — —

+ Z = {bisimilarity classes}
= {synchronization trees

T | AN
b /\a
A
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Trace Semantics

@ Qa >?Db$

v
R “———

tr(x) = {a,ab,abb,...} = ab”

uuuuuuuuuuuuuuuuuuu



Bisimilarity vs.
Trace Semantics




Bisimilarity vs.
Trace Semantics




Bisimilarity: vs.
Trace Semantics




Bisimilarity: vs.
Trace Semantics

Bisimilarity Trace semantics
Branching structure matters. Branching structure does
Can | choose later? not matter.

Anyway we’ll get the same food.
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Bisimilarity: vs.
Trace Semantics

b

Se——

Bisimilarity
Branching structure matters.
Can | choose later?

5

\
J
J
»'/
P

——
V= NN
‘l ') =
\ | JJ
— "V
" 4 d
¢“.
/
‘4
\'v
V“\ -
S ———

A
Also by final coalgebra!?

Fbeh(c)

- FX---—- +FZ
— cl Tfinal
X--——=——- Y
beh(c)

Trace semantics
Branching structure does

not matter.
Anyway we’ll get the same food.
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Coalgebraic Trace Semantics

® Yes! By moving to the Kleisli category

P(X X X)
T in Sets

X
R — e




Coalgebraic Trace Semantics

® Yes! By moving to the Kleisli category
branching

\><X) ‘*1

T in Sets

X
VIR —— et




Coalgebraic Trace Semantics

® Yes! By moving to the Kleisli category
branching

) /
><X)
]

T in Sets |
X \
——— e 2, X X
$ in ICL(P)
X




Coalgebraic Trace Semantics

® Yes! By moving to the Kleisli category
branching

"t
X X) S * non-det. branching
is built-in.

T in Sets
Throw under the rug
X
————— R —— 2. X X
$ in ICL(P)
X

VR —— st

uuuuuuuuuuuuuuuuuuu



Kleisli Category ICL(P)

X ——Y in K¢(P) |
X DY in Sets ¥ “non-deterministic function”

WRERres——— — T———




Kleisli Category ICL(P)

X —> Y in K:@(r )
X — P 1n SetS C Iti
v Y omposition o ?
% ' o D f arrows!




Kleisli Category ICL(P)

X —+—Y inKL(P)
X — PY in Sets ® Composition of arrows!?
WRRre———— et
x— 1 v 9 .4
Pg . PPZ
PY Pz

{ {Z, Z’}, {z”} }

— 1

{y,vy'} {z,2',2"}

e

L 4




Kleisli Category ICL(P)

X —+—Y inKL(P)
X — PY in Sets ® Composition of arrows!?
WRRre———— et
x— 1 v 9 .4
Pg . PPZ
PY Pz

{ {Z, Z’}, {z”} }

— 1 J,

{y,vy'} {z,2',2"}

e

L 4




Kleisli Category ICL(P)

X —+—Y inKL(P)
X — PY in Sets ® Composition of arrows!?
R — e
x— 1 v 9 .5
P PPZ
2l
y'PY Pz
X
{{Z,Z’}, {z”}} / y
— 1 Z)
{y,y'} {z,2',2"} T y’)

e

L 4




Kleisli Category ICL(P)

X —— Y in IC(P)
X — PY 1in Sets
e— —
x I v 9 .
P PPZ
2l
y'PY PZ
X
{{z,z'}, {Z”}}
/ !
{y,v'} {z,2/,2"}

e

Xr

® Composition of arrows?




Kleisli Category ICL(P)

X —— Y in IC(P)
X — PY 1in Sets
e— —
x I v 9 .
P PPZ
2l
y'PY PZ
X
{{z,z'}, {Z”}}
/ !
{y,v'} {z,2/,2"}

e

Xr

® Composition of arrows?




Kleisli Category ICL(P)

X —— Y in IC(P)
X — PY in Sets
;'w-—.—— el
x— 1 v 9 .z
Pg . PPZ
PY PZ

{ {z,2'}, {2} }

— 1

{y,vy'} {z,2',2"}

e

Xr

® Composition of arrows?




Kleisli Category ICL(P)

X —— Y in IC(P) (
X — PY in Sets
| — —e—
x— 1 v 9 .

Xr

i

{y,v'}

e

PPZ
Pa-m0
PZ

{ {z,2'}, {2} }

— 1

{Z, Z,, Z”}

® Composition of arrows?

unfolding
internal branching




Final Coalgebra in ICE(P)

F(tr(c))

FX - F'Z
C$ *ﬁnal 1n ’CK(P)
X > /)

tr(lc)
RSR—— ———




Final Coalgebra in ICE(P)

F(tr(c))

PFX FX - FZ
cT in Sets C$ *ﬁnal in ICE(P)
X X s 7,

tr(lc)
RSR—— ————




Final Coalgebra in IC4(P)

F(tr(c
PFX FX ( :( ))+FZ
cT in Sets C$ *ﬁnal in IC(P)
X
X | > 7
tr(c)
m— ————

® Final coalgebra captures trace semantics:

x and y have the same

tr(c) (a:) — tr(d) (y) — trace semantics
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Final Coalgebra in IC4(P)

F(tr(c))
PFX FX | - FZ
cT in Sets C$ *ﬁnal in IC(P)
.X |
X TOw

® Final coalgebra captures trace semantics:

x and y have the same

tr(c) (a:) — tr(d) (y) — trace semantics




Hasuo-Jacobs-Sokolova

Final Coalgebra in IC4(P)

px "D by

C$ $ﬁnal n IC@(’P)
X--—-4--5Z2
tr(c)

Theorem. A final coalgebra in KC€(P) is induced
by an initial algebra in Sets:

PF A FA
T”FA T
FA FA FA +final
initlE init™— 1T§ init_ng
A A A A
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Hasuo-Jacobs-Sokolova

Final Coalgebra in IC4(P)

px "D by

C$ $ﬁnal n IC@(’P)
X--—-4--5Z2
tr(c)

Theorem. A final coalgebra in KC€(P) is induced
by an initial algebra in Sets:

PF A FA
T”FA T
FA FA FA +final
initlE init™— 1T§ init_ng
A A A A
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Hasuo-Jacobs-Sokolova

Final Coalgebra in IC4(P)

px - "D by

cf

{Lﬁnal in ICL(P)

=== ae == 7

Theorem. A final coalgebra in KC€(P) is induced
by an initial algebra in Sets:

PF A FA
T”FA
FA FA FA +final
initlE 1111t_1Tg init_ng
A A A A
X ©
3£
£S5

tr(c)

m

Proof.
F
~ ()
Rel «—— K¢(P) +—— Coalgs
[ [
W, "/
Sets +—— Coalgp
@)
F
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Hasuo-Jacobs-Sokolova

Final Coalgebra in IC4(P)

px "D by

{Lﬁnal in ICL(P)

cf

=== ae == 7

tr

G

;__——-_—‘

Theorem. A final coalgebra in KC€(P) is induced
by an initial algebra in Sets:

~7?
PF A FA
T”FA
FA FA FA +final
initlE 1111t_1Tg init_ng
A . A A A
X ©
5 £ y
£&

m
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Initial

functor F

algebra in Sets

by o il algebra in Seter e P_’ (tr(c)) e Y
PlﬁiA FA C$ %ﬁnal n KLE(’P) {
FA FA FA final X --——F—-——=>7 é
init |2 N init=2]2 [ init=2]= { tr (C)
A A A A RR—— e

datatype constructor

FA

initial/free algebra init|>  algebraic datatype

A
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Initial algebra in Sets

Theorem. A final coalgebra in KC€(P) is induced
by an initial algebra in Sets:

Px @@ e

4

3

Mo / ] Hinal in KCL(P) |
TN %nal X --——F—-——=>7 3

FA FA FA
initl’é mit—lT% init 1| =
A A A

| tr(c)

functor F

F=14+X>Xx

FA
initial/free algebra init| =
A

Thursday, July 1, 2010

W= ——

datatype constructor
nil, cons a

_ (fora € X)

algebraic datatype




Initial algebra in Sets

Theorem. A final coalgebra in KC€(P) is induced
F(tr(e) )

by an initial algebra in Sets:

FX - - +FZ 3
PITG‘;;A FA c$ %ﬁnal n K@(fp) Q‘
in:clg mit—ng init—fT% %nal X _tr_(|_c)_ —Z
A A A A *-.._- M
functor F datatype constructor
F=1+XX__ nil, consa__ (for a € X)
FA
initial/free algebra init |~ algebraic datatype
A
143 X X*
[nil, cons] |2 lists over 2
E*
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Final Coalgebra in IC4(P)

b A ﬁnal Coalgebra in 1CE(P) is
=142 X _ on o
e | ma } .
fo funcrt et [ ]
F(tr(c))
FX | FZ
C$ %ﬁnal 1n ICE(P)
X VA
tr(c)
W—""'—zi*- - T p————R
14+ X x XF
[nil, Cons]lg lists over 2
e
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Final Coalgebra in IC4(P)

T 1 _I_ E X PFA
Tnra
[ e [ } )
F(tr(c)) )
14+ 32 X X | -1+ X2 X X
C$ %ﬁnal iIl ’CK(P)
X | - 3%
tr(c)

uuuuuuuuuuuuuuuuuuu



Theorem. A final coalgebra in KC€(P) is induced
by an initial algebra in Sets:

F=1+4+3>Xx _

FA FA PF?} i F};nal
initﬁg mit—ll% init_llg |
@L@?D b — —-
: F(tr(c)) {
+ 3 X X | -1+ 3 X X* |
z

ct Tinal  in KCE(P)
X > 3%

tr(lc)




Final Coalgebra in ICL(P)

=14+ x e
FA FA FTZ i }[ﬁnal
1I11t;£§ Ag _1Ag |
@Lﬁfgb 4
“ F(tr(c))
1+ 3 x X | 14+ 3 x 2%
C$ %ﬁnal in ICE(P)
X | E*
tr(c)
X ' ¥*  in KE(P)
tr(c) |
X »PY*  in Sets

xr —— {a,ab,abb,...}
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Hasuo-Jacobs-Sokolova

Final Coalgebra in IC£(P)

rx - Ly
C$ %ﬁnal in ICE(P)
X -+ 7

tr(lc)
R —— TE—————

uuuuuuuuuuuuuuuuuuu



Hasuo-Jacobs-Sokolova

Final Coalgebra in ICL(P)

branchlng is implicit,

F(tr(c))

FX | S F7 (unfolded
C$ $ﬁnal 1n ’CK(P)
X | 7
tr(c)

PS— ———




Hasuo-Jacobs-Sokolova

Final Coalgebra in ICL(P)

branchlng is implicit,

F(tr(c))

FX | S F7 (unfolded
C$ $ﬁnal 1n ’CK(P)
X I - Z
tr(c)
DR ———




Hasuo-Jacobs-Sokolova

Final Coalgebra in ICL(P)

branchlng is implicit,

FX F(t?(c)) S F7 (unfolded
C$ %ﬁnal in ICE(P)
X | + 7
tr(c)
R ————
P
Y,
g )
N




Hasuo-Jacobs-Sokolova

Final Coalgebra in ICL(P)

branchlng is implicit,

F(tr(c))

FX | S F7 (unfolded
C$ $ﬁnal 1n ’CK(P)
X I - Z
tr(c)
DR ———




Hasuo-Jacobs-Sokolova

Final Coalgebra in IC£(P)

branch}ng is implicit,

FX F(t?(c)) SEF7 [unfolded
X | > Z
tr(c)
e ——————

“trace semantics
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Hasuo-Jacobs-Sokolova

Final Coalgebra in IC£(P)

branch‘;ng is implicit,

FX F(t?(c)) S F7 [unfolded

of [fingl in KE(P) |

X tr(lc) » 4  arises from iditial algebra
mta— X —

“trace semantics




Hasuo-Jacobs-Sokolova

Final Coalgebra in IC£(P)

branch}ng is implicit,

FX F(t?(c)) S F7 [unfolded
cl $ﬁna{ in 1C6(P) |
X tr(lc) » 4  arises from iditial algebra
”--—-—--\ R s

“trace semantics

The diagram commutes / \Z)
— tr(c)(x) = | J{a 0|0 €tr(c)(y)}

J
2 2) &

y \
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Hasuo-Jacobs-Sokolova

Final Coalgebra in IC6(D)

F(tr(c))

FX + FZ
C$ $ﬁnal n K:K(D)
X | >/
tr(c)

w—-"‘ BRmmemmman

uuuuuuuuuuuuuuuuuuu



Hasuo-Jacobs-Sokolova

Final Coalgebra in IC6(D)

probabilistic
ex T, TR
cf Tfinal in Ke(D) |
x tr(lc) =

WRERr—— TERA——————




Hasuo-Jacobs-Sokolova

Final Coalgebra in IC6(D)

probabilistic
branching is implicit,
FX F(tﬁ(c)) SR (u}nfolded
: !
ct tfinal in KC€(D) |
X | +> 7
tr(c)

mmm—— N ——
trace semantics
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Hasuo-Jacobs-Sokolova

Final Coalgebra in IC6(D)

probabilistic
branching is implicit,
px FOED dholdec
. g
c$ *ﬁna{ in IC(D) %
X tr(lc) +Z  arises from ifitial algebra
VRER———N (¢ T——————i
~ trace semantics
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Kleisli Category IC€(D)

X ——Y inKeD)
X — DY in Setsx“probabilistic function”
WERERrer— it
® The set of subdistributions

DY ={d:Y —[0,1]| »_ d(y) <1}

yeyY
ex—7 py
i 2
L | 5 y,'_) 3,
Yy — g




Kleisli Category IC€(D)

X ——Y inKé(D)
X — DY in Sets

® Composition of arrows?

PRI — ——
x4 v 9 .4
Dy . DDZ
iy
ymf DZ
X
SN R
Rty
[Z|—>1] |—>%

IR

OO | =00 | =00 | =
L I

N
> N
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Kleisli Category IC€(D)

X ——Y inKé(D)
X — DY in Sets

® Composition of arrows?

A—— —

x— 4 v 9 .5

pg . DDZ

=y

yDY DZ

X
524)-+
2

[ZI—>].]I—>%

IR

OO | =00 | =00 | =
L I

N
> N
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Kleisli Category IC€(D)

X ——Y inKé(D)
X — DY in Sets

® Composition of arrows?

PRI — ——
x4 v 9 .4
Dy . DDZ
iy
y DY DZ
X

S 7 Y)
[M]/ ket )
y' — 3 z”|—>§ !!)
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Kleisli Category IC€(D)

X ——Y inKé(D)
X — DY in Sets

® Composition of arrows?

PIR——— ~———
x I v 9 .z
DY - DDljg
;
X/
et 2
[ [z._fj]H; 7 “
1 P y\ |
sl e 2 P
S8 et T y)
7
4




Kleisli Category IC€(D)

X ——Y inKé(D)
X — DY in Sets

® Composition of arrows?

WA — “——
x— 1 v 9 .4
DY -~ Dpﬁg
P
X/
et s 2
[ [z._fj]H; 7 J
/ ] 1 7 y\ 7
yH% Z,:i 9 %)
[y"—>§] ;,_é I g’)
/ $277
x ) J




Kleisli Category IC€(D)

X ——Y inKé(D)
X — DY in Sets

® Composition of arrows?

PRI — ——
x4 v 9 .4
Dy . DDZ
iy
y DY DZ
X

IR

OO | =00 | =00 | =
L I

N
> N
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Kleisli Category IC€(D)

X —+—Y inKeD)"
X — DY in Sets

® Composition of arrows?

WRRe——— e————
! g :
e —— 2 unfolding
pg . DDZ , ,
U internal branching
yDY DZ
X
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Final Coalgebra in IC(D)

F=14+>XXx
F(tr(c))
14+ X2 X X | 14+ X2 X X*
C$ *ﬁnal iﬂ ’C@(D)
| > 3
A tr(c)

O E——— T ————

uuuuuuuuuuuuuuuuuuu



Final Coalonbra in IC6(D)

a[3]

=1+ 3 X FD
+ (L
14+ X2 x2X (rl(c)) 14+ X x X*
(% %’mal in JIC¢(D)
: >
A tr(c)

uuuuuuuuuuuuuuuuuuu



Final Coalcmbra in IC6(D)

X I »3*  in K€(D)




Final Coalonbra in IC6(D)

F=14+>XXx
F(te(e))
1+ X2 X2X -1 4 32 X X*
(% %’mal in JIC¢(D)
X | -+ 2%
tr(c)
CEe—— ——
tr(c)
X I ¥*  in K€(D)
tr(c) .
X »D(X*) in Sets
T ——r () — %, a +— %, aa +— %, .
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Monads for Branching

A monad is a
functor T

equipped with

unit
X 2, TXx

multiplication

TTX -2 TX
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Monads for Branching

A monad is a ;D
functor T
powerset
equipped with monad
unit singleton
X 1, rx X »P X
T {z}
multiplication union
PPX »PX
Trx P, rx  {muh s ——{z .2}
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Monads for Branching
A monad is a 2 7)

functor T°
powerset powerset
equipped with monad monad
unit singleton point-mass distr.
X—DX
X L TX X PX :
T »{x} T—
multiplication union
DDX »DX
PPX PX | ([ faein) : .
Trx *, rx  Hmuh{z—— iz} | |
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Monads for Branching
A monad is a 2 7)

functor T°
powerset powerset
equipped with monad monad
unit singleton point-mass distr.
X ——DX trivial
\ 1 °
X — TX X PX branching
T >{$} r—
multiplication union
DDX »DX
PPX PX | ([ faein) : .
Trx *, rx  Hmuh{z—— iz} | |
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Monads for Branching
A monad is a 2 7)

functor T°
powerset powerset
equipped with monad monad
unit singleton point-mass distr.
X——DX trivial
\ 1 °
X — TX X PX I branching
T >{$} r—
multiplication union
P DDX »DX unfold
PPX P X PR e ) )
X s rx  Hmuh {2 | internal
| | branching
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Hasuo-Jacobs-Sokolova

Coalgebraic
Trace Semantics

Theorem. Let T' be a commutative monad

s.t. IC€(T") is Cppo-enriched.
A final coalgebra in IC€(T') is induced by an
initial algebra in Sets.

| m— —————

Observation. Such a final coalgebra in
JICL(T) captures “trace semantics.” {

FX—F—(tr(C)) A
C$ %ﬁnal n KI(T)
X-———4-—32

tr(c)

m-—— T ————————
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Lynch-Vaandrager, Inf. Comp. 1995

Forward/Backward
Simulation

Forward A relation R between states of two systems, s.t.
simulation

)

L1
oy

R: R

a

©)

Backward @L@

a
—
simulation 'R —> R: 'R

@ -

!




Lynch-Vaandrager, Inf. Comp. 1995

Forward/Backward
Simulation

Soundness If there is a fwd. or bwd. simulation from S to T,
theorem then tr(S) C tr(T)
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theorem then tr(S) C tr(7)
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Simulation

Soundness If there is a fwd. or bwd. simulation from S to T,

theorem then tr(S) C tr(7)
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Hasuo, CONCUR 2006 & 2010

Coalgebra Transfers
Definitions & Results

A relation R between states of two systems, s.t.

Forward . )
simulation ,’ & . ,, .R
@

Soundness Existence of fwd./bwd. simulation
theorem = traceincl.
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Hasuo, CONCUR 2006 & 2010

Coalgebra Transfers
Definitions & Results

Il’l ’CE(T) F f F f
FX > F'Y FX > F'Y
T o E 1d
X »Y X »Y
I I
forward simulation backward simulation

r =7

F orwar d A relation K between states of two systems, s.t.
a a
simulation ,, & S 1
a
®

Soundness Existence of fwd./bwd. simulation
theorem = traceincl.
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Hasuo, CONCUR 2006 & 2010

Coalgebra Transfers
Definitions & Results

FX >» F'Y
et 3 1d
X Y

f

forward simulation

FX
et
X

F

/ > 'Y

C Td
Y

f

backward simulation

T="7P

A relation R between states of two systems, s.t.
®© 0w

Soundness Existence of fwd./bwd. simulation
theorem = traceincl.

Forward
simulation

Forward
simulation

T =D

Definition. Let X = (X, zg,c¢) and Y = (Y, yo,d) be GPAs. A forward
(Kleisli) simulation from X to Y is a function f : Y — DX which satisfies

the following (in)equalities.

Prlyo --» zo] =1 (InIT)

Yowex Prly -——x — V] < Prly — V] foreachy € Y (TERM)
Yeex Prly & 5 2] <Y oy Prly > ¢ - 2]
foreachy € Y,a € Actand 2’ € X (Acrt)

Soundness Existence of fwd./bwd. simulation

theorem

= trace incl.

Thursday, July 1, 2010
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Probabilistic Anonymity

Simulation-based verif. method for

non-deterministic anonymity
Kawabe-Mano-Sakurada-Tsukada, Inf. Proc. Let. 2007
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Conclusions

® Mathematics for systems via coalgebras
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everything ) |
® The language of category theory . .rrow \ﬁ
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® “System as coalgebra”: robust under change
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Conclusions

® Mathematics for systems via coalgebras

everythin R
® The language of category theory a,.),'.owg \ﬁ

¢¢ I r-- Z
® “System as coalgebra”: robust under change

of base categories

coalgebraically
FX ¢
coalgebra ¢ |
system 5 \
Y X id
i~ ———
| | o 5 00
behavior-preserving . & g0
coalgebra morphism ¢ 'd !
map X Y
f
R— —
.., Fbeh(c) y
, by final coalgebra X 'FZ
behavior (“coinduction”) €1 1ol i
beh(c)
*—-
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® Mathematics for systems via coalgebras

everythin R
® The language of category theory a,.),'.owg \ﬁ

¢¢ I r-- Z
® “System as coalgebra”: robust under change

of base categories

coalgebraically
FX ¢
system coalgebra C)T( 1
T~ "‘W}}
' : Fx 2L, py 4
behavuor-preservmg coalgebra morphism ¢ | Td ?
bisimilarity in Sets map X ——Y
e —
trace semantics In KZ(T) by final coalgebra £ X % k2 ¢
behavior <."('oil)(lll('ti‘nln",l cf X ;“““l i
beh(c)
PR
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Conclusions

® Abstraction & genericity (& joy)

® Generic theory, transfer of results

F(tr(c
FX — - —(—(—)—)— +FZ
et Tfinal in KCE(T)
X-—-——-—-=—=- - +Z
tr(c)

Thursday, July 1, 2010



Thursday, July 1, 2010



References

° General introduction

° Bart Jacobs, Introduction to Coalgebra.Towards Mathematics of States and Observations. Two-thirds of a book in
preparation, available online.

] Jan Rutten: Universal coalgebra: a theory of systems. Theor. Comput. Sci. 249(1): 3-80 (2000)

] Dirk Pattinson.An introduction to the theory of coalgebras, 2003. Lecture Notes, Second North American Summer School
on Logic, Language and Information.

° Our work

] Ichiro Hasuo, Bart Jacobs and Ana Sokolova. Generic Trace Semantics via Coinduction. Logical Methods in Computer
Science, 3(4:11), 2007.

] Ichiro Hasuo. Generic Forward and Backward Simulations. International Conference on Concurrency Theory (CONCUR
2006). LNCS 4137, p.406-420. Springer-Verlag.

° Ichiro Hasuo. Generic Forward and Backward Simulations II: Probabilistic Simulation.To appear in Proc. CONCUR 2010,
LNCS.
] Ichiro Hasuo, Yoshinobu Kawabe and Hideki Sakurada. Probabilistic Anonymity via Coalgebraic Simulations. Theoretical

Computer Science, 41 1(22-24):2239-2259,2010.

L Ichiro Hasuo. Tracing Anonymity via Coalgebras. PhD Thesis, Radboud University Nijmegen, 2008. Hardcopies available on request.

Thursday, July 1, 2010


http://www.cs.ru.nl/B.Jacobs/CLG/JacobsCoalgebraIntro.pdf
http://www.cs.ru.nl/B.Jacobs/CLG/JacobsCoalgebraIntro.pdf
http://www.informatik.uni-trier.de/%7Eley/db/journals/tcs/tcs249.html#Rutten00
http://www.informatik.uni-trier.de/%7Eley/db/journals/tcs/tcs249.html#Rutten00

