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Coalgebra Offers a 
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A relation R between states of two systems, s.t. 

Forward/Backward 
Simulation 

Forward
simulation

Lynch-Vaandrager, Inf. Comp. 1995
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If there is a fwd. or bwd. simulation from S to T, 
then 

Forward/Backward 
Simulation 

Soundness 
theorem tr(S) ⊆ tr(T )

Lynch-Vaandrager, Inf. Comp. 1995
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Coalgebra Transfers 
Definitions & Results

Forward
simulation

Soundness
theorem

Existence of fwd./bwd. simulation
 ⇒ trace incl.

Thursday, July 1, 2010



Coalgebra Transfers 
Definitions & Results

T = P

Forward
simulation

Soundness
theorem

Existence of fwd./bwd. simulation
 ⇒ trace incl.

In K�(T )
FX

Ff
�� FY

X
c

��

f
��

�
Y

d
�� FX

Ff
�� FY

X
c

��

f
��

�
Y

d
��

forward simulation backward simulation

Thursday, July 1, 2010



Coalgebra Transfers 
Definitions & Results

T = P
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T = D

Definition. Let X = (X, x0, c) and Y = (Y, y0, d) be GPAs. A forward
(Kleisli) simulation from X to Y is a function f : Y → DX which satisfies
the following (in)equalities.

Pr[y0 ��� x0] = 1 (Init)
�

x∈X Pr[y ��� x → �] ≤ Pr[y → �] for each y ∈ Y (Term)
�

x∈X Pr[y ��� x
a→ x�] ≤

�
y�∈Y Pr[y a→ y� ��� x�]

for each y ∈ Y , a ∈ Act and x� ∈ X (Act)

Forward
simulation

Soundness
theorem

Existence of fwd./bwd. simulation
 ⇒ trace incl.
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Coalgebra: Mathematical 
Theory of Systems

• Models state-based dynamic systems

• Deterministic/non-deterministic automata, LTS, Mealy/Moore 
machines, probabilistic/weighted systems, ...
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Coalgebra: Mathematical 
Theory of Systems

• Models state-based dynamic systems

• Deterministic/non-deterministic automata, LTS, Mealy/Moore 
machines, probabilistic/weighted systems, ...

• With the language of category theory

• Focus on the essence

• Genericity, abstraction
    everything 
    as arrow
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Plan

• Introduction to coalgebra

• Recent research topics

• Coalgebraic trace semantics

• Wrapping up
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Theory of Coalgebra:
Basics1
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Coalgebra

• Mathematical simplicity

➙ feedback to mathematics

Definition.
Let C be a category,
F : C → C be a functor.

A coalgebra is
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X
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in C.
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Coalgebra
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Coalgebra
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Coalgebra
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Theory of Coalgebra

coalgebraically
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Coinduction: Behavior by 
Final Coalgebra

as
FX

X

��
in C.
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F = Σ ×
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Coinduction: Behavior by 
Final Coalgebra

Definition. A coalgebra
FZ

Z
ζ

��
is final if,
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“Categorical Disciplines” 
in Computer Science

• Semantics of functional programming, λ-
calculus (Hasegawa, Hasegawa, Kakutani, Katsumata, ...)

• Terminating vs. non-terminating, reactive

• Algebraic data type, program calculation   
(Hu, Matsuzaki, Morihata, Takeichi, ...)

• Graph rewriting via pushouts
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Category
Definition. A category C consists of

• a collection obj(C) of objects and

• a collection C(X,Y ) of arrows from X to Y ,
for each X,Y ∈ obj(C),

equipped with

• an identity arrow idX : X → X
for each X ∈ obj(C) and

• composition g ◦ f of arrows

for each successive X
f−→ Y

g−→ Z.
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BA
  obj. X:           
     a Boolean algebra
  arr. f: X→Y:  
     a homomorphism

Hask
  obj. X:           
     a Haskell type
  arr. f: X→Y:  
     a program

N≤
  obj. X:           
     a natural number
  arr. f: X→Y:  
     the order ≤

CPO
  obj. X:           
     a compl. partial order
  arr. f: X→Y:  
     a continuous function
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Recent Topics in 
Coalgebra2
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• Bisimilarity

• esp. for probabilistic systems  (Panangaden, Sokolova, ...)

• Coalgebraic modal logic

• Transfer conventional results (Cirstea, Pattinson, Roessiger, Schroeder, ...)

• Via the Stone duality (Bonsangue, Gehrke, Kupke, Kurz, Venema, ...)

• Process algebra, SOS

• Bialgebraic modeling (Klin, Plotkin, Turi, ...) 

• Component calculi (Barbosa, Clarke, Silva, ...)

• Coinductive data type in functional 
programming (Capretta, Uustalu, Vene, ...)
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LTS
Definition. A labeled transition system (LTS) is a triple

(X, Σ, { a→}a∈Σ)
where

• X is a non-empty set of states;

• Σ is a non-empty set of labels;

• a→⊆ X × X is a binary relation, for each a ∈ Σ.

x ya

b

• Non-determinism

• Well-accepted model of 
systems/processes (cf. Milner)
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LTS
Definition. A labeled transition system (LTS) is a triple

(X, Σ, { a→}a∈Σ)
where

• X is a non-empty set of states;

• Σ is a non-empty set of labels;

• a→⊆ X × X is a binary relation, for each a ∈ Σ.

P(Σ × X)
�

(a, x�) | a ∈ Σ, x
a→ x� �

X

��

x
�

��

LTS =
P(Σ × )-coalgebra
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Modal logic

  

• LTL, CTL, μ-calculus,...
• Specification language

Coalgebraic Modal Logic
LTS

• (Model of) system

�a� a-transition is possible

Req ⇒ G(�URes)
request is eventually responded
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Coalgebraic Modal Logic
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Semantics

•Model checking, 
satisfiability check, ...

x |= �aϕ
def.⇐⇒
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Modal logic

  

• LTL, CTL, μ-calculus,...
• Specification language

Coalgebraic Modal Logic
LTS

• (Model of) system

�a� a-transition is possible

Req ⇒ G(�URes)
request is eventually responded

Semantics

•Model checking, 
satisfiability check, ...

x |= �aϕ
def.⇐⇒

∃x�.
�
x

a→ x� & x� |= ϕ
�

Coalgebra

• Non-deterministic,             
probabilistic, ...

FX

X

c
��
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Modal logic

  

• LTL, CTL, μ-calculus,...
• Specification language

Coalgebraic Modal Logic
LTS

• (Model of) system

�a� a-transition is possible

Req ⇒ G(�URes)
request is eventually responded

Semantics

•Model checking, 
satisfiability check, ...

x |= �aϕ
def.⇐⇒

∃x�.
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a→ x� & x� |= ϕ
�
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• Non-deterministic,             
probabilistic, ...
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Coalgebraic Modal Logic I: 
via Predicate Liftings

FX

X

c
��

Modal logic
  ??

??

Cirstea, Pattinson, Roessiger, Schroeder, ...

Coalgebra

• Non-deterministic,             
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• Assumed: for each L ∈ Λ, a predicate lifting

2X λL−→ 2FX (natural in X)

• x |= Lϕ
def.⇐⇒ c(x) ∈ λL

�
�ϕ�

�

• Kripke frame (♢,☐), LTS (♢a), probabilistic system 

(♢p), neighborhood structure, coalition logic, ...

Cirstea, Pattinson, Roessiger, Schroeder, ...
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• Assumed: for each L ∈ Λ, a predicate lifting

2X λL−→ 2FX (natural in X)

• x |= Lϕ
def.⇐⇒ c(x) ∈ λL

�
�ϕ�

�

• Kripke frame (♢,☐), LTS (♢a), probabilistic system 

(♢p), neighborhood structure, coalition logic, ...

• One-Step Paradigm                                                       
Many conventional techniques can be transferred!

• Axiomatization, soundness/completeness, finite model property, complexity results, 
cut-elimination, fixed point operators, ...

Cirstea, Pattinson, Roessiger, Schroeder, ...

Coalgebraic Modal Logic I: 
via Predicate Liftings
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Coalgebraic Modal Logic II: 
via Stone-Like Dualities

Coalgop
F

��
�

��

AlgL��

��

Setsop
P

���

F op

��
BA

Sop
��

L

��

Bonsangue, Gehrke, Kupke, Kurz, Venema, ...

 Stone duality
Stoneop

P
��� BA

Sop
��

(state) spaces
➘

propositional logic➘
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Coalgebraic Modal Logic II: 
via Stone-Like Dualities

Coalgop
F

��
�

��

AlgL��

��

Setsop
P

���

F op

��
BA

Sop
��

L

��

Bonsangue, Gehrke, Kupke, Kurz, Venema, ...

 Stone duality
Stoneop

P
��� BA

Sop
��

(state) spaces
➘

propositional logic➘

transition type

➘ modalities

➘

modal logic

➘

transition systems
➘

• Deriving modalities via 

• Semantics by λ : LP ⇒ PF op

L = PF opSop
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Process Algebra

• Simple “programming language” for 
describing systems                                    
(CCS, π-cal. [Milner], CSP [Hoare], ACP [Bergstra-Klop], ...)

• E.g. 

parallel/concurrent 
composition P and Q at the same time

sequential composition first P, and then Q

non-deterministic 
choice do either P or Q

replication
infinitely many copies of P 

in parallel

P + Q

P � Q

P ; Q

!P

coin; (boilWater � grindBeans)
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Operational Semantics
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Operational Semantics

� � : (process term) �−→ (LTS)

Thursday, July 1, 2010



Operational Semantics

� � : (process term) �−→ (LTS)

• Mathematically rigorous definition?
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SOS = 
Structural Operational Semantics

• First introduce SOS rules...

Plotkin

x
a→ x�

x � y
a→ x� � y

(�L) y
a→ y�

x � y
a→ x � y�

(�R)

x
a→ x�

x + y
a→ x�

(+L) y
a→ y�

x + y
a→ y�

(+R)

x
a→ x�

!x a→ x� �!x
(!)

a
a→ �

(AtomAct)
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x
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a
a→ �

(AtomAct)

SOS = 
Structural Operational Semantics
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SOS, Categorically
SOS rules LTS

derives

abstracted

Plotkin, Rutten, Turi, ...
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λ : ΣF ⇒ FΣ

Plotkin, Rutten, Turi, ...
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SOS, Categorically
SOS rules LTS

derives

abstracted

bialgebra
distributive law
λ : ΣF ⇒ FΣ

Plotkin, Rutten, Turi, ...
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SOS, Categorically

Plotkin, Rutten, Turi, ...

program = algebra

system = coalgebra
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SOS, Categorically

Plotkin, Rutten, Turi, ...

program = algebra

system = coalgebra

SOS
Structural Operational

Semantics
bialgebra

• Probabilistic systems (Bartels, Kick-Power-Simpson, ...)

• Combined with modal logic (Klin)

• π-calculus and name-passing calculir (Fiore-Staton, ...)

• Microcosm extension, component calculus                       
(Hasuo-Heunen-Jacobs-Sokolova, ...)
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Time to Wake Up!!
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Coalgebraic Trace 
Semantics3

Thursday, July 1, 2010



LTS
Definition. A labeled transition system (LTS) is a triple

(X, Σ, { a→}a∈Σ)
where

• X is a non-empty set of states;

• Σ is a non-empty set of labels;

• a→⊆ X × X is a binary relation, for each a ∈ Σ.

x ya

b
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LTS
Definition. A labeled transition system (LTS) is a triple

(X, Σ, { a→}a∈Σ)
where

• X is a non-empty set of states;

• Σ is a non-empty set of labels;

• a→⊆ X × X is a binary relation, for each a ∈ Σ.

P(Σ × X)
�

(a, x�) | a ∈ Σ, x
a→ x� �

X

��

x
�

��

x ya

b

Thursday, July 1, 2010



Bisimilarity

x y
x yb

a

x’

b
a

a
a

b

a

…

b
a

a
b

b
• Internal states do not matter
• Branching structure matters
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Bisimilarity

x y
x yb

a

x’

b
a

a
a

b

a

…

b
a

a
b

b
• Internal states do not matter
• Branching structure matters
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Bisimilarity by 
Final Coalgebra

Σ × X
Σ × beh(c)

�������� Σ × ΣN

X

c
��

beh(c)
���������� ΣN

final
��

x � �� abcabc . . .
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LTS

Bisimilarity by 
Final Coalgebra

Σ × X
Σ × beh(c)

�������� Σ × ΣN

X

c
��

beh(c)
���������� ΣN

final
��

x � �� abcabc . . .

P(Σ × X)
P(Σ × beh(c))

���������� P(Σ × Z)

X

c
��

beh(c)
�������������� Z

final
��
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LTS

Bisimilarity by 
Final Coalgebra

Σ × X
Σ × beh(c)

�������� Σ × ΣN

X

c
��

beh(c)
���������� ΣN

final
��

x � �� abcabc . . .

P(Σ × X)
P(Σ × beh(c))

���������� P(Σ × Z)

X

c
��

beh(c)
�������������� Z

final
��

= {bisimilarity classes}
= {synchronization trees}
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LTS

Bisimilarity by 
Final Coalgebra

Σ × X
Σ × beh(c)

�������� Σ × ΣN

X

c
��

beh(c)
���������� ΣN

final
��

x � �� abcabc . . .

P(Σ × X)
P(Σ × beh(c))

���������� P(Σ × Z)

X

c
��

beh(c)
�������������� Z

final
��

= {bisimilarity classes}
= {synchronization trees}

x � �� abcabc . . .
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Trace Semantics

��������x a �� ��������y

��

b
��

�

tr(x) = {a, ab, abb, . . . } = ab∗

Thursday, July 1, 2010



Bisimilarity vs. 
Trace Semantics

a a

b c

a

b c
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Bisimilarity vs. 
Trace Semantics

a a

b c

a

b c=

≠
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Bisimilarity vs. 
Trace Semantics

a a

b c

a

b c=

≠

Bisimilarity
Branching structure matters. 
Can I choose later?

Trace semantics
Branching structure does 
not matter.              
Anyway we’ll get the same food.
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Bisimilarity vs. 
Trace Semantics

a a

b c

a

b c=

≠

Bisimilarity
Branching structure matters. 
Can I choose later?

Trace semantics
Branching structure does 
not matter.              
Anyway we’ll get the same food.

Also by final coalgebra?
FX

Fbeh(c)
�������� FZ

X
c

��

beh(c)
��������� Y

final
��
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Coalgebraic Trace Semantics

• Yes!    By moving to the Kleisli category

P(Σ × X)

X

��

in Sets
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Coalgebraic Trace Semantics

• Yes!    By moving to the Kleisli category

P(Σ × X)

X

��

in Sets

branching
➘
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Coalgebraic Trace Semantics

• Yes!    By moving to the Kleisli category

P(Σ × X)

X

��

in Sets

branching
➘

Σ × X

X

�
��

in K�(P)
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Coalgebraic Trace Semantics

• Yes!    By moving to the Kleisli category

P(Σ × X)

X

��

in Sets

branching
➘

Σ × X

X

�
��

in K�(P)

• non-det. branching 
is built-in.        
Throw under the rug
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Kleisli Category hhogeK�(P)
X − �−→ Y in K�(P)
X −→ PY in Sets

➘

“non-deterministic function”
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Kleisli Category hhogeK�(P)
• Composition of arrows?

X − �−→ Y in K�(P)
X −→ PY in Sets
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Kleisli Category hhogeK�(P)
• Composition of arrows?

X �f ��Y �g ��Z

PPZ�
��

PY

Pg ����������
PZ

X

f ����������

�
{z, z�}, {z��}

�
�
��

{y, y�}
�

���������
{z, z�, z��}

x
�

�������

X − �−→ Y in K�(P)
X −→ PY in Sets
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y

y’

Kleisli Category hhogeK�(P)
• Composition of arrows?

X �f ��Y �g ��Z

PPZ�
��

PY

Pg ����������
PZ

X

f ����������

�
{z, z�}, {z��}

�
�
��

{y, y�}
�

���������
{z, z�, z��}

x
�

�������

x

X − �−→ Y in K�(P)
X −→ PY in Sets
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z’

z
y

y’

Kleisli Category hhogeK�(P)
• Composition of arrows?

X �f ��Y �g ��Z

PPZ�
��

PY

Pg ����������
PZ

X

f ����������

�
{z, z�}, {z��}

�
�
��

{y, y�}
�

���������
{z, z�, z��}

x
�

�������

x

X − �−→ Y in K�(P)
X −→ PY in Sets

Thursday, July 1, 2010



z’

z

z’’

y

y’

Kleisli Category hhogeK�(P)
• Composition of arrows?

X �f ��Y �g ��Z
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��

PY
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x
�
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z’

z

z’’

Kleisli Category hhogeK�(P)
• Composition of arrows?

X �f ��Y �g ��Z
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z’

z

z’’

Kleisli Category hhogeK�(P)
• Composition of arrows?

X �f ��Y �g ��Z

PPZ�
��

PY

Pg ����������
PZ

X

f ����������

�
{z, z�}, {z��}

�
�
��

{y, y�}
�

���������
{z, z�, z��}

x
�

�������

x

unfolding 
internal branching

X − �−→ Y in K�(P)
X −→ PY in Sets
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Final Coalgebra in hogeK�(P)

FX
F (tr(c))���� ����� FZ

X

�c
��

tr(c)
����� ������ Z

�final
��

in K�(P)
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Final Coalgebra in hogeK�(P)

FX
F (tr(c))���� ����� FZ

X

�c
��

tr(c)
����� ������ Z

�final
��

in K�(P)
PFX

X

c
��
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Final Coalgebra in hogeK�(P)

FX
F (tr(c))���� ����� FZ

X

�c
��

tr(c)
����� ������ Z

�final
��

in K�(P)
PFX

X

c
��

in Sets

• Final coalgebra captures trace semantics:

tr(c)(x) = tr(d)(y) ⇐⇒ x and y have the same
trace semantics

Thursday, July 1, 2010



Final Coalgebra in hogeK�(P)

FX
F (tr(c))���� ����� FZ

X

�c
��

tr(c)
����� ������ Z

�final
��

in K�(P)
PFX

X

c
��

in Sets

• Final coalgebra captures trace semantics:

tr(c)(x) = tr(d)(y) ⇐⇒ x and y have the same
trace semantics

??
➘
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Final Coalgebra in hogeK�(P)
FX

F (tr(c))���� ����� FZ

X

�c
��

tr(c)
����� ������ Z

�final
��

in K�(P)

Hasuo-Jacobs-Sokolova

Theorem. A final coalgebra in K�(P) is induced
by an initial algebra in Sets:

PFA FA

FA
∼=init

��

FA FA

ηF A

��

A A
init−1 ∼=

��

A
init−1 ∼=

��

A
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K�(D)
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Coalgebraic 
Trace Semantics

Hasuo-Jacobs-Sokolova

Theorem. Let T be a commutative monad
s.t. K�(T ) is Cppo-enriched.
A final coalgebra in K�(T ) is induced by an
initial algebra in Sets.

Observation. Such a final coalgebra in
K�(T ) captures “trace semantics.”
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A relation R between states of two systems, s.t. 

Forward/Backward 
Simulation 

Forward
simulation

Lynch-Vaandrager, Inf. Comp. 1995
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x x

y

x’

y’
R

a

=⇒ R

ax’

a R
∃y’

Thursday, July 1, 2010



If there is a fwd. or bwd. simulation from S to T, 
then 

Forward/Backward 
Simulation 

Soundness 
theorem tr(S) ⊆ tr(T )

Lynch-Vaandrager, Inf. Comp. 1995
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Definitions & Results
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T = P

Forward
simulation

Soundness
theorem

Existence of fwd./bwd. simulation
 ⇒ trace incl.

In K�(T )
FX

Ff
�� FY
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c
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f
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�
Y

d
�� FX

Ff
�� FY
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f
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Y
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��

forward simulation backward simulation

T = D

Definition. Let X = (X, x0, c) and Y = (Y, y0, d) be GPAs. A forward
(Kleisli) simulation from X to Y is a function f : Y → DX which satisfies
the following (in)equalities.

Pr[y0 ��� x0] = 1 (Init)
�

x∈X Pr[y ��� x → �] ≤ Pr[y → �] for each y ∈ Y (Term)
�

x∈X Pr[y ��� x
a→ x�] ≤

�
y�∈Y Pr[y a→ y� ��� x�]

for each y ∈ Y , a ∈ Act and x� ∈ X (Act)

Forward
simulation

Soundness
theorem

Existence of fwd./bwd. simulation
 ⇒ trace incl.
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Case Study:
Probabilistic Anonymity

Simulation-based verif. method for 
non-deterministic anonymity
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Conclusions

• Mathematics for systems via coalgebras

• The language of category theory

• “System as coalgebra”: robust under change 
of base categories

    everything 
    as arrow

X
f

��

g ◦ f
��

��
��

��
��

��
��

� Y

g

��

Z
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Conclusions

• Mathematics for systems via coalgebras

• The language of category theory

• “System as coalgebra”: robust under change 
of base categories

bisimilarity in Sets
trace semantics in Kl(T)

    everything 
    as arrow
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Conclusions

• Abstraction & genericity (& joy)

• Generic theory, transfer of results
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Conclusions

• Young field with exciting topics and vibrant 
community. Join us!
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