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Coinductive Predicates

® Persisting predicates in transition/dynamical
systems

® Safety property

® V in fixed point logics

® GinLTL/CTL
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Example of coinductive predicates

Note

{ There ,;
‘ infinite

vu. <ou

Interpretedfon a Kripke frame

is an '
path: |

det

rFEOa &=

:I; %C ]
R S

/ /
x s.t. x

c: X - PX

—.C X x X

r F ru.Ou
~ O(vu. Cu)

Yy F ru. Ou
~ O(vu. Ou)

z F ru. Ou
~ O(vu. Ou)




Formal definition

“(Co)recursive definition”

—1
|[VU. <>u]] PX = gfp( X o0 y QPX _—__,9X )
Tc

X 1
p {U e PX | clz%{xEX\

Greatest fixed point vnb#aop  de)nP7#o;

The gfp exists by the Knaster-Tarski theorem

Cho (Tokyo) 6



Another example: Bisimilarity

(on Kripke frames)

Let X 5 PX and Y % PY be Kripke frames.

on c and d
Def. A bisimulation is a relation R C X X Y s.t.

V' € c(x). Y € d(y). 'Ry &
Ty = { Vy' € d(y).dx’ € c¢(x). 2’ Ry’ .
R
(A Y
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Another example: Bisimilarity

(on Kripke frames)

Let X 5 PX and Y % PY be Kripke frames.

on ¢ and d

Def. A bisimulation is a relation R C X X Y s.t.
V' € c(x). Y € d(y). 'Ry &

vhy = { Vy' € d(y). 32" € c(x). 'Ry’ .

Def. z € X and y € Y are bistmilar, written x ~. 4 v,
it dbisimulation R s.t. x Ry. Explicitly,

~ed = U{ a bisimulation on c and d } .

B —
Cho (Tokyo)



Bisimilarity as the gfp

Prop. (exd)~!
o
g = gfp( 9X XY 9P X XPY L 9X XY )
{({U,V) e PX X PY | {(x,y) e X XY |
R & VzeUdyeVaRy& (Cx.i)_l Ve(r) € U.3d(y) € V.axRy &
vyeV.dz €U zRy } Vd(y) € V.de(x) e U. xRy }

It follows from:
sfp((cx d) " op) = fR € 2™ [RC ((c xd)~' 0 p)(R)}

by Knaster-Tarski, and

RC ((exd) top)(R) <= Ris a bisimulation on ¢ and d

Cho (Tokyo)



Bisimilarity as the gfp

Prop.

—1

p (exd)
g = gfp( 9X XY 9P X XPY L 9X XY )
{({U,V) e PX X PY | {(x,y) e X XY |
R & VeeUdyeVazRy& 3X$)_1 Ve(x) e U.dd(y) € V.axRy &
VvyeV.dzeU. xRy } Vd(y) € V.3e(z) € U.zRy '}

|1
Much the same as

1
o lvu. Qulpx :gfp(ZX 20, 9PX © >2X)
! Tc

X

Cho (Tokyo)
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Fibration

® (Categorical way of organizing indexed
entities

® Categorical model of predicate logics

Def. A fibration is a functor p : P — C that
has Cartesian liftings.

Cho (Tokyo)
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Cartesian lifting
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Cartesian lifting
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Cartesian lifting

satisfy certain universality
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Fibration organizes
indexed entities

P Q)
\Z l S Q”
P’ ,
Q “indexed
entities’”
f
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Fibration organizes
indexed engiss

reindexing functor

fibre
categories

D

Y

“indexed
entities’
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Logical view

))X< f ))Y

p @

\Z l\QN
P’ Q'

X 4 > Y
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Logical view

C X < y
p Q)
™~
/ | 7@
P’ Q'
f
X
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P
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X
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Logicalgyimmmy
Xzt Q(f(x)) = Yy FQy)

(y
U x < 2%
p @
D), \Z l\Q//
;

P/
p :
g

C X
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I l\ff. °
categories Y iy Qy)
Ay

o ) (y
\ f
X < Y

“predicates”
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I f\ff. ®
categories Yy Q)
Ly

o ) (Y
3 /
X S
P
D Ay
P/
p “entailment”

c x—' vy

From now on, we consider only poset fibrations
ChO (-LUKYU}



Examples SORNERY
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fibrations
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Examples SPRNER

of Prfd (f'QCX)—(QCY)
fibrations  set x— 1 Ly

Rel (fxfYI'TRCXxX)—(RCY xY")
Set x Set (X, X)) — Py

Cho (Tokyo) 1 4



Examples SPRNER

of Prfd (f'QCX)—(QCY)
fibrati f
IDrations Set X Y
Rel (fxfYI'TRCXxX)—(RCY xY")
Set x Set (X, x) — Ty oy
topos Sub(X) < Sub(Y)
(constructive) 0 .0
Sub(C) - ]
| x—1 .y
Cho (Tokyo) (C tOpOS) C X / > Y 14
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Coinductive predicates in

a fibrational setting
Type of systems: functor I : C — C =~ A system:

P coalgebra
Underlying logic: fibration | » c: X = FX
C

(Co)recursive definition: predicate lifting o : P — [P

Cho (Tokyo) 16



Coinductive predicates in

a fibrational setting
Type of systems: functor I : C — C =~ A system:

P coalgebra
Underlying logic: fibration | » c: X = FX
C

(Co)recursive definition: predicate lifting o : P — [P

P
Def. A predicate lifting of F': C — C along ép

is a functor ¢ : P — P that makes the diagram
©

I s P
lp lp Hence,
C_F LG SOXIPX%PFX

commute and preserves Cartesian maps.
Cho (Tokyo) T —



Coinductive predicates in
a fibrational setting

Def. Consider: predicate lifting
%)

P > P
fibrati
ibration ip i lp
C > C

and a coalgebra ¢ : X — FX. Then the

coinductive predicate for ¢ in ¢ is the greatest
fixed point of a functor

IP)X 7 P ]P)FX a ? ]PX ;
and written as
[ve]. = gfp(c" o) .

Cho (Tokyo)
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Examples again

Example 1 (vu.<u) Consider:

(P C X)) s({U|UNP+# o} CPX)
Pred —° > Pred
! | and ¢: X - PX
Set L > Set
Then

[vu. Qul,. = [veo] = gfp( 0X T2, 9PX ¢ 9X )

Cho (Tokyo)
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Examples again

Example 2 (bisimilarity) Consider:

U, V)|
| Vee U dyeV.zRy &
(RCXXY) | Vy e V.3z € U.zRy }
C PX x PY)
Rel ———— Rel
| | and ¢ 2 A
Set x Set ——» Set x Set drd =P

Then
~e,d = ﬂVﬂﬂ(c,d) = gfp(

Cho (Tokyo)

—1
)X XY P >277X><77Y(C><d) >2X><Y)
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Our work:
Fibrational approaches to

Main result of a paper:

Ichiro Hasuo, Kenta Cho, Toshiki 8 Behavioural Bound
Kataoka, and Bart Jacobs. ' -
Coinductive Predicates and
Final Sequences in a Fibration.

MFPS XXIX, June 201 3.

Look it over quickly! ) Coalgebraic

Fixed Point Logics

Cho (Tokyo) 20



Cousot & Cousot’s
construction of gfp

Recall the example:
[vu. Oul . = [ves],. = gfp( 0X T2, 9PX ¢ 49X )

Cho (Tokyo)
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Cousot & Cousot’s
construction of gfp

Recall the example:
—1
[vu. Oul . = [ves],. = gfp( 0X T2, 9PX ¢ 49X )

X2 (c ! ope)(X) 2 (¢ opo)?(X) 2 -
(transfinitely)

stabilizes, yielding the greatest fixed point!
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Cousot & Cousot’s
construction of gfp

Recall the example:
—1
[vu. Oul . = [ves],. = gfp( 0X T2, 9PX ¢ 49X )
whole space

XD (c opo)(X) 2 (¢ opo)*(X) D -
(transfinitely)

stabilizes, yielding the greatest fixed point!

® VWhen!

e |X| steps in general Behavioural bound

® (W steps if a Kripke frame c is finitely branching
Cho (Tokyo) 21



Behavioural bound
in a fibrational setting

D * > D
s s
C > C

F
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Behavioural bound
in a fibrational setting

“finitely branching” system
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Behavioural bound
in a fibrational setting

“finitely branching” system

C: locally finitely presentable category
F': finitary functor
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Behavioural bound
in a fibrational setting

D 7 D :
> p: “well-founded” fibration
l l compatibility with
P P LFP structure, and
C — y C certain well-foundedness

“finitely branching” system

C: locally finitely presentable category
F': finitary functor

Cho (Tokyo) 22



Theorem. Assume:
o [':C — C a finitary functor on an LFP category

P
o |p» a “well-founded” fibration
C

p
P—P
e |p |p a predicate lifting
C-—5C
e c: X - FX a coalgebra

Then, the sequence
Tx > (c"op)(Tx) > (c"op)*(Tx) >

stabilizes after w steps, yielding the coinductive
predicate [vy] . = gfp(c* o ).

Cho (Tokyo)
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Theorem. Assume:

o [':C — C a finitary functor on an LFP category

]P) . . 99
o |p» a “well-founded” fibration finitely branching
C system

©
P— P

 |p |p a predicate lifting
C——C

e c: X - FX a coalgebra

Then, the sequence

Tx > (o) (Tx)>(c*op)*(Tx)> -

stabilizes after w steps, yielding the coinductive
predicate [vy] . = gfp(c* o ).
Cho (T — T —— - 3




Theorem. Assume:

o [':C — C a finitary functor on an LFP category

)

P . S
o |p» a “well-founded” fibration initely branching
C
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©
P—P G
e |» |p apredicate lifting [ SSEEULIIIAY
c LFP structures &

well-foundedness
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Theorem. Assume:

o [':C — C a finitary functor on an LFP category

)

P . S
o |p» a “well-founded” fibration initely branching
C system

IP @ P () ofleo
e |» |p apredicate lifting [ SSEEULIIIAY
C s LFP structures &

e c: X - FX a coalgebra well-foundedness

Then, the sequence Cousot & Cousot’s constr.
greatest

Tx > (o) (Tx)>(c" o) (Tx)> -

IN ]P)X
stabilizes after w steps, yielding the coinductive
predicate [vy] = gfp(c* o ).

Cho (T — T ——— ) 3
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Predicate lifting as modality

® A predicate lifting can be also seen as a
modality in modal logic

Example
po po(P € X)
Pred — { Pred — ({U |UﬂP7é®}C73X)
| | ou(P C X)

Set > Set
D

Forc: X — PX,
[Ca], = ¢ Heo([a],), [Ba], =c  (¢a([e],))

Pred

Rem. Predicate liftings of F' : Set — Set along st )

(P
<{U|UCP}CPX>

coincide with natural transformations 2 = 2f— s.t.

each component is monotone.

25



A fragment of the modal U-calculus
is coinductive predicate

® We saw ru. Qu is a coinductive predicate

Cho (Tokyo)
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A fragment of the modal U-calculus
is coinductive predicate

® We saw ru. Qu is a coinductive predicate

® The following fragment of the modal p-calculus
is coinductive predicate

ax=3u | OulaNa|laVa
(u: a fixed variable)

interpretation of rvu. o

[vu. of . = [vea], forc: X — PX

coinductive predicate for ¢,
Cho (Tokyo) 26



A fragment of the modal P-calculus
is coinductive predicate

® We saw ru. Qu is a coinductive predicate

® The following fragment of the modal M-calculus

is coinductive predicate pou = oo

Louw — PO
ai=CQu|Du|aNal, pcy)_ e cry)
Yavs(P C X) = (¢a(P)Ups(P) C PX)

interpretation of rvu. o
[vu. Oéﬂc = |[V90a]]c forc: X —PX

coinductive predicate for ¢,
Cho (Tokyo) 26



icate

® The following fragment of the modal p-calculus

is coinductive predicate o = o

Pou — PO
Pans(P C X) = (pa(P) Nps(P) CPX)
pavs(P € X) = (pa(P) Ups(P) C PX)

interpretation of vu. «

a=3u | Ou|laAa

[vu. of . = [veal, forc: X - PX

coinductive predicate for ¢,
Cho (Tokyo) 26



“Full” fixed point logic in a fibration

Mixture of V and I

Let O be a set of predicate liftings of F' along p

b

W
p_—7 s P
1p 1p
C s C

F

Formulas are defined inductively by
ax=u|T|L|laNa|aVall|pla]|vu alpu. a

(o € ®; u € Var, where Var is a set of variables)

Cho (Tokyo) 27



Fibrewise interpretation

For a coalgebra c : X — F'X,fibrewisely in P,
we can interpret them in the usual way

[a]. 1 € Px is defined for a valuation V' : Var — Px, '
[ulev =V (u) [lela].v = (e(lad,. ) (pe@) i
:T:c,V = Ix [vu. O‘:c,v = gip(AP. HQHC,V[P/U])

J—c,V — J—X /L’U, a:c,V — lfp()\P [[a]]c,V[P/u])

laABley = ledey ANBlev

laV Bl.v = lol. v VI8].y

We assume Px is a complete lattice

Cho (Tokyo) 28



Interpretation as a fibred functor

® We can give interpretations “globally” in a
fibration, rather than fibrewise

® The point is to consider the fibration
obtained by “change-of-base”

----------------

Pr ‘E > [P

U*(p)lJ lp

Coalg(F): - > C

forgetful
® Then an interpretation of a formula X is a

morphism (i.e. fibred functor)
Pr

.................

Pr " o
( w*<p>> d ( w*<p>> in Fib(Coalg(F'))
Coalg(F) Coalg(F)

Cho (Tokyo) 29



(

Pr

U™ (p)
Coalg(F)

Specifically

» U™ (p)
Coalg(F)

) in Fib(Coalg(F))

Cho (Tokyo)
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in Cat

Coalg(F preserves Cartesian maps
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Specifically

( Pr >” [a]
U™ (p) 5
Coalg(F)

(

Pg

U™ (p)
Coalg(F)

) in Fib(Coalg(F))

N /

Coalg(F

See it fibrewise,
o], : (Px)" — Px

Cho (Tokyo)

in Cat

preserves Cartesian maps

for each X = FX in Coalg(F)

30



How is it defined?

® fibrationally technical but straightforward,
by composing fibred functors inductively on
formulas

For example,

Cho (Tokyo)
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How is it defined?

® fibrationally technical but straightforward,
by composing fibred functors inductively on

formulas
P—~ > P
For example, induced by | !
C = s C

Cho (Tokyo) 31



Cho (Tokyo)

Fixed point operators

| X | \ |
Coalg(F) Coalg(F) Coalg(F)

P n Jvu. of X P
(o) et {cone)
Coalg(F) Tuw. o] * \ Coalg(F)

by taking (parameterized) fibred
final coalgebras/initial algebras

)

32



VVhat is good about

“global” interpretation!

® Fibred functors are, by definition,
compatible with reindexing

Cho (Tokyo)
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VVhat is good about

“global” interpretation!
® Fibred functors are, by definition,
compatible with reindexing

® |nterpretations are compatible with

reindexing along coalgebra morphisms
Ff

FX s F'Y
ie. [of,= f"la], for T a]
X / > Y

Cho (Tokyo)
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VVhat is good about

“global” interpretation!
® Fibred functors are, by definition,
compatible with reindexing

® |nterpretations are compatible with

reindexing along coalgebra morphisms
Ff

FX s F'Y
ie. [of,= f"la], for T a]
X / > Y

® “|ogic respects behaviour”

Cho (Tokyo)
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VVhat is good about

“global” interpretation!?

® Fibred functors are, by definition,

* Perhaps not hard to show it directly

 Trivial in “globall” interpretation

ie. [of,= f"la], for -
X > Y

® “|ogic respects behaviour”

Cho (Tokyo) 33



Future work

® Fixed point logics in a fibration
® More interesting results...

® |nvestigate relations fibrationally betw.
fixed point logics, automata and games

Cho (Tokyo)
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Future work

® Fixed point logics in a fibration
® More interesting results...

® |nvestigate relations fibrationally betw.
fixed point logics, automata and games

Thawnl vou!
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