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• Example of analysis 

• Semantics of WHILEdt 

• (Standard) abstract interpretation 

• Abstract interpretation with infinitesimals
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Example: Water-level Monitor

3

[Alur et al. TCS 95]
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WHILEdt

4

 x := 0; t := 0;
 while (x ≤ 10) {
   x := x + dt;

 t := t + dt
 }

[Suenaga & Hasuo ICALP 11]
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t:=t+dt;�





�

t:=0; l:=0; x:=1; p:=1; s:=0;�

p=1�

x:=x-2dt;�x:=x+dt;�

s:=1;�

s=1∧"
l≥2�

t<tmax"

p:=1-p;"
s:=0;"
l:=0;�

(x≤5∧p=0)∨"
(x≥10∧p=1)�

s:=0;�

l:=l+dt;�

s=1�
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• Example of analysis 

• Semantics of WHILEdt 

• (Standard) abstract interpretation 

• Abstract interpretation with infinitesimals
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WHILEdt

7

[Suenaga & Hasuo ICALP 11]
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Nonstandard Analysis

8

⇤r := [(r, r, r, · · · )]
! := [(1, 2, 3, · · · )]

!�1 := [(1,
1

2
,
1

3
, · · · )]

N 7! ⇤N := NN/ ⇠F

R 7! ⇤R := RN/ ⇠F

[Robinson 60’s]
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Nonstandard Analysis

8

⇤r := [(r, r, r, · · · )]
! := [(1, 2, 3, · · · )]

!�1 := [(1,
1

2
,
1

3
, · · · )]

N 7! ⇤N := NN/ ⇠F

R 7! ⇤R := RN/ ⇠F

[Robinson 60’s]

∋ infinitesimals, 
infinites

∋ infinites
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Collecting Semantics for WHILEdt

9
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• Example of analysis 

• Semantics of WHILEdt 

• (Standard) abstract interpretation 

• Abstract interpretation with infinitesimals
[Cousot & Cousot 1977]



/23Kido (Tokyo)

Abstract Interpretation
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[Cousot & Cousot 1977]
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Thm. 
The least fixed point in    is 
overapproximated by a prefixed point in 

L
L

Galois Connection

12

L
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L
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P(Rn) ⌦ CPn
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Widening Operators

13

Thm. 
Prefixed point is computed 

within n∈    steps using ∇.N

L
↵⌦
�

L
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Widening Operators on ℂℙn

14

• Standard widening

• Widening up to

• Precise widening

[Halbwachs Ph.D. Thesis 79]

[Halbwachs CAV 93]

[Bagnara, Hill, Ricci and Zaffanella SCP 05]
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• Example of analysis 

• Semantics of WHILEdt 

• (Standard) abstract interpretation 

• Abstract interpretation with infinitesimals 

• Soundness 

• Termination
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transfer principle
(φ: 1st-order 𝓛𝕌-sentence) 

ℝ ⊧ φ ⇔ *ℝ ⊧ *φ

16
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transfer principle
(φ: 1st-order 𝓛𝕌-sentence) 

ℝ ⊧ φ ⇔ *ℝ ⊧ *φ

8x 2 ⇤R. (x 2 ⇤(A [B) , x 2 ⇤
A _ x 2 ⇤

B)

16

8x 2 R. (x 2 A [B , x 2 A _ x 2 B)
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Transferring Abstract Interpretation

17
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Uniformity of Widening Operators

18
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Uniformity of Widening Operators 
 on ℂℙn

21

• Standard widening

• Widening up to

• Precise widening

[Halbwachs Ph.D. Thesis 79]

[Halbwachs CAV 93]

[Bagnara, Hill, Ricci and Zaffanella SCP 05]
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Uniformity of Widening Operators 
 on ℂℙn

21

• Standard widening

• Widening up to

• Precise widening

[Halbwachs Ph.D. Thesis 79]

[Halbwachs CAV 93]

[Bagnara, Hill, Ricci and Zaffanella SCP 05] ✘

✔

✔
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Tool Overview

22
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CFG
• iteration on  

• uniform widenings 
 for While loops

CPn

Use CAS regarding dt 
 as a variable

1� 2dt  x  12 + dt

Overapproximation of reachable set (with dt)
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Conclusion 

• Abstract interpretation with infinitesimals 
• Soundness 
• Uniform termination of widening 

• Prototype implementation 

• Automated reachability analysis of hybrid systems 

Future Work 
• Transferring other abstract domains 
• Hyperwidening operators  
other than transferred uniform widening 

operators 

• Extending model checking with infinitesimals


