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e« Example of analysis
e Semantics of WHILEdt
e (Standard) abstract interpretation

e Abstract interpretation with infinitesimals
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Example: Water-level Monitor

[Alur et al. TCS 95]
//IK
Sensor——
Sensor ——

[
10 y=10 —>x=()
x=2
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Example: Water-level Monitor

[Alur et al. TCS 95]
//IK
Sensor——
Sensor ——

t:=0;l:=0;z:=1;p:=1;8:=0;

while t < 1,42 dO
t := 1+ dt;
if p=1 then z := x + dt; else z := x — 2dt;
if (x<5Ap=0)V(x>10Ap=1) then s:=1 else s := 0;
if s=1then [:=1[+dt;
ifs=1A0l>2thenp:=1—p;5s:=0;1:=0
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WH I LEdt [Suenaga & Hasuo ICALP 11]

AExp>a:=z|r|ay aopay |dt | oo
where z € Var,r ¢ R and aopec {+,—,-,"}

BExp > b ::=true | false | by Aba | 7b | a1 < a2
Cmd>Sc:=skip|z:=a|ci;co | if bthen ¢y else ¢y | while bdoc

—

10

X :=0; t := 0; 75
while (x £ 10) { . c
X 1= X + dt;
t (=t + dt
} 0

2.5

t

Kido (Tokyo) 490k



t:=0;l:=0z:=1;p:=1;8:=0;

while t < {,,4, dO

t =1+ dt;

if p=1 then z :=x + dt; else z := x — 2dt;

if (z<5Ap=0)V(z>10Ap=1) then s:=1 else s := 0;
if s =1 then [ := [+ dt;
ifs=1A[l>2thenp:=1—p;s:=0;l:=0
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(X=5Ap=0)V

(x210Ap=1)
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e« Example of analysis
e Semantics of WHILEdt
e (Standard) abstract interpretation

e Abstract interpretation with infinitesimals
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WH I LEdt [Suenaga & Hasuo ICALP 11]

AExp>a:u:=z|r|a; aopay |dt | oo
where z € Var,r € R and aopec {+,—,-,"}
BExp > b ::=true | false | by Aba | 7b | a1 < a2
Cmd > c::

skip |z :=a | ci;co | if b then ¢y else ¢y | while bdo ¢
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Nonstandard Analysis

[Robinson 60’s]

r.=|{(r,r,r,- )]
W = [(1,2,31,--1-)]
W= [(17§7§7'”)]
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Nonstandard Analysis

[Robinson 60’s]
5 infinitesimals,

R = "R := QN/ ~F infinites

N *N:=N"/~z. sinfinites
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Collecting Semantics for WHILE®®

[ [true]o =t
[r]o:=rforeachr € R [false|o := ff

[a; aop az]o := [a,] aop [az] [b1 A b2llor := [[b1] A [b2]
I [b]o := ~([b]o)

z]|o := o(z) for each z € Var

dt]]O' = [(la %’ %a T )]
[skip|S:=S
[z := a]S := {o||a]o/z] | o € S}
[c1; ¢2]S := [e2]([e1]S)
[
[

| el | o €8S, [ble=
if b then c1 else c2|S := Lg[[{l[]iﬂ](ly | 5 = S[E ]%[blla i}ff}

while b do c||S := Ifp("@([b])([c]))
where @ : (St - BU{Ll}) —» (P(Var - R) —» P(Var =+ R)) —
(P(Var - R) - P(Var =+ R)) — (P(Var - R) —» P(Var — R)))
is defined by D(f)(g) = M. AS. {¢(g(0)) |0 € S, f(o) =t} U{o |0 €S, f(o) =1f}
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e« Example of analysis
e Semantics of WHILEdt
e (Standard) abstract interpretation

[Cousot & Cousot 1977]

e Abstract interpretation with infinitesimals
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Abstract Interpretation

[Cousot & Cousot 1977]

concrgte OV e abstract
domazln L = L domain
P(R*) CIP,

v

o | over-
y:==YyTiV,  approximate!
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Abstract Interpretation

[Cousot & Cousot 1977]

cdoncre_te Gy e abstract
omain — '
b L L domain

CIPs

v

X (abstracticn')

e over-
y:==YyTiV,  approximate!
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Abstract Interpretation

[Cousot & Cousot 1977]

cdoncre_te Gy e abstract
omain —_— '
: L L domain
P(R) | ~ CP,
« (abstraction)
g l over- N
y:=-y+10]  approximate! B ldwine 6
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Abstract Interpretation

[Cousot & Cousot 1977]

cdoncre_te Gy e abstract
omain — '
: L L domain
P(R*) :7 CP,
« (abstraction)
g 41 over- N
-y t10 approximate! B Rl

Y (concretization)
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Galois Connection

L=L  PR")=CP,

Thm.
The least fixed point in Lis

overapproximated by a prefixed point in [,
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Galois Connection

L=L  PR")=CP,

Thm.
The least fixed point in Lis

overapproximated by a prefixed point in L
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Widening Operators

Definition (Widening operator) Let (L,C) be a poset. An operator V :
L L x L — L is said to be a widening operator if the following two conditions hold:

— (Covering) for any z,y € L, z C 2Vy and y C zVy;
ermination) for any ascending chain (z;) € L“, the chain (y;) € L*“ defined
Yo = To
Yi+1 = Y;Vzis, (foralli € N)

is ultimately stationary.

Thm.
Prefixed point is computed

within ne N steps using V.
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Widening Operators on CPn

» Standard widening
[Halbwachs Ph.D. Thesis 79]

» Widening up to

[Halbwachs CAV 93]

» Precise widening
[Bagnara, Hill, Ricci and Zaffanella SCP 05]
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« Example of analysis

e Semantics of WHILEdt

e (Standard) abstract interpretation

e Abstract interpretation with infinitesimals

e Soundness

e Termination
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transfer principle
(¢: 1st-order Ly-sentence)

FO © "RETQ
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Vr €

transfer principle

R. Vy €

(¢: 1st-order Ly-sentence)

FO © "RETQ

R. (r <yVy<r)

Kido (Tokyo)

| 6/23



(C

transfer principle

HOR=.

Vr €

Ve €™

E O

. 1st-order Ly-sentence)

R.Vy e R. (z <yVy<ux)

R.Vy e "R. (z <yVy<ux)
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transfer principle

HOR=.

(¢: 1st-order Ly-sentence)

E O

VteR. (r€e AUB&S € AVx € B)
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transfer principle
(¢: 1st-order Ly-sentence)

FO © "RETQ

VteR. (r€e AUB&S € AVx € B)

Vr e R. (€ (AUB)<s x € AV ax e™B)
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Transferring Abstract Interpretation

Standard Nonstandard

) L

Thm.
The least fixed point in P(R")

is overapproximated by a
prefixed point in CP,, .
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Transferring Abstract Interpretation

Standard Nonstandard
o : o
). L (P, (P(R") 1
Y : V7
Thm. = Thm.
The least fixed point in P(R") The least fixed point in P("R")
is overapproximated by a is overapproximated by a
prefixed point in CP,, . prefixed point in "CIP,,.
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Transferring Abstract Interpretation

Standard Nonstandard

Widening operator: V

Thm.
Prefixed point is computed

within ne N steps using V.
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Transferring Abstract Interpretation

Standard Nonstandard

Widening operator: V : Hyperwidening operator: *V

Thm.
Prefixed point is computed

within ne N steps using V.

Kido (Tokyo) 728



Transferring Abstract Interpretation

Lemma (Convergence of iteration sequences in Ly) Let L € U be a
set, Ce P(L x L) be a binary relation on L and V : L X L — L be a function.
Then, the following Ly-sentence holds:

VFelL—»>LVLeLVXeN-—L.

POSGtL,g N MonotoneL,g,L,g(F) AN BaSiSL,;(_L, F) N WidenL,g,v

/\WidenseqL,E’v(X, _L,F)

=B eN.VieNi<j= X(i) = X(J)

AVk ((vz eN.k<l= X(k)=X()) = F(X(k)) C X(k)).
y |

Thm.
Prefixed point is computed

within ne N steps using V.
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Transferring Abstract Interpretation

Lemma (Convergence of iteration sequences in Ly) Let L € U be a
set, Ce P(L x L) be a binary relation on L and V : L X L — L be a function.
Then, the following Ly-sentence holds:

a4 transfer!

Posety, - A Mc
AWidenSeq; - ¢ (X, £, F)

= 3 eN.VjeN.i<j= X(i) = X(j)

AVEEN (VL eN. k<1= X(k) = X(1)) = F(X(k) C X(k)).
y

Thm.
Prefixed point is computed

within ne N steps using V.
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Transferring Abstract Interpretation

Theorem

Let L € U be a set, C€ P(L x L) be a binary relation on L and V : L X L — L
be a function. Then, the following Ly-sentence holds:

VFe*(L—L).Vie*L.VX € *(N— L).

“Posetr, A "Monotoner, c 1. (F) A "Basisy, (£, F)) A "Wideng c v

AN"WidenSeq; - ¢ (X, £, F)

= Ji e *N.Vj € "N.i < j= X(i) = X(4)

AVE € *N. ((vz e "N. k<l= X(k) = X(l)) = F(X(k)) "C X(k))
y

Thm.
Prefixed point is computed

within ne N steps using V.
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Transferring Abstract Interpretation

Theorem

Let L € U be a set, C€ P(L x L) be a binary relation on L and V : L X L — L
be a function. Then, the following Ly-sentence holds:

VFe*(L—L).Vie*L.VX € *(N— L).

“Posetr, A "Monotoner, c 1. (F) A "Basisy, (£, F)) A "Wideng c v

AN"WidenSeq; - ¢ (X, £, F)

= Ji e *N.Vj € "N.i < j= X(i) = X(4)

AVE € *N. ((vz e "N. k<l= X(k) = X(l)) = F(X(k)) "C X(k))
y

Thm.
Prefixed point is computed

within ne N steps using V.

Thm.
Prefixed point is computed

within ne*N steps using V.
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Transferring Abstract Interpretation

Theorem

Let L € U be a set, C€ P(L x L) be a binary relation on L and V : L X L — L
be a function. Then, the following Ly-sentence holds:

VFe*(L—L).Vie*L.VX € *(N— L).

“Posetr, A "Monotoner, c 1. (F) A "Basisy, (£, F)) A "Wideng c v

AN"WidenSeq; - ¢ (X, £, F)

= Ji e *N.Vj € "N.i < j= X(i) = X(4)

AVE € *N. ((vz e "N. k<l= X(k) = X(l)) = F(X(k)) "C X(k))
y

Thm.
Prefixed point is computed

within ne N steps using V.

Thm.
Prefixed point is con include

within nteps u infinites
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Uniformity of Widening Operators

— (Termination) for any ascending chain (z;) € L“, the chain (y;) € L“ defined
Yo = Zo
Yi+1 = ¥YiVziy1 (foralli € N)

is ultimately stationary.

— (Uniform termination) for any zo € L, there exists a constant ¢ € N such
that Tor any ascending chain (z;) € L¥ starting from zg, there exists j € N

such that j < ¢ and the chain (y;) € L“ defined by

)
Yo = Zo

\Yi+1 = ¥iVzip1 (foralli € N)

satisfies y; = y;+1.
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Termp v = Vz € N— L. AscCn(z) =

(Vy e N— L. ((y(O) =z(0) AVn € N. y(n+ 1) = y(n)Vz(n + 1))

= 3k € N. y(k) = y(k 1)))

UnifTermy v := Vzg € L. 3i € N.Vz € N = L. (AscCn(z) A z(0) = z9) =

(Vy c N— L. ((y(O) =z(0) AVn € N.y(n+1) = y(n)Vz(n + 1))

>3 EN. (1inyl) =u(i+D)))
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Theorem 3.12 Let (L,C) be a poset and V € L x L — L be a uniform widening
operator on L. Let F' : "L — "L be a monotone and internal function; and £+ € L be
such that "1 *C F(*L). The iteration sequence (X;)icwn defined by

X, (if F(X:) "C Xi)
X,V F(X;) (otherwise)

foralli e N
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Uniformity of Widening Operators
on CPn

» Standard widening
[Halbwachs Ph.D. Thesis 79]

» Widening up to

[Halbwachs CAV 93]

» Precise widening
[Bagnara, Hill, Ricci and Zaffanella SCP 05]
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Uniformity of Widening Operators
on CPn

» Standard widening ‘/

[Halbwachs Ph.D. Thesis 79]

« Widening up to V

[Halbwachs CAV 93]

e Precise widening
[Bagnara, Hill, Ricci and Zaffanella SCP 05]

X
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Tool Overview
WHILEdt program  CFG

0l 0 —1

e iteration on CP,,
 uniform widenings
for While loops

Use CAS regarding dt
- ) as a variable

+

ﬁ& g e
—0 ( 0A —1 .
nl:= l ﬂ

l2 =0;1:=0

. Overapproximation of reachable set (with dt)
1 —2dt < x <12+ dt
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Conclusion
e Abstract interpretation with infinitesimals

e Soundness
e Uniform termination of widening

e Prototype implementation

o Automated reachability analysis of hybrid systems

Future Work
e Transferring other abstract domains

« Hyperwidening operators
other than transferred uniform widening

operators

« Extending model checking with infinitesimals
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