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Abstract. For a programming language, there are two kinds of term rewrit-
ing: run-time rewriting (“evaluation”) and compile-time rewriting (“refinement”).
Whereas refinement resembles general term rewriting, evaluation is commonly
constrained by Felleisen’s evaluation contexts. While evaluation specifies a pro-
gramming language, refinement models optimisation and should be validated
with respect to evaluation. Such validation can be given by Sands’ notion of
contextual improvement. We formulate evaluation in a term-rewriting-theoretic
manner for the first time, and introduce Term Evaluation and Refinement Systems
(TERS). We then identify sufficient conditions for contextual improvement, and
provide critical pair analysis for local coherence that is the key sufficient con-
dition. As case studies, we prove contextual improvement for a computational
lambda-calculus and its extension with effect handlers.
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1 Introduction

Term rewriting is a general model of computation. The ecosystem of a functional pro-
gramming language utilizes two types of term rewriting: run-time rewriting, which we
shall refer to as evaluation, and compile-time rewriting, referred to as refinement. Run-
time evaluation specifies operational semantics of the language. It can only happen in a
particular order, usually deterministically. On the other hand, compile-time refinement
models optimisation. It can happen anywhere, nondeterministically. The difference be-
tween evaluation and refinement, as kinds of term rewriting, can be summarised in terms
of contexts, cf. Fig. 1. Evaluation→E uses a rewrite rule l→ r inside a Felleisen’s eval-
uation context [9, 8] E ∈ Ectx only; this is a new kind of restriction from the rewriting
theoretic point of view. In contrast, refinement⇒R uses a rewrite rule l ⇒ r inside an
arbitrary context C ∈ Ctx; this resembles general term rewriting.

From the viewpoint of rewriting theory, the roles of evaluation and refinement are
rather unusual. It is evaluation that specifies (the behaviour of) a programming lan-
guage as operational semantics. Evaluation is not simply a deterministic restriction of
refinement. Refinement which models optimisation should be validated with respect to
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(l→ r) ∈ E E ∈ Ectx
E[lθ]→E E[rθ]

(l⇒ r) ∈ R C ∈ Ctx
C[lθ]⇒R C[rθ]

Fig. 1. Evaluation and refinement relations, where θ is a substitution

evaluation. Indeed, compiler optimisation is meant to preserve evaluation results and
improve time efficiency of evaluation. This preservation and improvement deserve for-
mal validation.

Such validation can be provided as observational equivalence [22], and its quan-
titative variant, contextual improvement [27]. Observational equivalence t � u asserts
that two terms t and u cannot be distinguished by any context C; formally, if C[t] ter-
minates, C[u] terminates with the same evaluation result, and vice versa. Contextual
improvement additionally asserts that C[u] terminates with no more evaluation steps
than C[t]. This is a suitable notion to validate refinement which models optimisation.

Whereas the theory of refinement, which resembles general term rewriting, has been
deeply developed, evaluation seems to be a new kind of restricted rewriting and it lacks
a general theory from the perspective of term rewriting. This prevents useful ideas and
techniques of term rewriting from transferring from refinement to evaluation. In recent
work [23] on a proof methodology of observational equivalence, it is informally ob-
served that a rewriting technique can be useful for proving observational equivalence
and contextual improvement. This methodology informally employs critical pair analy-
sis, a fundamental technique in rewriting theory. The idea is that t � u holds if replacing
t with u (which means applying a refinement rule t ⇒ u) in any program does not con-
flict with any evaluation rule l→ r.

This paper aims at formalising this connection between observational equivalence
proofs and critical pair analysis. In doing so, we introduce a new rewriting-theoretic
formalisation of evaluation. Our contributions are:

• introducing a new formalisation of term evaluation systems (TES), and its combi-
nation with refinement, dubbed term evaluation and refinement systems (TERS), in
both first-order and second-order settings,

• identifying sufficient conditions for contextual improvement that include a notion
of local coherence,

• establishing critical pair analysis for local coherence, and
• demonstrating TERS with examples including a computational lambda-calculus

and its extension with effect handlers.

The key concepts of our development are evaluation contexts, values and local co-
herence. Evaluation contexts are treated axiomatically. Values specify successful results
of evaluation; not all normal forms of evaluation are deemed successful. Such distinc-
tion of values has been studied in second-order rewriting [14]. Finally, local coherence
is a notion from the rewriting literature; it is namely a sufficient condition for confluence
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in equational rewriting [15, 3]. We exploit the notion for TERS instead of equational
rewriting3.

1.1 Examples of TES and TERS

The standard left-to-right call-by-value lambda-calculus is a TES. Terms t, t′ including
values v are defined as below, and the call-by-value evaluation strategy is specified using
evaluation contexts E and one evaluation rule→:

v ::= λx.t, t, t′ ::= x | v | t t′, E ::= � | E t | v E, (λx.t) v→ t[v/x].

Values v appearing in this specification play a significant role. The definition of evalu-
ation contexts notably includes the clause v E where the left subterm v is restricted to
values. This ensures the left-to-right evaluation of application t t′; the right subterm t′

can be evaluated only after the left subterm t has been evaluated to a value. Additionally,
the redex (λx.t) v restricts the right subterm v to values. This ensures the call-by-value
evaluation of application.

A simplified computational lambda-calculus λml∗ [26] is a TERS. Its terms are either
values v, v′ or computations p, p′, and its evaluation (which has been studied [7]) is
specified using evaluation contexts E and two evaluation rules→:

v, v′ ::= x | λx.p, p, p′ ::= return(v) | let x = p in p′ | v v′,

E ::= � | let x = E in p, (λx.p) v→ p[v/x], let x = return(v) in p→ p[v/x].

We can observe that evaluation contexts constrain where evaluation rules can be applied,
namely in the subterm p of let x = p in p′. Again, values in evaluation rules assure
the call-by-value evaluation of application and let-binding.

Originally, the calculus λml∗ is specified by equations rather than evaluation. Di-
rected equations can be seen as the following five refinement rules⇒:

(λx.p) v⇒ p[v/x], let x = return(v) in p⇒ p[v/x],
λx.v x⇒ v, let x = p in return(x)⇒ p,

let x1 = (let x2 = p2 in p1) in p3 ⇒ let x2 = p2 in let x1 = p1 in p3.

While the first two rules represent β-conversion, the third one represents η-conversion.
The fourth one removes the trivial let-binding, and the last one flattens let-bindings. We
can observe that the last three rules simplify terms.

We now have a TERS of λml∗ which has both evaluation and refinement. We are
now interested in whether refinement is valid with respect to evaluation. Our goal here
is namely to prove contextual improvement: that is, for any refinement t ⇒R u and any
context C ∈ Ctx, if evaluation of C[t] terminates, then evaluation of C[u] terminates
with no more evaluation steps.

To prove contextual improvement, we would need to analyse how each evaluation
step interferes with the refinement t ⇒R u. This amounts to analyse how each evaluation

3 TERS is not equational rewriting. Refinement is compile-time rewriting, and we do not evalu-
ate modulo refinement.
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Fig. 2. Joinability for confluence, commutation and local coherence

rule l → r can conflict with each refinement rule l′ ⇒ r′. This is what exactly critical
pair analysis is targeted at.

Critical pair analysis is usually for proving confluence, which is a fundamental prop-
erty of term rewriting. It firstly enumerates the situation where two rewrite rules conflict
with each other. It then checks if the two conflicting rewritings can be joined. This is
illustrated in Fig. 2 (left), where the joining part is depicted in dashed arrows, and ‘∗’
means an arbitrary number of rewriting.

In our development, we exploit critical pair analysis for proving contextual im-
provement, and more specifically for proving local coherence. The analysis is targeted
at conflicts between evaluation→ and refinement⇒. We analyse if these conflicts can
be joined using evaluation and refinement; see Fig. 2 (right). To ensure improvement,
our notion of local coherence asserts that the joining part satisfies the inequality 1+k ≥ l
about the number of evaluation steps.

To prove the joinability for local coherence, we need to be careful with evaluation

contexts. We need to show that the 1 + k evaluation steps E[lθ] →E E[rθ]
k
→E u can

be simulated by the l evaluation steps s
l
→E s′. Naively, this can be done by showing

that the evaluation rule l→ r can also be applied to the term s. This, however, involves
making sure that the rule l→ r can be applied inside an evaluation context. This is not
a trivial issue; the evaluation context E might be modified by the refinement E[t]⇒R s.
This modification should be “mild”, and more precisely, refinement should not turn an
evaluation context into a non-evaluation context (see Def. 12 (2)).

Note that local coherence can be seen as a generalisation of commutation [30]; see
Fig. 2 (middle). Commutation is the case where k = 0, l = 1, and allowing only one
step of refinement⇒R instead of

∗
⇒R.

2 Preliminaries

Let N be the set of natural numbers. For any n ∈ N, let [n] denote the set {1, . . . , n}
(mind the starting point); for example, [0] = ∅, [1] = {1}, [2] = {1, 2}. We write A for a
sequence A1, . . . , An, and |A| for its length (i.e. n).

Given a binary relation → on a set S , let
∗
→ denote the reflexive and transitive

closure of →. For any k ∈ N,
k
→ denotes the k-fold composition of →. An element

x ∈ S is a normal form (with respect to→), if there exists no element x′ ∈ S such that
x→ x′. Let NF(→) denote the set of normal forms with respect to→.
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3 First-order Term Evaluation and Refinement Systems

Evaluation and refinement. Let Σ be a signature. Each element f ∈ Σ comes with
an arity n ∈ N; we write f : n. (First-order) terms are defined by the grammar t ::= x |
f (t1, . . . , tn) where x is a variable and f : n. Let TΣ be the set of terms. A term is closed
if it has no occurrence of variables.

A position of a term is given by a (possibly empty) sequence of positive numbers, in
the usual manner. Concatenation of sequences p, q is denoted by pq or p.q. Let Pos(t)
be the set of all positions in a term t. We write s[t]p for the term that is obtained by
replacing the sub-term of s at the position p with t. We write s|p for the sub-term of s at
the position p.

A substitution θ is given by a sequence {x1 7→ t1, . . . , xk 7→ tk} where x1, . . . , xk

are distinct variables. We write subst θ when θ is a substitution. Let tθ denote the term
where all occurrences of x1, . . . , xk in t are replaced by t1, . . . , tk, respectively. We call
tθ an instance of t.

A context is a term that involves exactly one hole �. Let Ctx be the set of con-
texts. Let C[t] denote the term where the hole � of C ∈ Ctx is replaced by t. A set
C of contexts is closed under substitutions if C ∈ C implies Cθ ∈ C for any subst θ,
and closed under composition if C,C′ ∈ C implies C[C′] ∈ C. The set C is inductive
if any C ∈ C is � or of the form f (t1, . . . , ti−1,C′, ti+1, . . . , tn) such that C′ ∈ C and
f (t1θ, . . . , ti−1θ,�, ti+1θ, . . . , tnθ) ∈ C for any subst θ.

Term evaluation systems (TES) can now be defined, as the standard term rewriting
with the new restriction imposed by means of evaluation contexts.

Definition 1 (TES). A term evaluation system is a tuple (Σ,E,Ectx,Val) consisting of
– a signature Σ,
– a set E of evaluation rules, where (l→ r) ∈ E with l, r ∈ TΣ, such that (i) every free

variable occuring in r also occurs in l and (ii) l is not a variable,
– a set Ectx ⊆ Ctx of evaluation contexts that is closed under substitutions, closed

under composition and inductive, and
– a set Val ⊆ NF(→E) of values that satisfies (i) v ∈ Val implies vθ ∈ Val for any

subst θ, and (ii) it comes with an equivalence relation =Val ⊆ Val × Val, where:
– the evaluation relation→E ⊆ TΣ × TΣ is defined in Fig. 1.

Values specify which normal forms of →E are regarded as successful results. For
example, in a TES for arithmetics, a term x + y is a normal form but it is not deemed a
successful result. The equivalence relation =Val specifies observations of these results in
terms of equivalence classes. For example, when the syntactic equality ≡ is used, each
value v ∈ Val becomes a distinct observation. On the other hand, when the total relation
> is used, values are all identified; this means that successful termination is the only
possible observation.

The evaluation relation →E is closed under evaluation contexts in Ectx. It is also
closed under substitutions, thants to Ectx being inductive.

Each TES can be equipped with refinement, which resembles general, unrestricted,
term rewriting.

Definition 2 (TERS). A term evaluation and refinement system is a tuple (Σ,E,R,Ectx,Val)
consisting of
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– A TES (Σ,E,Ectx,Val), and
– a set R of refinement rules where (l⇒ r) ∈ R with l, r ∈ TΣ, such that (i) every free

variable occuring in r also occurs in l and (ii) l is not a variable.
– The refinement relation⇒R ⊆ TΣ × TΣ is defined by the inference rule in Fig. 1.

We often simply write a TES (E,Val) and a TERS (E,R,Val). The refinement rela-
tion⇒R is closed under substitutions, and closed under arbitrary contexts in Ctx.

The following example is from the literature on context-sensitive rewriting.

Example 3 (Nats [20, Ex. 8.19]). Let Nats be the TERS defined as follows.

Signature Σ nats : 0, inc : 1, hd : 1, tl : 1, ‘:′ : 2, s : 1, 0: 0
Values Val V ::= 0 | s(V)
Evaluation contexts Ectx E ::= � | hd(E) | tl(E) | inc(E)
Evaluation rules E Refinement rule R
nats→ 0 : inc(nats) tl(inc(nats))⇒ inc(tl(nats))
inc(x : y)→ s(x) : inc(y)
hd(x : y)→ x
tl(x : y)→ y

We define =Val by the syntactic equality ≡, to allow each value to be observed separately.
The refinement rule is reversed, compared to the original one [20, Ex. 8.19], so that it
induces improvement; see Sec. 4 for details.

Joinability and improvement. Evaluation is constrained by means of evaluation con-
texts, usually to have the evaluation relation →E deterministic. Bridging the gap be-
tween evaluation and refinement, we are interested in joinability up to R defined as
follows. The joinability is quantitative with an extra constraint on the number of evalu-
ation steps.

Definition 4 (Peaks, joinability).
– An E-peak is given by a triple (s1, t, s2) such that t →E s1 and t →E s2.
– An (R,E)-peak is given by a triple (s1, t, s2) such that t ⇒R s1 and t →E s2.
– An E-peak (s1, t, s2) is trivial if s1 ≡ s2 holds.
– An (R,E)-peak (s1, t, s2) is joinable up to R if there exist k, l ∈ N and u1, u2 such

that s1
k
→E u1, s2

l
→E u2, 1 + l ≥ k and u2

∗
⇒R u1.

Definition 5 (Rewriting properties).
– A TES (E,Val) is deterministic if every E-peak (s1, t, s2) is trivial.
– A TERS (E,R,Val) is locally coherent if every (R,E)-peak is joinable up to R.

We say a TERS (E,R,Val) is deterministic if (E,Val) is deterministic. We also simply
say an (R,E)-peak is joinable, omitting “up to R.”

We formalise the key concept that relates evaluation with refinement in TERS. It is
the so-called (contextual) improvement [27]: that is, any refinement t ⇒R s cannot be
distinguished by evaluation→E inside any contexts, and the refinement cannot increase
the number of evaluation steps that are needed for termination. Observation is made
according to the set Val of values and its associated equivalence relation =Val.
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Definition 6 (Value-invariance, improvement).
– A TERS (E,R,Val) is value-invariant if, for any v ∈ Val and s ∈ TΣ, v⇒R s implies

s ∈ Val and v =Val s.
– For a TERS (E,R,Val), R is improvement w.r.t. E if, for any k ∈ N, v ∈ Val,

t ⇒R s and any C ∈ Ctx such that C[t],C[s] are closed terms, C[t]
k
→E v implies

C[s]
m
→E v′ for some m ∈ N and v′ ∈ Val such that v =Val v′ and k ≥ m.

Improvement is notoriously difficult to directly prove, because of the universal
quantification over all contexts. The following is our first main theorem providing a
rewriting-theoretic sufficient condition for improvement, for deterministic TERS.

Theorem 7 (Sufficient condition for improvement: first-order version). If a TERS
(E,R,Val) is deterministic, value-invariant and locally coherent, then the set R of re-
finement rules is improvement w.r.t. the set E of evaluation rules.

This theorem requires to prove determinism, value-invariance and local coherence.
When a TERS is orthogonal, determinism boils down to showing that each term can
be uniquely decomposed into an evaluation context and a redex. In typical TERS, the
equivalence relation =Val on values can be decided by simply comparing head symbols.
This makes it easy to verify value-invariance. We will show that local coherence can be
shown by critical pair analysis in Sec. 4.

4 Critical pair analysis for local coherence

Critical pairs. The definition of critical pairs is standard; it resembles the definition of
critical pairs for commutation [30]. Note that critical pairs are generated by two kinds
of overlaps, due to asymmetry of (R,E)-peaks.

Definition 8 (Unifiers).
– A unifier between t and u is a substitution θ such that tθ = uθ.
– A most general unifier between t and u is given by a unifier θ between t and u

such that, for any unifier σ between t and u, there exists a substitution σ′ such that
σ = θσ′.

Definition 9 (Overlaps). Let X1,X2 ∈ {R,E}. Given rules (l1 _1 r1) ∈ X1, (l2 _2
r2) ∈ X2 and a substitution θ, a quadruple (l1 _1 r1, l2 _2 r2, p, θ) is an (X1,X2)-
overlap if it satisfies the following.

– The rules l1 _1 r1 and l2 _2 r2 do not have common variables.
– If p = ε, the rules l1 _1 r1 and l2 _2 r2 are not variants of each other.
– The sub-term l1|p is not a variable, where p is a position of l1.
– The substitution θ is a most general unifier between l1|p and l2.

Definition 10 (Critical pairs).
– The critical pair generated by an (R,E)-overlap (l1 ⇒ r1, l2 → r2, p, θ) is an (R,E)-

peak (r1θ, l1θ, (l1θ)[r2θ]p).
– The critical pair generated by an (E,R)-overlap (l1 → r1, l2 ⇒ r2, p, θ) is an (R,E)-

peak ((l1θ)[r2θ]p, l1θ, r1θ).

Lemma 11. If a critical pair (t1, s, t2) is joinable, then for any substitution θ, (t1θ, sθ, t2θ)
is a joinable (R,E)-peak.
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tl(inc(nats))

++ow
inc(tl(nats))

��

tl(inc(0 : inc(nats)))

��
inc(tl(0 : inc(nats)))

++

tl(s(0) : inc(inc(nats)))

ss
inc(inc(nats))

Fig. 3. Joinability of the critical pair

Critical pair theorem. To obtain the so-called critical pair theorem, we need to impose
extra conditions on TERS that are summarised below.

Definition 12 (Well-behaved TERS). A TERS (Σ,E,R,Ectx,Val) is well-behaved if it
satisfies the following.
1. For any C1,C2 ∈ Ctx, if C1[C2] ∈ Ectx then C1,C2 ∈ Ectx.
2. For any E ∈ Ectx and C′ ∈ Ctx, if E ⇒R C′ then C′ ∈ Ectx.
3. For any (l⇒R r) ∈ R and any variable x, the following holds.

(a) The variable x appears at most once in l, and at most once in r.
(b) Let p be the position of x in l. For the position q of x in r, if l[�]p ∈ Ectx then

r[�]q ∈ Ectx.
4. For any (l→E r) ∈ E, any variable x appears at most once in l.

The condition (1) is usually satisfied by inductively-defined evaluation contexts.
The condition (2) was already discussed in Sec. 1.1. The other conditions are rather
technical (see Sec. A.3 for some details), but these are easy to verify.

Theorem 13 (Critical pair theorem). A well-behaved TERS is locally coherent if and
only if every critical pair is joinable.

The example. The TERS Nats in Example 3 is deterministic, value-invariant and lo-
cally coherent (Prop. 29 in Appendix). By Thm. 7, its refinement R is improvement
w.r.t. its evaluation E. In the proof of local coherence, we observe that the TERS Nats
has one critical pair; it is joinable as in Fig. 3. The direction of refinement, which we
reversed compared to the original [20], is crucial. Refinement must not increase the
number of evaluation steps.

5 Second-Order Term Evaluation and Refinement Systems

Next we extend our framework to the second-order setting. By second-order we mean to
use second-order abstract syntax [12, 10], i.e. syntax with variable binding and metavari-
ables. It allows us to formally deal with higher-order term languages as in second-order
algebraic theories [11] and second-order computation systems [13, 14].



Term Evaluation Systems 9

Meta-terms. In addition to the countably infinite set X of variables, let Z be a countably
infinite set of metavariables. Each element M ∈ Z comes with an arity m ∈ N; we write
M : m. Let ≡ denote the syntactic equality on metavariables. Let Σ be a signature, each
of whose element f ∈ Σ comes with a sequence 〈n1, . . . , nl〉 of natural numbers called a
binding arity; we write f : 〈n1 . . . , nl〉.

Let MΣ denote the set of meta-terms defined using the signature Σ, the set X of
variables and the set Z of metavariables. A judgement Θ B Γ ` t consists of a set Θ

of metavariables, a set Γ of variables, and a meta-term t. A well-formed meta-term is a
meta-term t such that a judgement Θ B Γ ` t is derivable by formation rules below for
some Θ,Γ. We assume that meta-terms are well-formed.

x ∈ Γ
Θ B Γ ` x

(M : m) ∈ Θ {Θ B Γ ` ti}i∈[m]

Θ B Γ ` M[t1, . . . , tm]

( f : 〈n1, . . . , nl〉) ∈ Σ {Θ B Γ, xi ` ti}i∈[l] {|xi| = ni}i∈[l]

Θ B Γ ` f (x1.t1, . . . , xl.tl)

In a meta-term f (x1.t1, . . . , xl.tl), each xi.ti introduces bound variables xi. We as-
sume the α-equivalence for bound variables. A meta-term M[t1, . . . , tm] is called a meta-
application. The arguments t1, . . . , tm can be seen as explicit substitution for variables;
when a meta-term s substitutes the metavariable M, free variables of s gets substituted
by t1, . . . , tm. A term is a meta-term that contains no meta-application. A term is closed
if it has no occurrence of variables.

A position of a meta-term is given by a (possibly empty) sequence of positive num-
bers. Let Pos(t) be the set of all positions in a meta-term t. We write s[t]p for the meta-
term that is obtained by replacing the sub-term of s at the position p with t. We write
s|p for the sub-term of s at the position p.

We say that a position p in a meta-term t is a metavariable position if t|p is a meta-
application, i.e., t|p = M[t1, . . . , tn]. This description includes the case t|p = M where
n = 0, for which we identify M[ ] with just a metavariable M.

A substitution θ is given by a sequence [M1 7→ x1.s1, . . . ,Mk 7→ xk.sk] such that:
(i) M1, . . . ,Mk are distinct metavariables, and (ii) for some Θ,Γ and for each i ∈ [k],
(Mi : |xi|) ∈ Z and Θ B Γ, xi ` si hold. We call Θ B Γ a support of θ, and write
substΘBΓ θ when θ is a substitution with a support Θ B Γ. We sometimes simply write
subst θ, omitting the support. Given a meta-term Θ,M1 : |x1|, . . . ,Mk : |xk | B Γ ` t, a
meta-term tθ is defined by

xθ = x ( f (x1.t1, . . . , xl.tl))θ = f (x1.t1θ, . . . , xl.tlθ)

(M[t1, . . . , tm])θ =

si{(xi)1 7→ t1θ, . . . , (xi)m 7→ tmθ} (∃i ∈ [k]. M ≡ Mi)
M[t1θ, . . . , tmθ] (otherwise)

The meta-term si{(xi)1 7→ t1θ, . . . , (xi)m 7→ tmθ} is the result of standard (capture-
avoiding) substitution for variables. We call tθ an instance of t.

A meta-term is a higher-order pattern if each occurrence of meta-application has
the form M[x1, . . . , xm] such that x1, . . . , xm are distinct bound variables.



10 K. Muroya and M. Hamana

A context C is a meta-term that involves exactly one hole �. A context is flat if
any prefix of the position of the hole is not a metavariable position; e.g. f (x.�) is a
flat context, but M[�] and M[ f (x.�)] are not flat contexts. Let Ctx be the set of con-
texts. Let C[t] denote the term where the hole � of C ∈ Ctx is replaced by t. A set
C of contexts is closed under substitutions if C ∈ C implies Cθ ∈ C for any subst θ,
and closed under composition if C,C′ ∈ C implies C[C′] ∈ C. The set C is inductive
if any C ∈ C is � or of the form f (t1, . . . , ti−1,C′, ti+1, . . . , tn) such that C′ ∈ C and
f (t1θ, . . . , ti−1θ,�, ti+1θ, . . . , tnθ) ∈ C for any subst θ.

Syntax classes. We introduce a notion of syntactic classification for terms, typically
used for distingushing values and non-values, following [14]. In loc. cit., the call-
by-value lambda-calculus (dubbed λvalue-calculus) involves the following two syntax
classes of values and non-values.

Values V ::= x | λx.M Non-values P ::= M N

This also specifies two special names V, P of metavariables that are used for values
and non-values. In general, we define a set Sclass of names for syntax classes. Each
syntax class is associated with a BNF grammar to define a set of meta-terms. Every
metavariable is either associated with a syntax class and called “<syntax class name>

metavariable”, or not associated and called general metavariable. Moreover, we assume
a default syntax class value to denote values.

For example, in the case of λvalue-calculus, we define Sclass = {values V ::= x |
λx.M, non-values P ::= M N}. The metavariable V is called a value metavariable, and
M is a general metavariable.

Substitutions must also be consistent with syntax classes. A substitution θ is valid
if for each assignment (M 7→ x.s) ∈ θ, M and s’s syntax class are the same, or if M
is a general metavariable then s can be arbitrary. We write valid θ when θ is a valid
substitution.

Composition of valid substitutions is again valid, under the assumption that each
syntax class is closed under substitution: that is, for each syntax class, if a meta-term t
is included then tθ is also included, where θ is a substitution.

Evaluation and refinement. Second-order TES and TERS can now be defined, in an
analogous way to the first-order setting.

Definition 14 (Second-order TES). A second-order term evaluation system is a tuple
(Σ,E,Ectx, Sclass) consisting of

– a signature Σ,
– a set E of evaluation rules, where (l → r) ∈ E with l, r ∈ MΣ, such that (i) every

free metavariable occuring in r also occurs in l and (ii) l is not a variable nor a
metavariable,

– a set Ectx ⊆ Ctx of flat contexts, called evaluation contexts, that is closed under
substitutions, closed under composition and inductive, and

– a set Sclass of syntax classes that includes a value class (V,Val) that satisfies (i)
Val ⊆ NF(→E), (ii) v ∈ Val implies vθ ∈ Val for any valid θ, and (iii) it comes with
an equivalence relation =Val ⊆ Val × Val where:
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– the evaluation relation→E ⊆ MΣ ×MΣ is defined in Fig. 1 where θ is valid.

The evaluation relation→E is closed under evaluation contexts in Ectx. It is closed
under substitutions, thanks to Ectx being an inductive set of flat contexts.

Definition 15 (Second-order TERS). A second-order term evaluation and refinement
system is a tuple (Σ,E,R,Ectx, Sclass) consisting of

– A second-order TES (Σ,E,Ectx, Sclass), and
– a set R of refinement rules where (l ⇒ r) ∈ R with l, r ∈ MΣ, such that (i) every

free metavariable occuring in r also occurs in l and (ii) l is not a variable nor a
metavariable.

– The refinement relation⇒R ⊆ MΣ ×MΣ is defined in Fig.1 where θ is valid.

The refinement relation⇒R is closed under arbitrary contexts in Ctx. It is not closed
under substitutions per se, but it satisfies the following: t ⇒R u implies tθ

∗
⇒R uθ for

any valid θ.
We also assume that the lhs of every rule is a Miller’s higher-order pattern [21] to

make unification decidable.

Joinability and improvement. The definitions of peaks, joinability (see Def. 4), rewrit-
ing properties (Def. 5), and improvement (Def. 6) are inherited from the first-order case.
Finally, the first main theorem (Thm. 7) also holds in the second-order setting:

Theorem 16 (Sufficient condition for improvement: second-order version). If a second-
order TERS (Σ,E,R,Ectx, Sclass) is deterministic, value-invariant and locally coherent,
then R is improvement w.r.t. E.

Examples. In the remainder of this section, we present three examples of TERS.

Example 17 (Left-to-right call-by-value lambda-calculus). A TERS CBVλ of the
left-to-right call-by-value lambda-calculus is defined as follows, where t is a term, v is
a value, M is a general metavariable, and V is a value metavariable. We use syntactic
sugar λx.t ≡ λ(x.t), t u ≡ @(t, u).

Signature Σ λ : 〈1〉, @: 〈0, 0〉
Syntax class Sclass values V ::= λx.t
Evaluation contexts Ectx E ::= � | E t | v E
Evaluation rules E Refinement rules R
(λx.M[x]) V → M[V] (λx.M[x]) V ⇒ M[V]

λx.V x⇒ V

We define =Val by the total relation>, namely λx.t =Val λy.u for arbitrary t, u ∈ MΣ. This
means that we observe only termination (since Val ⊆ NF(→E)), identifying all values.

Example 18 (A simplified computational lambda-calculus λml∗ [26, 7]). A notion of
evaluation for Sabry and Wadler’s computational lambda-calculus λml∗ [26] has been
studied [7]. A TERS Compλml∗ of the computational lambda-calculus is defined in
Fig. 4. We use syntactic sugar λx.t ≡ λ(x.t), t u ≡ @(t, u). We define =Val by the total
relation >. This means we observe only termination (since Val ⊆ NF(→E)), identifying
all values.
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Signature Σ λ : 〈1〉, @: 〈0, 0〉, let : 〈0, 1〉, return : 〈0〉

Syntax class Sclass

Values V,V ′ ::= x | λx.P

Computations P, P′ ::= return(V) | let(P, x.P′) | V V ′

Evaluation contexts Ectx E ::= � | let(E, x.P)

Evaluation rules E
(λx.P[x]) V → P[V] (1)

let(return(V), x.P[x])→ P[V] (2)

Refinement rules R
(λx.P[x]) V ⇒ P[V] (r1)

let(return(V), x.P[x])⇒ P[V] (r2)

λx.V x⇒ V (r3)

let(P, x.return(x))⇒ P (r4)

let(let(P1, x1.P2[x1]), x2.P3[x2])⇒ let(P1, x1.let(P2[x1], x2.P3[x2])) (r5)

Fig. 4. The TERS Compλml∗

Example 19 (Effect handlers [25]). A TERS Hndl is defined in Fig. 5, where V,V1,V2
are value metavariables, H is a handler metavariable, and P, P1, P2, . . . are computation
metavariables.

We only consider two operations op1, op2 and two handlers: handler1 for catch-
ing the first operation op1 and handler0 for catching no operation, for simplicity. We
change the evaluation rule (7) to be the so-called shallow handling; the original, deep
handling, rule [25] can be accommodated to a TERS, but this TERS would not be well-
behaved4.

We also select the refinement rules that do not correspond to an evaluation rule and
those whose lhs is a Miller’s higher-order pattern5. The refinement rules are numbered
according to the original presentation [25, Fig. 7].

We define =Val for the TERS Hndl as follows, where v is any value.

x =Val v true =Val true false =Val false fun(x.p) =Val fun(x′.p′)
handler1(x.p, x.k.p1) =Val handler1(x′.p′, x′.k′.p′1)

handler0(x.p) =Val handler0(x′.p′)

This means that we distinguish each ground type value (i.e. boolean value), and observe
merely termination for other values (i.e. functions and handlers), although the TERS
Hndl is untyped.

4 More specifically, the metavariable P1 would appear twice in the rhs of the original rule of the
evaluation rule (7).

5 The refinement rule (7) in [25, Fig. 7] is the only refinement rule whose lhs is not a Miller’s
higher-order pattern.
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Signature Σ

true : 〈0〉, false : 〈0〉, fun : 〈1〉, @: 〈0, 0〉, return : 〈0〉, op1 : 〈0, 1〉, op2 : 〈0, 1〉,
handler1 : 〈1, 2〉, handler0 : 〈1〉, do : 〈0, 1〉, if : 〈0, 0, 0〉, with_handle : 〈0, 0〉
Syntax class Sclass
functions F ::= x | fun(x.P)
values V ::= true | false | F | H
handlers H ::= handler1(x.P, x.k.P1) | handler0(x.P)
computations P, P1, P2 ::= return(V) | op(V, y.P) | do(P1, x.P2)

| if(V, P1, P2) | F V | with_handle(H, P)
Evaluation contexts Ectx E ::= � | do(E, x.P) | with_handle(H, E)
Evaluation rules E where i ∈ [2]
do(return(V), x.P[x])→ P[V] (1)
do(opi(V, y.P1[y]), x.P2[x])→ opi(V, y.do(P1[y], x.P2[x])) (2)
if(true, P1, P2)→ P1 (3)
if(false, P1, P2)→ P2 (4)
fun(x.P[x]) V → P[V] (5)
In the following three rules, h1 ≡ handler1(x.P[x], x.k.P1[x, k]).
with_handle(h1, return(V))→ P[V] (6)
with_handle(h1, op1(V, y.P′[y]))→ P1[V, fun(y.P′[y])] (7)
with_handle(h1, op2(V, y.P′[y]))→ op2(V, y.with_handle(h1, P′[y])) (8)
In the following two rules, h0 ≡ handler0(x.P[x]).
with_handle(h0, return(V))→ P[V] (9)
with_handle(h0, opi(V, y.P

′[y]))→ opi(V, y.with_handle(h0, P′[y])) (10)
Refinement rules R
do(P, x.return(x))⇒ P (r3)
do(do(P1, x1.P2[x1]), x2.P3[x2])⇒ do(P1, x1.do(P2[x1], x2.P3[x2])) (r4)
fun(x.F x)⇒ F (r9)
with_handle(handler0(x.P[x]), P′)⇒ do(P′, x.P[x]) (r13)

Fig. 5. The TERS Hndl

6 Second-order critical pair analysis for local coherence

Critical pairs. The following definitions are analogous to those of first-order TERS.
The definition of critical pairs is again standard, akin to commutation.

Definition 20 (Unifiers).
– A unifier between t and u is a valid substitution θ such that tθ = uθ.
– A most general unifier between t and u is given by a unifier θ between t and u such

that, for any unifier σ between t and u, there exists a valid substitution σ′ such that
σ = θσ′.

Definition 21 (Overlaps). Let X1,X2 ∈ {R,E}. Given rules (l1 _1 r1) ∈ X1, (l2 _2
r2) ∈ X2 and a substitution θ, a quadruple (l1 _1 r1, l2 _2 r2, p, θ) is an (X1,X2)-
overlap if it satisfies the following.

– The rules l1 _1 r1 and l2 _2 r2 do not have common variables or metavariables.
– If p = ε, the rules l1 _1 r1 and l2 _2 r2 are not variants of each other.
– The sub-term l1|p is not a meta-application, where p is a position of l1.
– The substitution θ is a most general unifier between l1|p and l2.
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Definition 22 (Critical pairs).
– The critical pair generated by an (R,E)-overlap (l1 ⇒ r1, l2 → r2, p, θ) is an (R,E)-

peak (r1θ, l1θ, (l1θ)[r2θ]p).
– The critical pair generated by an (E,R)-overlap (l1 → r1, l2 ⇒ r2, p, θ) is an (R,E)-

peak ((l1θ)[r2θ]p, l1θ, r1θ).

Lemma 23. If a critical pair (t1, s, t2) is joinable, then for any valid substitution θ,
(t1θ, sθ, t2θ) is a joinable (R,E)-peak.

To obtain the so-called critical pair theorem, TERS need to be well-behaved again.
The following conditions are similar to the first-order case (see Def. 12), except for
the last two conditions which ensure that evaluation and refinement are consistent with
syntax classes.

Definition 24 (Well-behaved TERS). A TERS (Σ,E,R,Ectx, Sclass) is well-behaved
if it satisfies the following.
1. For any C1,C2 ∈ Ctx, if C1[C2] ∈ Ectx then C1,C2 ∈ Ectx.
2. For any E ∈ Ectx and C′ ∈ Ctx, if E ⇒R C′ then C′ ∈ Ectx.
3. For any (l ⇒R r) ∈ R and any metavariable N that is not a value metavariable, the

following holds.
(a) The metavariable N appears at most once in l, and at most once in r.
(b) Let p be the position of N in l. For the position q of N in r, if l[�]p ∈ Ectx then

r[�]q ∈ Ectx.
4. For any (l→E r) ∈ E, any metavariable N appears at most once in l.
5. For any (l⇒R r) ∈ R and any valid θ, if lθ belongs to a class then rθ belongs to the

same class.
6. For any (l→E r) ∈ R and any valid θ, if lθ belongs to a class then rθ belongs to the

same class.

Theorem 25 (Critical pair theorem). A well-behaved TERS is locally coherent if and
only if every critical pair is joinable.

The three examples. The TERSs CBVλ, Compλml∗ and Hndl are deterministic, value-
invariant and locally coherent (Prop. 34, Prop. 35 & Prop. 36 in Appendix). By Thm. 7,
every refinement R in the examples is improvement w.r.t. the corresponding evaluation
E.

7 Related work

Unlike general term rewriting (i.e., refinement), evaluation that uses Felleisen’s evalu-
ation contexts has received little attention in the rewriting literature. As an exception,
Faggian et al. [7, 6] studied evaluation for specific simplified computational lambda-
calculi including λml∗. They proved that refinement implies observational equivalence,
crucially using the fact that refinement is confluent in these calculi. In contrast, we study
evaluation for general TERS. We identify sufficient conditions (e.g. local coherence) for
contextual improvement, not relying on confluence of refinement.
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In the first-order setting, Lucas’ context-sensitive rewriting [20] is capable of re-
stricting where rewriting may happen, by means of a replacement map µ : Σ → N∗.
It is possible to encode any replacement map into evaluation contexts. For example,
a replacement map µ(if) = {1} specifies that only the first argument (i.e. the guard
t of if(t, s1, s2)) can be rewritten. This can be encoded into evaluation contexts as
E ::= � | if(E, s1, s2). Another example is µ(+) = {1, 2} that specifies both of the
two arguments of + can be rewritten. This can be encoded as E ::= � | E + t | t + E. Ev-
ery context-sensitive rewriting system can be simulated by a first-order TES in this way.
Advantages of TERS are that (1) TES can also control the evaluation order easily (e.g.
the left-to-right evaluation of function application), and (2) we have also formulated
second-order TES with refinements as TERS.

Another term-rewriting alternative to evaluation contexts is rewriting strategies [16]
that provide a way of determinising rewriting. Evaluation typically comes with a con-
venient inductive structure, which is lacking in strategies.

There is rich literature on methodologies for proving observational equivalence [1,
18, 24, 28]. Some methodologies have been applied to effect handlers [5, 4]. We pro-
vide a novel term-rewriting-theoretic methodology centred around local coherence and
critical pair analysis.

Our methodology is partly automatable, thanks to the fact that critical pair analysis
for second-order computation systems can be automated [13, 14]. Our prototype ana-
lyzer based on this technology could automatically check the joinablity of all the critical
pairs in the examples (see Appendix C for Hndl). There are few works on automating
observational equivalence proofs for functional programs. Known examples, including
the tool SyTeCi [17], are based on or inspired by algorithmic game semantics [2].

This work is targeted at contextual improvement, a quantitative variant of obser-
vational equivalence. There is relatively limited literature on proof methodologies for
contextual improvement. A coinductive approach based on applicative bisimulation has
been used for space improvement [29] and time improvement [19]. This line of work,
however, does not come with any form of automation.

8 Conclusion and future work

We formalised evaluation from the term-rewriting perspective, and introduced TERS in
both first-order and second-order settings. To validate refinement (which models opti-
misation) with respect to evaluation, we employed the concept of contextual improve-
ment, and identified sufficient conditions for it. The key condition is local coherence,
for which we developed critical pair analysis. We demonstrated TERS with examples
including λml∗ and its extension with effect handlers.

This work contributes to bridging the gap between general term rewriting and eval-
uation, by introducing TERS. We are interested in bringing more term-rewriting tech-
niques and insights to evaluation; for example to check if a TERS is deterministic, and
if refinement implies observational equivalence instead of contextual improvement.
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A Omitted proofs

A.1 Proofs for Sec. 3 and Sec. 4

Theorem 26 (Thm. 7: sufficient condition for improvement). If a TERS is determin-
istic, value-invariant and locally coherent, then it supports improvement.

Proof. Take arbitrary k ∈ N and t, u ∈ TΣ such that t ⇒R u and t
k
→E v ∈ Val. We first

prove that t ⇒R u and t
k
→E v imply u

m
→E v′, v =Val v′ and k ≥ m, for any k ∈ N, by

induction on k.

Base case. When k = 0, we have t = v. Because the TERS (E,R) is value-invariant, we
have u ∈ Val and v =Val u. We can take m = 0.

Inductive case. When k > 0, there exists t′ ∈ TΣ such that t →E t′
k−1
→E v. Because

the TERS (E,R) is locally coherent, the (R,E)-peak (u, t, t′) is joinable up to R; namely

there exist t′′, u′ ∈ TΣ and l,m, n ∈ N such that t′
l
→E t′′, u

n
→E u′, t′′

m
⇒R u′ and

1 + l ≥ n. Because the TERS (E,R) is deterministic, t′′ must appear in the sequence

t′
k−1
→E v, and hence t →E t′

l
→E t′′

k−l−1
→ E v. We prove that we have the following

situation:
t
��|�

u
n ��

t′
l��

u′
n′ ��

t′′

k−l−1��
m

ks

v′ v
Val

namely that there exist n′ ∈ N and v′ ∈ Val such that u′
n′
→E v′ and v =Val v′, by

induction on m ∈ N.
– Base case. When m = 0, t′′ = u′. We can take n′ = k − l − 1 and v′ = v. Because

1 + l ≥ n, we have k ≥ n + n′.

– Inductive case. When m > 0, we have t′′
m−1
⇒ R u′′ ⇒R u′ for some u′′ ∈ TΣ. By I.H.

on m − 1, we have u′′
n′′
→E v′′ such that v′′ =Val v and k − l − 1 ≥ n′′. Furthermore,

by I.H. of the outer induction on n′′, we have u′
n′
→E v′ such that v′′ =Val v′ and

n′′ ≥ n′. We finally have k ≥ n + n′.

As a result, we have u
n+n′
→ E v′ such that v =Val v′ and k ≥ n+n′. We can take m = n+n′.

Secondly, because⇒R is closed under any contexts, t ⇒R u implies C[t] ⇒R C[u]

for any C ∈ Ctx. Therefore, t ⇒R u and C[t]
k
→E v imply C[u]

m
→E v′ such that k ≥ m

and v =Val v′, for any v ∈ Val. ut

Lemma 27 (Lem. 11). If a critical pair (t1, s, t2) is joinable, then for any substitution θ,
(t1θ, sθ, t2θ) is a joinable (R,E)-peak.
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Proof. We have a joinable (R,E)-peak (t1, s, t2). Since refinement and evaluation are
closed under substitution, (t1θ, sθ, t2θ) is also a joinable (R,E)-peak. ut

Theorem 28 (Thm. 13: Critical pair theorem). A well-behaved TERS is locally co-
herent if and only if every critical pair is joinable.

Proof. The “only if” part is straightforward. In the following, we prove the “if” part.
Take an arbitrary (R,E)-peak (t1, s, t2). Our goal is to prove that this (R,E)-peak is

joinable. Since s ⇒R t1, there exist p ∈ Pos(s), (l ⇒ r) ∈ R and subst θ such that
s|p = lθ, t1 = s[rθ]p and s[�]p ∈ Ctx. We prove that the (R,E)-peak (t1, s, t2) is joinable,
by induction on the length of the position p.

Base case. When |p| = 0, i.e. p = ε, we have s = lθ and t1 = rθ. Because lθ →E t2, there
exist p′ ∈ Pos(lθ), (l′ → r′) ∈ E and subst θ′ such that (lθ)|p′ = l′θ′, t2 = (lθ)[r′θ′]p′ and
(lθ)[�]p′ ∈ Ectx. We have an (R,E)-peak P = (rθ, lθ, (lθ)[r′θ′]p′ ).

– If p′ = ε, and l⇒ r and l→ r are variants of each other, we have rθ = r′θ′ and the
(R,E)-peak P is joinable.

– Otherwise, there are two possibilities.
• If p′ is a non-variable position of l, the (R,E)-peak P is an instance of the

critical pair generated by an (R,E)-overlap.
• Otherwise, there exist sequences q1, q2 and a variable y such that: q1 ∈ Pos(l),

l|q1 = y, q2 ∈ Pos(yθ), and p′ = q1q2. Because of the condition (1) of Def. 12,
(lθ)[�]p′ ∈ Ectx implies l[�]q1 , yθ[�]q2 ∈ Ectx. The variable y must appear at
most once in both l and r, due to the condition (3a) of Def. 12. If y does not
appear in r, the (R,E)-peak P is joinable by applying the rule l ⇒ r to t2.
Otherwise, i.e. if y appears once in r, the rule l′ → r′ can be applied to t1
thanks to the condition (3b) of Def. 12, and the rule l⇒ r can be applied to t2.
These two applications yield the same result. Therefore, we can conclude that
the (R,E)-peak P is joinable.

Inductive case. When |p| > 0, we have p = ipt for some positive number i and some
sequence pt. We have s = f (x1.u1, . . . , xi.ui, . . . , xk.uk), lθ = ui|pt . We have an (R,E)-
peak

P′ = ( f (x1.u1, . . . , xi.ui[rθ]pt , . . . , xk.uk), f (x1.u1, . . . , xi.ui, . . . , xl.ul), t2).

By s →E t2, there exist p′ ∈ Pos(s), (l′ → r′) ∈ E and subst θ′ such that s|p′ = l′θ′,
t2 = s[r′θ′]p′ and s[�]p′ ∈ Ectx. We proceed by case analysis on p′ ∈ Pos(s).

– When p′ = ε , we have s = l′θ′ and t2 = r′θ′.
• If p is a non-variable position of l′, the (R,E)-peak P′ is an instance of the

critical pair generated by an (E,R)-overlap.
• Otherwise, there exist sequences q1, q2 and a variable y such that: q1 ∈ Pos(l′),

l′|q1 = y, q2 ∈ Pos(yθ′), and p = q1q2. The variable y appears at most once in
l′, due to the condition (4) of Def. 12. We can apply the rule l′ → r′ to t1. We
can also apply the rule l ⇒ r to t2, as many times as y appears in r′. These
applications of l′ → r′ and l ⇒ r yield the same result. The (R,E)-peak P′ is
therefore joinable.
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– When p′ , ε, i.e. p′ = i′p′t for some positive number i′ and some sequence p′t ,
there are two possibilities.
• When i′ = i, by I.H., we have a joinable (R,E)-peak

Q = (ui[rθ]pt , ui, ui[r′θ′]p′t ).

Because f (. . . , xi.ui[�]pt , . . .) ∈ Ectx, we have f (. . . , xi.�, . . .) ∈ Ectx too,
thanks to the condition (1) of Def. 12. Therefore, joinability of the (R,E)-peak
Q implies joinability of the (R,E)-peak P′.

• When i′ , i, we can assume that i′ < i without loss of generality. The (R,E)-
peak

P′ = ( f (. . . , xi′ .ui′ , . . . , xi.ui[rθ]pt , . . .),
f (. . . , xi′ .ui′ , . . . , xi.ui, . . .),
f (. . . , xi′ .ui′ [r′θ′]p′t , . . . , xi.ui, . . .))

is joinable (to f (. . . , xi′ .ui′ [r′θ′]p′t , . . . , xi.ui[rθ]pt , . . .)), thanks to the condition
(2) of Def. 12.

ut

A.2 The TERS Nats

Proposition 29. The TERS Nats is deterministic, value-invariant and locally coherent.

Proof. The TERS Nats is deterministic, because evaluation rules concern distinct sym-
bols.

To prove value-invariance, we assume v⇒R u for some v ∈ Val and u ∈ TΣ. It must
hold that v = sn(0), and in this case, the refinement v ⇒R u is impossible. The TERS
Nats is trivially value-invariant.

To prove local coherence, we use Thm. 13. We first show that the TERS Nats is
well-behaved. The condition (1) of Def. 24 is trivially satisfied. As for the condition
(2), each evaluation context E ∈ Ectx never includes the constant nats, and hence the
refinement rule cannot be applied to E[t] to obtain C′[t]. Therefore the condition (2) is
trivially satisfied. The other conditions of well-behavedness are easy to check. We then
show that any critical pair is joinable. There is only one critical pair, and it is indeed
joinable as follows.

tl(inc(nats))
++ow

inc(tl(nats))
��

tl(inc(0 : inc(nats)))
��

inc(tl(0 : inc(nats)))
++

tl(s(0) : inc(inc(nats)))
ss

inc(inc(nats))

ut
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A.3 On linearity conditions

For a TERS to be well-behaved, its evaluation rules must be left-linear, and its refine-
ment rules must be linear (see Def. 12). Here we observe that relaxing these linearity
conditions, with a reasonable set of evaluation contexts and values, leads to non-joinable
(R,E)-peaks that are not instances of a critical pair.

Let a TERS ES be defined as follows.

Signature Σ + : 2, − : 2,
?
≡ : 2, s : 1, 0: 0

Values Val V ::= 0 | s(V)
Evaluation contexts Ectx E ::= � | s(E) | E + t | E − t | v − E
Evaluation rules E Refinement rule R
0 + x→ x x − x⇒ 0
s(x) + y→ s(x + y) 0⇒ x − x
0 − x→ 0
s(x) − s(y)→ x − y

x
?
≡ x→ 0

We define =Val by the syntactic equality ≡. The operation
?
≡ checks syntactic equality.

The non-left-linear refinement rule x − x ⇒ 0 induces the following non-joinable
(R,E)-peak.

(s(x) + y) − (s(x) + y)
,,px0 s(x + y) − (s(x) + y)

In the term s(x + y) − (s(x) + y), the sub-term s(x) + y cannot be evaluated, because
s(x + y) is not a value.

The non-right-linear refinement rule 0 ⇒ x − x induces the following non-joinable
(R,E)-peak.

0
x�

0 − 0 // 0

This (R,E)-peak is not joinable with respect to our definition of joinability (see Def. 4).
The bottom term 0 − 0 must not take more evaluation steps than the top term 0.

Finally, the non-left-linear evaluation rule x
?
≡ x → 0 induces the following non-

joinable (R,E)-peak.

(s(x) + y)
?
≡ (s(x) + y)

((
ow

s(x + y)
?
≡ (s(x) + y) 0

In the term s(x + y)
?
≡ (s(x) + y), the sub-term s(x) + y cannot be evaluated, because

s(x + y) is not a value.



22 K. Muroya and M. Hamana

A.4 Proofs for Sec. 5 and Sec. 6

Lemma 30 (Lem. 23). If a critical pair (t1, s, t2) is joinable, then for any valid substi-
tution θ, (t1θ, sθ, t2θ) is a joinable (R,E)-peak.

Proof. We have a joinable (R,E)-peak (t1, s, t2). Because evaluation is closed under
valid substitutions, and refinement satisfies t ⇒R u =⇒ tθ

∗
⇒R uθ, (t1θ, sθ, t2θ) is also

a joinable (R,E)-peak. ut

Theorem 31 (Thm. 25: Critical pair theorem). A well-behaved TERS is locally co-
herent if and only if every critical pair is joinable.

Proof. The “only if” part is straightforward. In the following, we prove the “if” part.
Take an arbitrary (R,E)-peak (t1, s, t2). Our goal is to prove that this (R,E)-peak

is joinable. Since s ⇒R t1, there exist p ∈ Pos(s), (l ⇒ r) ∈ R and valid θ such that
s|p = lθ, t1 = s[rθ]p and s[�]p ∈ Ctx. We prove that the (R,E)-peak (t1, s, t2) is joinable,
by induction on the length of the position p.

Base case. When |p| = 0, i.e. p = ε, we have s = lθ and t1 = rθ. Because lθ →E t2,
there exist p′ ∈ Pos(lθ), (l′ → r′) ∈ E and valid θ′ such that (lθ)|p′ = l′θ′, t2 = (lθ)[r′θ′]p′

and (lθ)[�]p′ ∈ Ectx. We have an (R,E)-peak P = (rθ, lθ, (lθ)[r′θ′]p′ ).
– If p′ = ε, and l⇒ r and l→ r are variants of each other, we have rθ = r′θ′ and the

(R,E)-peak P is joinable.
– Otherwise, because (lθ)[�]p′ ∈ Ectx is a flat context, every prefix of p′ but p′ itself

is not a metavariable position in lθ.
• If p′ is a non-metavariable position of l, the (R,E)-peak P is an instance of the

critical pair generated by an (R,E)-overlap.
• Otherwise, There exist sequences q1, q2, a metavariable N and a sequence y

such that: q1 ∈ Pos(l), l|q1 = N[y], q2 ∈ Pos((N[y])θ), and p′ = q1q2. Because
of the condition (1) of Def. 24, (lθ)[�]p′ ∈ Ectx implies l[�]q1 , (N[y])θ[�]q2 ∈

Ectx. In particular, the latter means that (N[y])θ < NF(→E), and hence N is
not a value metavariable. The metavariable N must appear at most once in both
l and r, due to the condition (3a) of Def. 24. If N does not appear in r, the
(R,E)-peak P is joinable by applying the rule l ⇒ r to t2. Otherwise, i.e. if N
appears once in r, the rule l′ → r′ can be applied to t1 thanks to the condition
(3b) of Def. 24, and the rule l⇒ r can be applied to t2, thanks to the condition
(6) of Def. 24. These two applications yield the same result. Therefore, we can
conclude that the (R,E)-peak P is joinable.

Inductive case. When |p| > 0, we have p = ipt for some positive number i and some se-
quence pt. We have either s = f (x1.u1, . . . , xi.ui, . . . , xk.uk) or s = M[u1, . . . , ui, . . . , uk],
such that lθ = ui|pt .

Firstly, assume that we have an (R,E)-peak

P′ = ( f (x1.u1, . . . , xi.ui[rθ]pt , . . . , xk.uk), f (x1.u1, . . . , xi.ui, . . . , xl.ul), t2).

By s →E t2, there exist p′ ∈ Pos(s), (l′ → r′) ∈ E and valid θ′ such that s|p′ = l′θ′,
t2 = s[r′θ′]p′ and s[�]p′ ∈ Ectx. We proceed by case analysis on p′ ∈ Pos(s).
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– When p′ = ε , we have s = l′θ′ and t2 = r′θ′.
• If p is a non-metavariable position of l′, the (R,E)-peak P′ is an instance of the

critical pair generated by an (E,R)-overlap.
• Otherwise, there exist sequences q1, q2 and a metavariable M such that: q1 ∈

Pos(l′), l′|q1 = M[y], q2 ∈ Pos(M[y]θ′), and p = q1q2. The metavariable M
appears at most once in l′, due to the condition (4) of Def. 24. We can apply
the rule l′ → r′ to t1. The substitution θ′ is valid, thanks to the condition (5) of
Def. 24. We can also apply the rule l⇒ r to t2 as many times as M appears in r′.
These applications of l′ → r′ and l ⇒ r yield the same result. The (R,E)-peak
P′ is therefore joinable.

– When p′ , ε, i.e. p′ = i′p′t for some positive number i′ and some sequence p′t ,
there are two possibilities.
• When i′ = i, by I.H., we have a joinable (R,E)-peak Q = (ui[rθ]pt , ui, ui[r′θ′]p′t ).

Because f (. . . , xi.ui[�]pt , . . .) ∈ Ectx, we have f (. . . , xi.�, . . .) ∈ Ectx too,
thanks to the condition (1) of Def. 24. Therefore, joinability of the (R,E)-peak
Q implies joinability of the (R,E)-peak P′.

• When i′ , i, we can assume that i′ < i without loss of generality. The (R,E)-
peak

P′ =( f (. . . , xi′ .ui′ , . . . , xi.ui[rθ]pt , . . .), f (. . . , xi′ .ui′ , . . . , xi.ui, . . .),
f (. . . , xi′ .ui′ [r′θ′]p′t , . . . , xi.ui, . . .))

is joinable (to f (. . . , xi′ .ui′ [r′θ′]p′t , . . . , xi.ui[rθ]pt , . . .)), thanks to the condition
(2) of Def. 24.

Secondly, assume that we have an (R,E)-peak

P′ = (M[u1, . . . , ui[rθ]pt , . . . , uk], M[u1, . . . , ui, . . . , ul], t2).

By s →E t2, there exist p′ ∈ Pos(s), (l′ → r′) ∈ E and valid θ′ such that s|p′ = l′θ′,
t2 = s[r′θ′]p′ and s[�]p′ ∈ Ectx. We proceed by case analysis on p′ ∈ Pos(s).

– When p′ = ε, M[u1, . . . , uk] = l′θ′. Because l′ is a higher-order pattern, this is
impossible.

– When p′ , ε, the proof is the same as the case for the (R,E)-peak

P′ = ( f (x1.u1, . . . , xi.ui[rθ]pt , . . . , xk.uk), f (x1.u1, . . . , xi.ui, . . . , xl.ul), t2).
ut

A.5 The TERS CBVλ and Hndl

B Determinism

We will use a sufficient condition for a TES to be deterministic, namely decisiveness.

Definition 32 (decisiveness). A TES (Σ,E,Ectx,Val) is decisive if each t ∈ TΣ satisfies
either of the following:
1. t ∈ Val,
2. there uniquely exist (l→ r) ∈ E, subst θ and E ∈ Ectx such that t = E[lθ],
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3. there uniquely exist a variable x and E ∈ Ectx such that t = E[x].

Proposition 33 (sufficient condition for determinism). If a TES is decisive, then it is
deterministic.

Proof. Let t →E s1 and t →E s2. Because the TES is decisive, t satisfies either the three
conditions in Def. 32. Since the left-hand side of each evaluation rule is not a variable,
to make the evaluation t →E s1 and t →E s2 happen, only the case (2) is possible. In
this case, both s1 and s2 must be E[rθ]. ut

Proposition 34. The TERS CBVλ is deterministic, value-invariant and locally coher-
ent.

Proof. The TERS CBVλ is deterministic, because it is decisive.
To prove value-invariance, we assume λx.t ⇒R u. There are two possible cases.

– When u = λx.t′ for some t′ such that t ⇒R t′, we have λx.t =Val λx.t′.
– When t = λx.(λy.t′) x, it must be that u = λy.t′, and we have λx.(λy.t′) x =Val λy.t′.

Therefore the TERS CBVλ is value-invariant.
To prove local coherence, we use Thm. 13.
Firstly, the TERS CBVλ is well-behaved. The condition (1) of Def. 24 is trivially

satisfied. We can show that the condition (2) is satisfied by straightforward induction
on E ∈ Ectx. The condition (6) is satisfied, because any instance of the lhs of the
evaluation rule never belongs to a syntax class (i.e. the value class). The condition (5)
is also satisfied; the second refinement rule always turns a value into a value. The other
conditions of well-behavedness are easy to check.

We then show that any critical pair is joinable. There are two critical pairs, which
are for the second refinement rule (the η-rule) and the evaluation rule. These critical
pairs are joinable as follows.

(λx.V x) V ′

((rz
V V ′ V V ′

(λx′.M′[x′]) (λx.V x)
++ow

(λx′.M′[x′]) V
++

M′[λx.V x]
ow

M′[V]

ut

Proposition 35. The TERS Compλml∗ is deterministic, value-invariant and locally co-
herent.

Proof. Firstly, the TERS Compλml∗ is deterministic, because the two evaluation rules
consume different head symbols. Secondly, the TERS is value-invariant, thanks to the
equivalence =Val being the total order.

To prove local coherence, we use Thm. 13.



Term Evaluation Systems 25

The TERS Compλml∗ is well-behaved. The condition (1) of Def. 24 is trivially sat-
isfied. We can show that the condition (2) is satisfied by induction on E ∈ Ectx as
follows.

– When E = �, no refinement rule applies to x, so this case is impossible.
– When E = let(E′, x.P), we have let(E′[t], x.P) ⇒R C′[t]. There are four possi-

bilities.
• If E′[z] ⇒R C′′[z] such that C′ = let(C′′, x.P), we have C′′ ∈ Ectx by I.H.,

and hence C′ ∈ Ectx.
• If P⇒R P′ such that C′ = let(E′, x.P′), we have C′ ∈ Ectx.
• If the refinement rule (r4) is applied at the root position of E[z], we have
let(E′[z], x.return(x))⇒R E′[z]. We have C′ = E′ ∈ Ectx.

• If the refinement rule (r5) is applied at the root position of E[z], we have
let(let(E′′[z], x.P[x]), y.P′[y])⇒R let(E′′[z], x.let(P[x], y.P′[y])). We have
C′ = let(E′′, x.let(P[x], y.P′[y])) ∈ Ectx.

The conditions (6) and (5) are also satisfied; note that instances of P[V] are all compu-
tations. The other conditions of well-behavedness are easy to check.

We finally show that any critical pair is joinable. There are the following three criti-
cal pairs, which are all joinable. In the following, arrows→,⇒ are labelled by a number
that indicates which evaluation/refinement rule is applied.

(λx.V x) V ′
1
''

r3
s{

V V ′ V V ′

let(return(V), x.return(x))
2

++
r4

ow
return(V) return(V)

let(let(return(V), x.P[x]), x′.P′[x′])
2
**

r5
ow

let(return(V), x.let(P[x], x′.P′[x′]))

2 ++

let(P[V], x′.P′[x′])

let(P[V], x′.P′[x′])

ut

Proposition 36. The TERS Hndl is deterministic, value-invariant and locally coherent.

Proof. Firstly, to establish that the TERS Hndl is deterministic, we show that, for any
t ∈ MΣ, if t = E[lθ] = E′[l′θ′] for some E, E′ ∈ Ectx, (l → r), (l′ → r′) ∈ E and
valid θ, θ′, then the decomposition is unique, namely E = E′ and the rules l → r,
l′ → r′ are variants of each other. This can be proved by induction on E ∈ Ectx.

– When E = �, we have t = lθ. By definition of evaluation rules, E′ = � must hold,
and l→ r and l′ → r′ must be variants.
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– When E = do(E′, x.P), we have t = do(E′[lθ], P). By I.H., E′[lθ] is the only
possible decomposition. The meta-term t itself cannot be an instance of any lhs of
evaluation rules. Therefore, the decomposition E[lθ] is unique.

– When E = with_handle(H, E′), we have t = with_handle(H, E′[lθ]). The proof
is the same as the previous case.

Consequently, the TERS Hndl is deterministic.

Secondly, by definition of =Val, the TERS Hndl is value-invariant. In particular, the
refinement rule (r9) turns a function into a variable or a function; the original function
is identified with the resulting variable or function by =Val.

To prove local coherence, we use Thm. 13.

The TERS Hndl is well-behaved. The condition (1) of Def. 24 is trivially satisfied.
We can show that the condition (2) is satisfied by induction on E ∈ Ectx as follows.

– When E = �, no refinement rule applies to x, so this case is impossible.
– When E = do(E′, x.P), we have do(E′[z], x.P) ⇒R C′[z]. There are four possibili-

ties.
• If E′[z]⇒R C′′[z] such that C′ = do(C′′, x.P), we have C′′ ∈ Ectx by I.H., and

hence C′ ∈ Ectx.
• If P⇒R P′ such that C′ = do(E′, x.P′), we have C′ ∈ Ectx.
• If the refinement rule (r3) is applied at the root position of E[z], we have
do(E′[z], x.return(x))⇒R E′[z]. We have C′ = E′ ∈ Ectx.

• If the refinement rule (r4) is applied at the root position of E[z], we have
do(do(E′′[z], x.P[x]), y.P′[y])⇒R do(E′′[z], x.do(P[x], y.P′[y])). We have C′ =

do(E′′, x.do(P[x], y.P′[y])) ∈ Ectx.
– When E = with_handle(H, E′), we have with_handle(H, E′[z]) ⇒R C′[z].

There are three possibilities.
• If E′[z] ⇒R C′′[z] such that C′ = with_handle(H,C′′), we have C′′ ∈ Ectx

by I.H., and hence C′ ∈ Ectx.
• If H ⇒R H′ such that C′ = with_handle(H′, E′), we have C′ ∈ Ectx.
• If the refinement rule (r13) is applied at the root position of E[z], we have
with_handle(handler0(x.P[x]), E′[z]) ⇒R do(E′[z], x.P[x]). We have C′ =

do(E′, x.P[x]) ∈ Ectx.

The conditions (6) and (5) are also satisfied; note that instances of P[V] are all compu-
tations. The other conditions of well-behavedness are easy to check.

We finally show that any critical pair is joinable. There are the following seven
critical pairs, which are all joinable. In the following, arrows →, ⇒ are labelled by
a number that indicates which evaluation/refinement rule is applied, and we set h0 ≡
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handler0(x.P[x]), and i ∈ [2].

do(return(V), x.return(x))
1
))

r3
qy

return(V) return(V)

do(opi(V, y.P[y]), x.return(x))
2

++
r3

qy
opi(V, y.P[y]) opi(V, y.do(P[y], x.return(x)))r3ks

do(do(return(V), x.P[x]), x′.P′[x′])
1
**

r4
ow

do(return(V), x.do(P[x], x′.P′[x′]))

1 ++

do(P[V], x′.P′[x′])

do(P[V], x′.P′[x′])

do(do(opi(V, x.P[x]), y.P2[y]), z.P3[z])
2
**

r4
px

do(opi(V, x.P[x]), y.do(P2[y], z.P3[z]))
2 ��

do(opi(V, x.do(P[x], y.P2[y])), z.P3[z])
2��

opi(V, x.do(P[x], y.do(P2[y], z.P3[z]))) opi(V, x.do(do(P[x], y.P2[y]), z.P3[z]))r4ks

fun(x.V x) V ′
5
%%

r9
u}

V V ′ V V ′

with_handle(h0, return(V))
9
((

r13
px

do(return(V), x.P[x])

1 **

P[V]

P[V]

with_handle(h0, opi(V, y.P
′[y]))
10

++
r13

px
do(opi(V, y.P

′[y]), x.P[x])

2 **

opi(V, y.with_handle(h0, P′[y]))

r13ow
opi(V, y.do(P

′[y], x.P[x]))

ut
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C Critical pair analysis of Hndl by our prototype analyzer

C.1 Definition of TERS Hndl
sigh = [signature|
true : T
false : T
fun : (T -> T) -> T
app : T,T -> T
return : T -> T
op1 : T, (T -> T) -> T
op2 : T, (T -> T) -> T
handler1 : (T -> T), (T,T -> T) -> T
handler0 : (T -> T) -> T
do : T, (T -> T) -> T
if : T,T,T -> T
with : T,T -> T
|]

evals = [rule|
(1-v) do(return(V),x.P[x]) => P[V]
(2-1-v) do(op1(V, y.P1[y]), x.P2[x]) => op1(V, y.do(P1[y],x.P2[x]))
(2-2-v) do(op2(V, y.P1[y]), x.P2[x]) => op2(V, y.do(P1[y],x.P2[x]))
(3-v) if(true, P1, P2) => P1
(4-v) if(false, P1, P2) => P2
(5-v) fun(x.P[x])@V => P[V]
(6-v) with(handler1(x.P[x],x.k.P1[x,k]), return(V)) => P[V]
(7-v) with(handler1(x.P[x],x.k.P1[x,k]),op1(V,y.P’[y])) => P1[V,fun(y.P’[y])]
(8-v) with(handler1(x.P[x],x.k.P1[x,k]),op2(V,y.P’[y])) => op2(V,y.with(handler1(x.P[x],x.k.P1[x,k]),P’[y]))
(9-v) with(handler0(x.P[x]),return(V)) => P[V]
(10-1-v) with(handler0(x.P[x]),op1(V,y.P’[y])) => op1(V,y.with(handler0(x.P[x]),P’[y]))
(10-2-v) with(handler0(x.P[x]),op2(V,y.P’[y])) => op2(V,y.with(handler0(x.P[x]),P’[y]))
|]

refis = [rule|
(r3-v) do(P,x.return(x)) => P
(r4-v) do(do(P1,x.P2[x]),x.P3[x]) => do(P1, x1.do(P2[x1],x2.P3[x2]))
(r9-v) fun(x.V@x) => V
(r13-v) with(handler0(x.P[x]),P’) => do(P’,x.P[x])
|]

C.2 Local coherence check
*Ex> lcoh evals refis

1: Overlap (1-v)-(r3-v)--- P’|-> return(V), P|-> z1.return(z1) ----------------
(1-v) |do(return(V),x.P[x])| => P[V]
(r3-v) do(P’,x’.return(x’)) => P’

do(return(V),x.return(x))
return(V) <-(1-v)-∧-(r3-v)-> return(V)
---> return(V) =OK= return(V) <---

2: Overlap (r4-v)-(1-v)--- P1|-> return(V’), P’|-> z1.P2[z1] ------------------
(r4-v) do(|do(P1,x.P2[x])|,x.P3[x]) => do(P1,x1.do(P2[x1],x2.P3[x2]))
(1-v) do(return(V’),x’.P’[x’]) => P’[V’]

do(do(return(V’),x.P2[x]),x.P3[x])
do(return(V’),x17.do(P2[x17],x27.P3[x27])) <-(r4-v)-∧-(1-v)-> do(P2[V’],x.P3[x])

---> do(P2[V’],x27.P3[x27]) =OK= do(P2[V’],x.P3[x]) <---

3: Overlap (2-1-v)-(r3-v)--- P’|-> op1(V,y.P1[y]), P2|-> z1.return(z1) --------
(2-1-v) |do(op1(V,y.P1[y]),x.P2[x])| => op1(V,y.do(P1[y],x.P2[x]))
(r3-v) do(P’,x’.return(x’)) => P’

do(op1(V,y.P1[y]),x.return(x))
op1(V,y14.do(P1[y14],x14.return(x14))) <-(2-1-v)-∧-(r3-v)-> op1(V,y.P1[y])
---> op1(V,y14.do(P1[y14],x14.return(x14))) =OK= op1(V,y.P1[y]) <---



Term Evaluation Systems 29

4: Overlap (r4-v)-(2-1-v)--- P1|-> op1(V’,y’.P1’[y’]), P2’|-> z1.P2[z1] -------
(r4-v) do(|do(P1,x.P2[x])|,x.P3[x]) => do(P1,x1.do(P2[x1],x2.P3[x2]))
(2-1-v) do(op1(V’,y’.P1’[y’]),x’.P2’[x’]) => op1(V’,y’.do(P1’[y’],x’.P2’[x’]))

do(do(op1(V’,y’.P1’[y’]),x.P2[x]),x.P3[x])
do(op1(V’,y’.P1’[y’]),x121.do(P2[x121],x1.P3[x1])) <-(r4-v)-∧-(2-1-v)-> do(op1(V’,yd.do(P1’[yd],xd.P2[xd])),x.P3[x])
---> op1(V’,y23.do(P1’[y23],x23.do(P2[x23],x1.P3[x1]))) =OK= op1(V’,y26.do(do(P1’[y26],xd.P2[xd]),x26.P3[x26])) <---

5: Overlap (2-2-v)-(r3-v)--- P’|-> op2(V,y.P1[y]), P2|-> z1.return(z1) --------
(2-2-v) |do(op2(V,y.P1[y]),x.P2[x])| => op2(V,y.do(P1[y],x.P2[x]))
(r3-v) do(P’,x’.return(x’)) => P’

do(op2(V,y.P1[y]),x.return(x))
op2(V,y33.do(P1[y33],x33.return(x33))) <-(2-2-v)-∧-(r3-v)-> op2(V,y.P1[y])
---> op2(V,y33.do(P1[y33],x33.return(x33))) =OK= op2(V,y.P1[y]) <---

6: Overlap (r4-v)-(2-2-v)--- P1|-> op2(V’,y’.P1’[y’]), P2’|-> z1.P2[z1] -------
(r4-v) do(|do(P1,x.P2[x])|,x.P3[x]) => do(P1,x1.do(P2[x1],x2.P3[x2]))
(2-2-v) do(op2(V’,y’.P1’[y’]),x’.P2’[x’]) => op2(V’,y’.do(P1’[y’],x’.P2’[x’]))

do(do(op2(V’,y’.P1’[y’]),x.P2[x]),x.P3[x])
do(op2(V’,y’.P1’[y’]),x140.do(P2[x140],x240.P3[x240])) <-(r4-v)-∧-(2-2-v)-> do(op2(V’,yd.do(P1’[yd],xd.P2[xd])),x.P3[x])
---> op2(V’,y42.do(P1’[y42],x42.do(P2[x42],x240.P3[x240]))) =OK= op2(V’,y45.do(do(P1’[y45],xd.P2[xd]),x45.P3[x45])) <---

7: Overlap (5-v)-(r9-v)--- P|-> z1.app(V’,z1) ---------------------------------
(5-v) |fun(x.P[x])|@V => P[V]
(r9-v) fun(x’.app(V’,x’)) => V’

app(fun(x.app(V’,x)),V)
app(V’,V) <-(5-v)-∧-(r9-v)-> app(V’,V)
---> app(V’,V) =OK= app(V’,V) <---

8: Overlap (9-v)-(r13-v)--- P’|-> z1.P[z1], Pd’|-> return(V) ------------------
(9-v) |with(handler0(x.P[x]),return(V))| => P[V]
(r13-v) with(handler0(x’.P’[x’]),Pd’) => do(Pd’,x’.P’[x’])

with(handler0(x.P[x]),return(V))
P[V] <-(9-v)-∧-(r13-v)-> do(return(V),xd66.P[xd66])
---> P[V] =OK= P[V] <---

9: Overlap (10-1-v)-(r13-v)--- P’|-> z1.P[z1], Pd’|-> op1(V,y.Pd[y]) ----------
(10-1-v) |with(handler0(x.P[x]),op1(V,y.Pd[y]))| => op1(V,y.with(handler0(x.P[x]),Pd[y]))
(r13-v) with(handler0(x’.P’[x’]),Pd’) => do(Pd’,x’.P’[x’])

with(handler0(x.P[x]),op1(V,y.Pd[y]))
op1(V,y72.with(handler0(x72.P[x72]),Pd[y72])) <-(10-1-v)-∧-(r13-v)-> do(op1(V,y.Pd[y]),xd73.P[xd73])
---> op1(V,y72.with(handler0(x72.P[x72]),Pd[y72])) =OK= op1(V,y76.do(Pd[y76],x76.P[x76])) <---

10: Overlap (10-2-v)-(r13-v)--- P’|-> z1.P[z1], Pd’|-> op2(V,y.Pd[y]) ----------
(10-2-v) |with(handler0(x.P[x]),op2(V,y.Pd[y]))| => op2(V,y.with(handler0(x.P[x]),Pd[y]))
(r13-v) with(handler0(x’.P’[x’]),Pd’) => do(Pd’,x’.P’[x’])

with(handler0(x.P[x]),op2(V,y.Pd[y]))
op2(V,y86.with(handler0(x86.P[x86]),Pd[y86])) <-(10-2-v)-∧-(r13-v)-> do(op2(V,y.Pd[y]),xd87.P[xd87])
---> op2(V,y86.with(handler0(x86.P[x86]),Pd[y86])) =OK= op2(V,y90.do(Pd[y90],x90.P[x90])) <---

#Joinable! (Total 10 CPs)
YES

In the proof of Prop. 36, op1 and op2 were summed in opi, so the number of critical
pairs in the proof matches this output.


