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Goal

- Categorical characterization of Blchi and parity conditions

 Buchi automaton: an automaton accepting infinite words
- Arun is accepting if it visits ©) infinitely many times

- Aword is accepted if it has an accepting run

— Example:
b a b a
A Xg —72 L1 —72XLg 721 —> LYoo

CH 8D )

baba ... is accepted from LQ

IS accepting
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“Behaviors” of Buchi automaton

- We characterized behaviors of Buchi automaton as
decorated trace semantics

- For a Buchi automaton, we characterize its behavior as:

dtr;(A) : X; — P(AT(AT)¥)
dtry(A) : Xy — P((AT)*)
X1 := {x : nonaccepting}

X5 := {x : accepting}
A : alphabet

- (AT)“and A+ (A*T)« are regarded as the set
of infinite words “decorated” with () and ©
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Decorated Word
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Decorated Word

(30001 - - - Gono) (310011 - - - Gimy) .- € (AT)”

@ O OO @ O OO @

aoo A1 -+ Aong @10 A11 ¢+ AIn, o

@aoo ao1 Q Q Aong @alo Q%QQ Aliny @_>

aodq « . . an(aooam ¢ o aOnO)(aloall ¢ oo alnl) cee A‘|‘(A‘|‘)<—‘J
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Decorated Word Nore.
LBUchi condition satisfiedJ

(30001 - - - Gono) (310011 - - - Gimy) .- € (AT)”

@ O OO @ O OO @

aoo A1 -+ Aong @10 A11 ¢+ AIn, o

@ﬂ@&@...@%@ﬂ@%@...@&)@%...

aodq « . . an(aooam ¢ o aOnO)(aloall ¢ oo alnl) cee A‘|‘(A‘|‘)<—‘J

Q&Qﬂ)@...@"’_ﬂ)@%O%Q...Q%@%Q%Q...Qﬂg@%...
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Decorated Trace Semantics

. dtri(A)(x) gnd dtr2(A)(z) assign a set of infinite words
accepted by A , decorated with () and @), I.e.

dtr;(A) : X; — P(AT(A™)*) X : state space
dtra(A) : Xo — P((AT)¥) A : alphabet

aop al
w0—>w1—>w2—>---:arunonA}

€r — {‘0&'1ﬂ)‘2_>”' 'ie{Qa@}a L ¢ @5,

o, — (O for infinitely many 2’s
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Decorated Trace S

emantics

. dtri(A)(x) gnd dtr2(A)(z) assign a set of infinite words
accepted by A , decorated with () and @), I.e.

dtr1(A) : X; — P(AT(A
dtra(A) : Xo — P((AT)¥)

)“) X : state space
A : alphabet

To — 7 —= &g —> -++ : a run on A
Xr +—> ‘0&‘1ﬂ>‘2_>”' 'ie{Qa@}a Li : Oj,
o, — O for infinitely many 2’s
— Example:
dtr1 (A) (213()) =

b
O 0D |
: Qv Qb 1O e 02— (Le,) e {50, 20}
a

\

.OZO )

e, — (O for infinitely many 2’s,




Another Characterization of Behaviors

+ (Ordinary Buchi) trace semantics

tr’(A) : X — PA“

Natsuki Urabe (U. Tokyo)
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Another Characterization of Behaviors

+ (Ordinary Buchi) trace semantics
tr’(A) : X — PA¥
( «’L‘zwogwlng&)---\

T > (apdj... P : >
x; : ©) for infinitely many 2’s

— Example:

trB(A)(z0) = trB(A)(z1) =

b
C3_ 6
“ Q Q z {w ‘ w contains infinitel ’ }
y many b’s
\/
a
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Another Characterization of Behaviors

+ (Ordinary Buchi) trace semantics
tr’(A) : X — PA¥
( m:wogwlngg---

T > (apdj... P : >
x; : ©) for infinitely many 2’s

\

\

— Example:
Ty T trB (A) (z0) = trB (A)(21) =
@ Q\/@BQ b {w ‘ w contains infinitely many b’s}
a

- dtr(c) and tr®(c) are connected by the
“flattening function” dtr<A>/>A+<A+>“’ + (A7)

X1 + Xo — A%
~—_ /

Natsuki Urabe (U. Tokyo) tr(A) 6 /27




Contributions

- Datatypes (A1)“ andA* (A1)~ for Biichi condition
- Decorated trace semantics dtri(c) and dtrz(c)

- Relationship to (ordinary) Buchi trace semantics
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Contributions

- Datatypes (A1)“ andA* (A1)~ for Biichi condition
Decorated trace semantics dtr;(c) and dtrz(c)
Relationship to (ordinary) Buchi trace semantics

Categorical generalization

- Applicable to parity condition (generalization of Biichi cond.)

- Parameterized by functor ' and monad I’
= Applicable to systems with

various transition types and branching types

e.g. words, trees e.g. nondeterministic,
probabilistic, exception
Natsuki Urabe (U. Tokyo) 7|27




Motivation

In a decorated trace semantics, information about
the accepting run is more explicit

@ aoo Q aoi Q aop2 . c (A—I-)w

- Definition of decorated trace semantics is simple
compared to ordinary one (gfp vs alternating fixed point)
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Motivation

In a decorated trace semantics, information about
the accepting run is more explicit

@ aoo Q aoi Q aop2 . c (A—I-)w

- Definition of decorated trace semantics is simple
compared to ordinary one (gfp vs alternating fixed point)

* (Possibly) useful for categorically characterizing

» notions about Blichi/parity systems

- e.qg. fair/delayed/direct simulation for Blchi automata
[Etessami, Wilke & Schuller, ICALP ‘01]

Natsuki Urabe (U. Tokyo) 8 /27



Outline

- Introduction

- Alternating Fixed Point of Functor

- Decorated Trace Semantics

- Trace Semantics vs. Decorated Trace Semantics

- Related Work & Conclusion
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Initial Algebra & Final Coalgebra

For a functorF : C — C,

Initial algebra

FI— — =FX
V: Y
1 > X

“Least fixed point” of F

- [ collects finite behaviors
of F'-coalgebras

Final coalgebra

FX — — s> FZ
A A
c >~ | ¢
X > /

“Greatest fixed point” of F

-/ collects infinitary behaviors

of F-coalgebras

10



Examples

F

F'-coalgebra

initial algebra

final coalgebra

AXx ()

1+AX ()

AxX( +Y)|
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Examples

F F'-coalgebra initial algebra | final coalgebra
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Examples

F F'-coalgebra initial algebra | final coalgebra
X A X X =
Ax () 0 A
1+AXx ()| X—>1+AXX A* A (= A* + A%)
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Examples

F F'-coalgebra initial algebra | final coalgebra
Ax( ) | XAXX (0 A%
1+Ax( )| X—=>1+AXxX A* A>®(= A* + A¥)
Ax( +Y)| X sAax(x+y) ATY ATY + A
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Ftand FO

For a functor F' : C — C,

- FTYis the carrier of initial F(_ +Y)- algebra
F(FTY +Y) s FTY

1n1t1al

- FPY is the carrier of final F(_ +Y) coalgebra

FOYy & ﬁ F(FPY +Y)
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Ftand FO

For a functor F' : C — C,

- FTYis the carrier of initial F(_ +Y)- algebra
Ifp F(FTY +7Y) » FTY

1n1t1al

- FPY is the carrier of final F(_ +Y) coalgebra

gfp FOYy & m F(FPY +Y)

- They can be extended to functors F*,F® : C — C
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c.f. free monad

FTand FO® FEY) LY Y

eg.for F = A x (),
F*X =2 A*X

For a functor F' : C — C,

- FTYis the carrier of initial F(_ +Y)- algebra
Ifp F(FTY +7Y) » FTY

1n1t1al

- FPY is the carrier of final F(_ +Y) coalgebra

gfp FOYy & m F(FPY +Y)

They can be extended to functors F7, F® : C — C
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Examples

» For FF = A X (_) initial alg./final coalgebra
of F(_ +Y)

*x FTY 2 ATY, FOVY 2 ATY + A¥

final coalgebra of

G FHoee (AT)Y_| rr)
e ~ A/ Aa+\w | Initial algebra of
@—I_ (F E_ A (A )4 F(_ _|_F-|-EB())

- Equipped with (co)algebraic structures

Ny (Y

FT%0 » FT(FT90) «+—— F(FT(FT%0) + F1®0)

¢ final L initial
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Examples

» For FF = A X (_) initial alg./final coalgebra
of F(_ +Y)

*x FTY 2 ATY, FOVY 2 ATY + A¥

final coalgebra of

x PO (AT)Y | pt
e (At Ll
initial algebra of red ot
+H(Ftoo) = At (AT« | ™
CF (Prood At (a2 [ Y

- Equipped with (co)algebraic structures

Ny (Y

FT%0 » FT(FT90) «+—— F(FT(FT%0) + F1®0)

¢ final L initial
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- Decorated Trace Semantics
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Categorical Modeling of Buchi Automaton

+ We categorically model a Buchi automaton as:

(c:X & PFX, (X1, Xz))

where
F=AX()
P : the powerset monad
X = X1+ X2

X3 := {x : nonaccepting}
X5 := {x : accepting}

Natsuki Urabe (U. Tokyo) 15/ 27



Fixed Point Characterization af" (c)

tro°(A) @ X — PA¥

Natsuki Urabe (U. Tokyo)

r — <

aloall e o o

ao ai asz )
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Fixed Point Characterization af" (c)

tr’(A) : X — PA¥
( w:azoﬂ)wlngﬁw--

r — < apdi ... . . . >
x; : ©) for infinitely many 2’s

\

\

- trB(A) : X — PA¥is an alternating fixed point of:
® : (PA®)" — (PA“)*

a / i
u — mn—){awaA“’ rT— T, }

w € u(x)

(weakest precondition)
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Fixed Point Characterization af" (c)

tro°(A) : X —

r — <

PA~

aloall e o o

aop al a2
X =g —> L1 —> L —> ***

x; : ©) for infinitely many 2’s

\

- trB(A) : X — PA¥is an alternating fixed point of:
® : (PA®)" — (PA“)*

u —

u(z2) S
w(xq O a;gﬁu(wg)
NPT

e

Natsuki Urabe (U. Tokyo)

wn—){awaA“’

Q /
a:—)a:,

w € u(x)

/

(weakest precondition)

ol

aiu(xi) Uasu(xy) U agu(mg)]
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Fixed Point in (P(A“)", C)
- Let X1 := {« : nonaccepting} and Xz := {x : accepting}
P : (PAY)* — (PA¥)™

(&, : (PA¥)X — (PA¥)X
By : (PAY)X - (PA¥)X>

-

—> 9
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- We take Ifp for @1 and gfp for P2:
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Fixed Point in (P(A“)", C)
- Let X1 := {« : nonaccepting} and Xz := {x : accepting}
P : (PAY)* — (PA¥)™

K (PA“’)X — (’PA“’)X1
Py : (PAY)X — (PA¥)X2

-

—> 9

- We take Ifp for @1 and gfp for P2:
{U1 =, P1(ur,u2) € ((PA¥)*1,C)
uz =, ®2(ur,uz) € ((PA¥)*2,C)

(hierarchical equation system, HES)

Theorem: tr®(A) = [u$®, u®'] : X1 + X2 — PAY

NatsuKi Usereme—mer—rerg— 17 /27




Weakest Precondition, Categorically

- Note that:
e hd b : (PA“)X o5 (PA¥)X

P : ICE(?)(X, F®0) — KL(P)(X, F?0)

" the Kleisl| category of — : A
the powerset monad P carrier of the final
f: XY in KL(P) F(_ +0)=A x (_)-coalgebra
 f: X — PY in Sets | C:F@OiFFGBO
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Weakest Precondition, Categorically

- Note that:
e hd b : (PA“)X o5 (PA¥)X

P : ICE(?)(X, F®0) — KL(P)(X, F?0)

" the Kleisl| category of — : A
the powerset monad P carrier of the final
f: XY in KL(P) F(_ +0)=A x (_)-coalgebra
 f: X — PY in Sets | C:F@OiFFGBO

- @ : KU(P)(X,FP0) - KL(P)(X, F®P0) is modeled by:

FX —{% F(F®0)

X If > FEBO l ) CF %iJc—l in ICL(P)
B X F®0
F:KeP)— Ke(P) : lifting of F
where o
J:C— ICL(P) : the lifting functor

Natsuki Urabe (U. Tokyo)
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Categorical Trace Semantics of Blchi Automata
[U., Shimizu & Hasuo, CONCUR ‘16]

{ul =u P1(u1,uz) € ((PA¥)*:,C)
uz =, Pa(ui,uz) € ((PA¥)*2,C)
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[U., Shimizu & Hasuo, CONCUR ‘16]

{ul =u P1(u1,uz) € ((PA¥)*:,C)
uz =, Pa(ui,uz) € ((PA¥)*2,C)

v

Fltri(c), tra(c)] Fltr1 (), tra ()]
F(X; + X3) —+— F(F®0) F(X; + X2) —+— F(F®0)
A A
C1—+ —u JC%% Cz% = J 2
ri(c tr2(c)
X, ) . Feo X —— F90
where €1 =¢com

Co — CO 79

Natsuki Urabe (U. Tokyo) 19/ 27



Categorical Trace Semantics of Blchi Automata
[U., Shimizu & Hasuo, CONCUR ‘16]

{ul =u P1(u1,uz) € ((PA¥)*:,C)
uz =, Pa(ui,uz) € ((PA¥)*2,C)

v

Fltri(c), tra(c)] Fltr1 (), tra ()]
F(X; + X3) —+— F(F®0) F(X; + X2) —+— F(F®0)
A A
C1—+ —u JC%% Cz% = J 2
ri(c tr2(c)
X, ) . Feo X —— F90
where €1 =¢com

Co — CO 79

Theorem: [tri(c),tra(c)] = [tri(A),tra(A)]

Natsuki Urabe (U. Tokyo) 19/ 27




Categorical Decorated Trace Semantics

F(dtrq(c) + dtra(c)) F(dtry(c) + dtrz(c))
F(X1+ X3) —+— F(FT(F+®0) + Ft®0) F(X1+ X3) H%F(F+(F+iﬂ) + F190)
JoT T
c1 =, Jo— 112 col = FT (F—I—EB())
JCT
b'é v P (FT0) X, A2 () FiBO
Recall:
F+®g Cﬁ% > FT(F190) < — - F(FT(Ft®0) + F+®0)
na L 1nitia
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Categorical Decorated Trace Semantics

F(dtrq(c) + dtra(c)) F(dtry(c) + dtrz(c))
F(X1 + X5) , F(F*(F+t®0) + F+©0) F(X:+ X3) —+—= F(FT(FTt90) + FT90)
JL_1$%
ci1l =8 Jo— 112 col = FT (F—I—EB())
J e

dt
b'é @ (FHO0) X, el

Recall:

o

Ft90 —— Ft(Ft90) «+—— F(FT(Ft90) + FT®0)

¢ final L initial
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Categorical Decorated Trace Semantics

F(dtrq(c) + dtra(c)) F(dtry(c) + dtrz(c))
F(X1+ X3) —+— F(FT(F+90) + Ft®0) F(X1+ X3) —+— F(F+(F+@$) + F190)
JoT T

R

J nY
dt
b'é @ (FHO0) X, el

Recall:

o

Ft90 —— Ft(Ft90) «+—— F(FT(Ft90) + FT®0)
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Categorical Decorated Trace Semantics

F(dtrq(c) + dtra(c)) F(dtry(c) + dtrz(c))
F(X1+ X3) —+— F(FT(F+90) + Ft®0) F(X1+ X3) —+— F(F+(F+@$) + F190)
JoT T

R

Jct oy
qtrl (C) _I_ _|_® dtro (C)
X]_ | F (F O) X2 |

- Recall:

o

Ft90 —— Ft(Ft90) «+—— F(FT(Ft90) + FT®0)

¢ final L initial

Theorem: dtri(c) + dtrz(c) = dtr;(A) + dtry(A)

Natsuki Urabe (U. Tokyo) 20/ 27




For Parity Condition

- For Buchi automata,

o

Ft®0 —— FH(FT®0) «—

¢ final L initial

X2 Xl

Natsuki Urabe (U. Tokyo)

F(FT(FT90) + FT90)
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For Parity Condition

For Buchi automata,

o

Ft90 —— Ft(Ft90) «+—— F(FT(F+®0) + FT®0)

¢ final L initial

X2 Xl

For parity automata s.t. Q2 : X — {1,...,2n}

+B... 4+ \+€B---—|—€B+ +B... 4+

>

Ve

F 2» 0=F 2>' (F o2n

0) < ---

+B...+6 +D ... +D+ +B... 4+

N

EF(F 2 0+F 21 (F 2% 0)4---)
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For Parity Condition

For Buchi automata,

o

Ft90 —— Ft(Ft90) «+—— F(FT(F+®0) + FT®0)

¢ final L initial

X2 Xl

For parity automata s.t. Q2 : X — {1,...,2n}

+@®. ..+ ... +0+ 4. +0
F 2» 0= F ' (F 2= 0)<
X2n X2'n,—1
ISP +@.--+0+  4@... 4@

Natsuki Urabe (U. Tokyo) 21/ 27
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- Decorated Trace Semantics

- Trace Semantics vs. Decorated Trace Semantics

- Related Work & Conclusion

Natsuki Urabe (U. Tokyo) 22 | 27



Removing Decoration, Categorically

A—|-(A—|-)w _I_ (A—|-)w [p17p2]> Aw

Natsuki Urabe (U. Tokyo) 23/ 27



Removing Decoration, Categorically

A—|-(A—|-)w _I_ (A—|-)w [p17p2]> Aw

- Categorically,

[Pl 9p2] N F@O

Ft (F-I-EBO) + F-I-@O

Natsuki Urabe (U. Tokyo) 23/ 27



Removing Decoration, Categorically

A—|-(A—|-)w _I_ (A—|-)w [p17p2]> Aw

- Categorically,

[P1,p2]
1 2>

FT(FTt90) 4+ FT90 F90

- We define them by:
F(FT(FT90) 4+ FT90) F(F®0)

inﬁiltial A

F(FT90)

final _ B nls>
¢ F¥0

FT90

Natsuki Urabe (U. Tokyo) 23/ 27
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Removing Decoration, Categorically

A—|-(A—|-)w _I_ (A—|-)w [p19p2]> Aw

- Categorically,

FH(Ft®0) + Ft®g 22l pog
- We define them by:
F£F+(F+@O FT90) F(F®0)
~|initial A
| L
~ initial F(F-I-GBO) ‘
p— L_l
final _ : F@O

10

¢
F(FT90) F1t90
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Removing Decoration, Categorically

A—|-(A—|-)w _I_ (A—|-)w [p17p2]> Aw

- Categorically,

FH(Ft®0) + Ft®g 22l pog
- We define them by:
F(FT(FTt90) 4+ FT90) F(F®0)
A A
[L_lab—loC] ¢

FT(FT90) + F1t90 - - F90
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Removing Decoration, Categorically

A—|-(A—|-)w _I_ (A—|-)w [p19p2]> Aw

- Categorically,

FH(Ft®0) + Ft®g 22l pog
- We define them by:
F(FT(FTt90) 4+ FT90) > F(F®0)
A A
[L—lab—loC] ¢

[P1,P2]

F“‘(F"‘@O) + F1t90 > F©Q
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Coincidence

tr (c) = Jp1 © dtry(c)

Theorem: tr (c) = Jp2 © dtra(c)
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Coincidence

Theorem:
(c) = Jp2 ® dtrz(c)
F+(F+o +80) = F(F®
F(X1 + Xa) o= F(F+(F O)—|—F 0)———= F(F®0)
te1 vt g, 1 = ¢
X, frrale) F+(F+90) /jﬂ//FEBO
trl'(c)
\
(e +@ B
F(Xa+ X2) Tt oran) & O) +ETE ol F(F*0)
N%Jb_l
+C2 FT(FT90) = >+ J¢
E$J¢
X2 dtl‘Ez(C) F_I_@O ijlr%o
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Coincidence

Theorem:
(c) = Jp2 ® dtrz(c)
\
FT +D +D S
P+ %) adorane) F O) T E e FETO) Ifp
dleq >+ g, 1 = >+J¢ \
X, frra©) FT(Ft90) Jp;/s F®0 tr (c)
trll(c) /
\
FT +D +D S
F(X1+ X3) F(dtrs (c)+dtrs ((c)) (F O) +F O)r[pl p2] F(F*0)
N%Jb_l
Les F+(F+90) _ ~lye | Ofp
whre
X2 dtl‘=2(C) F_I_@O /'11?2/1?@0
trgl(c)
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Coincidence

gfp

dtr(c)

gfp

Theorem:
> (¢) = Jp2 © dtry(c)
: D \.
F+(F+e +® ©
F(X; 4+ X>) F(dir) (c)—|—dtr ((C)) (FT¥0) + F O)’[pl ,p2] F(F®0) pr
leq g, 1 — =TJ¢ \
trll(c) /
FH(F+® +80) | F(F@
F(Xl + Xz) F(dtr (c)+dtrz ((c)) (F O) +F O)"‘[I'l,Pz F(F O)
N%Jl}_l
F+(F+®0) ] =Jc | gip
e
X, dtr}z(c) F+00 /Jﬁ)z/ F©0
trgl(c)
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Coincidence

tr (c) = Jp1 © dtry(c)

Theorem:
. B
tr; (c) = Jp2 @ dtra(c)
final coalg. in IC€(T')
[Hasuo, Jacobs & Sokolova, '07]
. N : T — ®
o ||FH F<F<F’> G ar
gfp p
d +C1 %G = ~+J¢
/ unique dtr1 (c) J \
dtr(c) X; — F+(F*+®0) i/F@O tr(c)
\ _ trlil(c) _ /
. —
\ F(Xy + Xa2) F(dtri(c>+eltr15<(cl>4;+(FJrz0 )+ OO et F(F®0)
ST gt
gfp ez F+(F+®0) = ~tsc | dfp
SR
X, 2 F+®g /‘”?2/§F690
trgl(c)
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Coincidence

gfp

dtr(c)

gfp

tr (c) = Jp1 © dtry(c)

Theorem:
° B .
tr; (c) = Jp2 @ dtra(c)
final coalg. in IC€(T')
[Hasuo, Jacobs & Sokolova, '07]
- ; P
. + (S +& . P
PG+ %) Gl orantd) F0) {F Wiewat—— FEZO) Ifp
—+C1 %G = >~ J¢
unique cl?(C)pr b . \
X, | FT(F+80) —+——=F% | tr(c)
_ trlil(c) _ /
1 + (@ +®0) > @
F(X1+ X3) F(dtrll(c)—|—dtr1;—’((c-§7)‘ (F $)+F 9)7[,.1,,,2]' F(F=0)
g, 1t
Les F+(F+90) . ~lye | Ofp
b
X2 dtl‘=2(C) F_I_@O /']!?2/1?@0
trgl(c)
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Related Work
+ [Urabe, Shimizu & Hasuo, CONCUR ’16]

- Categorical characterization of ordinary trace semantics

+ [Ciancia & Venema, CMCS ’12]

- Categorical characterization of Blichi automata

- Use of lasso characterization — restricted to finite states
. Category Sets?

- Captures bisimilarity

[Ghani, Hancock & Pattinson, LMCS ’09]

- Categorical characterization of continuous function by
alternating fixed point of functors
- (AY = B¥) 2 uX.vY.(Bx X)+Y4
- [Adamek, Milius & Moss, JLAMP 18]

- Sufficient cond. for an alternating fixed point of a functor exists
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Conclusion

- Categorical datatype for characterizing the Blchi condition
FT(Ft®0) & FT®0 as alternating fixed points of a functor

- Categorical definition of decorated trace semantics
dtrl(c) . X1_|_) F—I_(F—I_@O) and dtl’z(C) . Xz—l—) F_l_EBO
as greatest fixed points in homsets

- Trace semantics vs. decorated trace semantics
tr®(c) = J[p1, p2] ® dtr(c)

- Extension to:

parity condition, tree automata, probabilistic automata
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