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Quotient Monad via TT-lifting
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Quotient Monad via TT-lifting

Prop.


 We define T/(α, ～A) : Sets → Sets by T/(α, ～A)(X) := TX/≈X,



as in:          Sets    ⟶     Sets#

                        X       ⟼    ≈X  ⇉  TX  ↠  T/(α, ～A)(X)#

Then,    ・ T/(α, ～A) is a monad,



          ・ (qX)X forms a monad map q : T ⇒ T/(α, ～A).



 proof.


   Check Hino-san’s condition (especially in Sets).


     ・substitutivity, congruencity.

8
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Lawvere Theory briefly

14

Thm. [Barr, Wells]


 There exists an equivalence betw. FinMon(Sets) and Th, 

as in:     FinMon(Sets)    ⟶     Th#

                          T             ⟼     TT := Kl(T)Nop

≃

Thm. [Barr, Wells]


 There exists an equivalence as:



             EM(T)        ⟶      Mod(TT, Sets)   #

              (α: TA → A)   ⟼        Mα

• Correspondense w/ finitary monads on Sets

≃

M
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Thm. [Borceux]



 The cat. of models Mod(T, Sets) admits quotient.

• Thus, we get a quotient model Q(α, ～A) from the 

assumptions of TT-lifting as in:  
 

              EM(T)    ⟶    Mod(TT, Sets)   #

                  ～A  ⇉  α    ⟼   M(～A)  ⇉  Mα  ↠  Q(α, ～A)

T (⇠A) TA

(⇠A) A

9
✏✏

↵

✏✏

T (⇡) //

T (⇡0)
//

⇡ //

⇡0
//
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                  T        ⟶    Sets
N

n#
#

m

Nn#
#

Nm
s t N(t) = N(s)

 T/N   
n#
#

m
[s] = [t] 
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Coincidence of two quotients
Thm.


 Given a monad T: Sets → Sets!
           a EM-alg. α: TA → A  w/ cong.equiv.rel ～A ⊆ A × A,



Then, we have T(T/(α, ～A))  ≃  (TT)/Q(α, ～A)  as in:
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Q. Are s and s’ behavioural equivalent??
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 Ans2. [Breugel, Worrel] : No… but the distance is c·ε.



Ogawa (Tokyo)

Kantorovich metric def.
Def. [Kantorovich]
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• not only adding equations, we can also induce a 
distance betw. two terms μ, μ’ by:  
          dO(μ, μ’) := d(Nn ⇒ N1)(N(μ), N(μ’))
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Coincidence of distances
• For now, we deal with only “finite, discr.” case…
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