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Complete lattice and monotone function

AN
Def. J/

* X

* X

y:
y:

(C,E) : complete lattice i.e.
e VACC.VxeE(C.xENAe (VyeAd.x
s VACC. Vxe(C.UACx e (VyeAy

J{ny}; 1 =10

1{x,y}, T=N0@

f : C = C : monotone i.e.

V)

=)
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* Vx,y€C.xEy= f(x) E f(y)




Tarski coinduction
Def. >

vf =max{x € C|x = f(x)} greatest fixpoint

Lem.>
FOof) = vf
Vx. x E f(x) = x Evf (Tarski)

Coq’s built-in coinduction
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Parameterized coinduction [[Hur et al., POPL’13]

Def. >

Gf (X) = VY. f(x L y) parameterized greatest fixpoint

Lem.>

Vx,y€EC.yCEf (x L Gf(x)) = ¥y E Gr(x) (Unfolding)
Vx,yEC. yE Gr(xUy) = yE Ge(x) (Accumulation)

Implemented on Coq in [Hur et al., POPL "13]
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Example
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Example

PaCo *\\

fa}cvZ.0oZ X C v
<{ab,c,d} SvZoZ P f

c{a’b’c’d}go{a’b’ad}j \chf(X) y
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Example

ﬁ Tarski ﬁ ﬁ PaCo
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Example

ﬁ ars ﬁ ﬁ aCo
' o \

D —C Nor

——————

{fa}cvZ.oZ {a} € G,(0)

<{a,b,c,d} SvZoZ
<{a,b,c,d} So{a,b,c, d}
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Example

ﬁ Tarski ﬁ ﬁ PaCo

Unfoldlng
y E Gr(x)

© L4 L4 L4 J

{cyEf(quf(x))j

——————

N {a} e, (@)
~ < {b} € G, (D)

<{a,b,c,d} So{a,b,c, d}

\{abcd}c{abcd}/ \
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Example

f R

r )
Accumulation
y - Gf (x) Q {a} - Go (@)
< {b} € G,(0)
(=Y EGruy) N < {0} € G.((b)

\{abcd}c{abcd}/ \ /
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Example

ﬁ Tarski

@'G
@—b)
(A CvZ.0Z ta) = G.(9)
={a,b,c,d} SvZoZ o
&= {a, b, c, d} C o {Cl; b,c, d} . {d} ; Go ({b})
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Example

ﬁ Tarski ﬁ ﬁ PaCo

D
@?@

{a}cvZ.0Z
<{ab,c,d} SvZoZ

\c{a, b,c,d} €{a,b,c, d}y k: b C (1] ]

{a} € G.(9)
= 1{b} € G.(9)

<{a,b,c,d} So{ab,c d) < {c} € G,({b})

= {d} < G.(1b})
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Example

ﬁ Tarski ﬁ ﬁ PaCo

(@—>b)—

{a} € G.,(4 No Invariant ]

< {b} € Gyoy

<Tabecdlofab,cd :%é%%@%

/
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—unctional characterization

Def. >
For F : C — C a function,
« F satisfies Unfolding, if Vx,y € C. y E f(x L F(x)) = yE F(x)
» F satisfies Accumulation, ifVx,y e C. yEF(xUy) = y E F(x)

Thm.>

For F satisfying Unfolding and Accumulation,
Ge(x) E F(x).

2016/3/16 Masaki Hara (U-Tokyo) 19/44
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Review : comparison of two proofs
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Review : comparison of two proofs

ﬁ _Tarcki — P — PaCn
Question:

1. What is invariant discovery?
q 2. Doesn’t PaCo need invariant

(a} C discovery?

~

/

=fa,
C{QM—L
\{abc _iabcaj/ k:{b}C{b}
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Invariant discovery : informal definition

Def. (Informal) >

Invariant Discovery is a
proof like this:

----------------- - x Evf
"""""" - «xCEx', x' Evf
______ _— cx;xl, xl ;f(xl)
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Invariant discovery : example

With Without invariant
invariant  Finite  Infinite

Tarski v X X
PaCo v v X
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Invariant discovery : example

* Proof with invariant discovery

efa}cvZ.oZ ® 6
<{a,b,c,d}SvZ.0Z '
<{a,b,c,d} So{a,b,c,d}
<{a,b,c,d} c{a,b,c,d} (@Q—b)—(e

With | Without invariant

invariant, Finite | Infinite

Tarski | v !
PaCo 1 v x
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Invariant discovery : example

* Proof without invariant discovery : Tarski case

{a} € vZ.0Z d (C
<{b}cSvZ.oZ '
< {b} S¢ {b}
< {b} c {a,

d} U,
S

With | Without invarrs
invariant| Finite | Infinite
Tarski v :““x-“““:c-“-i
PaCo v v x
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Invariant discovery : example

* Proof without invariant discovery : Tarski case

{a} € vZ.0Z
<{b}cSvZ.oZ
c{c}cvZ.oZ

With | Without invaria
invariant, Finite | Infinite
Tarski v :““x-“““:c-“-i
PaCo v v x
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Invariant discovery : example

* Proof without invariant discovery : PaCo case

* taj < G.(9)
=1{b} S G.(9)
= {c; < G.({b})
=1{d} < G.({b})
={b} S ib} O

With | Without invariant

invariant, Finite | Infinite
Tarski v x x
PaCo v 1 v x
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Invariant discovery : example

* Proof without invariant discovery : PaCo case

° {CIO} - Go (®)
< {q1} € G,({q0})
< {q.} € G.({90,91})

& {qB} - Go({qO' d1, qZ})
==

With | Without invariant
invariant,| Finite | Infinite
Tarski v X x

PaCo v v I x !
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Invariant discovery : example

With Without invariant
invariant  Finite  Infinite

Tarski v Ir x X i
i

PaCo %: v X :
S S S S I

Aim: to make these rigorous
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Invariant discovery : analysis

r p
taj S vz.oZ Invariant discovery )
\c ta,b,c,d} €vZ.oZ y uses transitivity
J
4 . A
_ Forget transitivity
K > y E Gr(x) > P(x,y)
- by
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nvariant discovery : assumption

N

Asm. )

From now on, we assume that for all x,
Ay. f(x Uy) preserves directed infima.




nvariant discovery : definition

Def. >

For P(x,y) : predicate,
e Downward closure :

vy, vy eEC. yEy , P(x,y') = P(x,y)

[ cf. transitivity y E y',y' E Ge(x) = y E Gr(x) ]

 Join closure:
Vx € C. VY C C. (‘v’y ey. P(x,y)) = P(x,LY)




nvariant discovery : definition

Def. >

For P(x,y) : predicate,
* Unfolding : forall x,vy, z, P(x,y) holds if
* zisminimalamong{z' |y E f(z')}
 P(x,2).
e Accumulation: Vx,y. P(x Uy,y) = P(x,y)
* Tarski:Vx,y.yLEC f(x I_Iy) = P(X;)’)




nvariant discovery : definition

Thm.>
* YEVf
< VP. bownward closure, Join closure, Unfolding, Tarski
= P(L,y)
* ¥ E Gp(x)

e VP Downward closure, Join closure, Unfolding, Accumulation

= P(x,y)




nvariant discovery : definition

Def. >

* v E vf is no-discovery Tarski provable
& VP, Join closure, Unfolding, Tarski
= P(L,y)
* ¥ E Gg(x) is no-discovery PaCo provable
& VP. Join closure, Unfolding, Accumulation
= P(x,y)




nvariant discovery : main theorem

Thm.>

For finite lattices, y £ G¢(x) is no-discovery PaCo provable, if it

holds.
For infinite lattices, y E G¢(x) is not necessarily no-discovery

PaCo provable.
y E vf is not necessarily no-discovery Tarski provable.

2016/3/16
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nvariant discovery : main theorem
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Parameterized induction

Def. >

Le(x) = py. f(xUy) parameterized least fixpoint

N

Lem./

Vx,y. yE f (x L Lf(x)) = y E Le(x)
Vx,y :a' — C (xincreasing).

(Unfolding)

(‘v’a.y(a) C Lf (x(a) L u y(ﬁ)))

f<a

= (‘v’a. y(a) E Lf(x(a)))

(Indexed Accumulation)




Parameterized induction : pushdown example

* Vn.{a(n)} € Ls (D)
e vn.{a(n)} € Ls({a(m)|m < n})
evn.{b(n)} € Lr({a(m)|lm <n +1})
e vn.{a(n)} < {a(m)lm <n+1}

fZ)=1cm)juez
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Conclusion & Future Work

*No-discovery characterization
* Gave mathematical framework to characterize power of
parameterized coinduction
* No-go theorem : perhaps useful for future proof-
technique development.
* Future work
 Syntactic Approach
* Trying non-Boolean examples
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Conclusion & Future Work

*Parameterized Induction
* Applied PaCo-like strategy to inductive properties.
* Perhaps useful for pushdown systems

* Future Work
* Implementation to a proof assistant
* Generalization to mixed u/v formulas
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