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—— Abstract

We initiate a study of automata-based model checking for previously proposed quantitative linear

time logics interpreted over coalgebras. Our results include: (i) an automata-theoretic charac-
terisation of the semantics of these logics, based on a notion of extent of a quantitative parity
automaton, (ii) a study of the expressive power of Biichi variants of such automata, with implic-
ations on the expressiveness of fragments of the logics considered, and (iii) a naive algorithm for
computing extents, under additional assumptions on the domain of truth values.
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1 Introduction

Linear time logics such as LTL or the linear time p-calculus (see e.g. [9]), originally interpreted
over non-deterministic transition systems, have been adapted and used successfully in model
checking various types of non-deterministic and probabilistic systems [3]. These logics share
the same notion of linear time behaviour, but depending on the branching present in the
models, have either a qualitative or a quantitative interpretation (with {0,1}, resp. the
unit interval as domains of truth values). Despite commonalities between the logics and
their automata-based verification techniques, a uniform account of the connection between
(quantitative) linear-time logics and (quantitative) automata over infinite structures is still
missing. This would allow existing verification techniques to be transferred to new models,
including weighted ones (for which linear time logics have already been studied [15]).

This paper initiates a general study of the connection between quantitative linear time
logics and quantitative automata on infinite structures, grounded in coalgebraic modelling, by
building on recent work on mazimal traces [6], quantitative linear time logics for systems with
branching [4, 5], and coalgebraic trace semantics for Biichi and parity automata [17]. (Here,
a maximal trace is either a finite, completed trace or an infinite trace.) The work in [6, 4, 5]
models systems with branching as coalgebras of type To F', with F' : Set — Set an endofunctor
used to specify linear behaviour (the structure of individual transitions) and T : Set — Set a
monad used to specify branching structure (which typically associates quantities to individual
transitions). Examples include non-deterministic/probabilistic/weighted labelled transition
systems, with or without explicit termination, but also models with a more general “linear”
behaviour, including tree-like behaviour; for example, taking F': Set — Set to be A x Id x Id
with Id : Set — Set the identity functor captures linear behaviours given by infinite labelled
binary trees. In this setting, a canonical definition of linear time behaviour of states in a
coalgebra with branching associates, to each state and each possible maximal trace (element
of the final F-coalgebra), a quantity measuring the extent of the given state exhibiting
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that trace, accumulated across all branches [6]. This recovers known concepts of infinite
trace semantics, including the possibility (for the finite powerset monad), likelihood (for the
sub-probability distribution monad) or minimal cost (for a weighted monad with weights
modelling costs) of exhibiting a particular trace.

Coalgebraic linear time logics, interpreted over the same types of models, were studied
in [4, 5], with formulas specifying properties of linear behaviour, and with their semantics
measuring the extent with which such properties hold in states of coalgebras with branching.
The monad T uniformly determines both the domain of truth values for the logics and the
choice of propositional operators (e.g. finite disjunctions for non-deterministic systems, sub-
convex combinations for probabilistic systems and linear combinations for weighted systems).
The modal operators employed arise from the functor F', but their interpretation is based
both on a choice of associated predicate liftings for F' and on a canonical predicate lifting for
T, with the latter being used to accumulate the quantities associated to different branches.
As with the notion of linear time behaviour, exactly how this accumulation works depends
on the type of branching. For non-deterministic systems, one recovers the aconjunctive
linear-time p-calculus. For probabilistic systems, the resulting logics differ from probabilistic
variants of LTL or the linear time p-calculus in their absence of boolean operators. This
difference is beneficial, as it results in an expensive automata determinisation step required
for model checking such probabilistic variants (see [3, Section 10.3]) being avoided with our
logics, without a real loss in expressiveness (see Remark 6). For weighted systems, the logics
are similar to previously proposed ones [15] in their absence of conjunction operators. Our
choice of propositional operators is further supported by results in [5] on the equivalence of
the original, step-wise semantics of the logics with an alternative path-based semantics akin
to that of LTL, and by the close connection to quantitative automata described in this paper.

We now turn to the contributions of this paper. A definition of the extent with which
two states in coalgebras with branching exhibit similar linear behaviour was given in
[6]. Here we take this further by providing alternative characterisations of notions of
mazimal and finite trace similarity between two branching coalgebras. These instantiate
to the existence/likelihood/minimal joint cost of a common trace, in the case of non-
deterministic/probabilistic/weighted branching. When one of the coalgebras models the
system of interest and the other captures (un)desirable behaviours, these notions provide
the right concepts for automata-theoretic model checking. Our alternative characterisations
involve a product construction, and a novel notion of extent of a coalgebra with branching.

We then extend these ideas to provide an automata-theoretic characterisation of the
semantics of the logics in [4, 5]. For this, we use a generalisation of standard parity automata
over words/trees, inspired by recent work on coalgebraic trace semantics for Biichi and
parity automata [17]. Our automata are parameterised by (i) a partial semiring monad,
specifying a type of branching, and (ii) a polynomial endofunctor F, specifying a type of
linear behaviour. Key to our approach is the notion of extent of a parity automaton, which
provides a quantitative notion of acceptance, not of a single maximal trace, but across all
maximal traces that conform to the automaton. This instantiates to the existence/likeli-
hood/minimal cost of an accepting trace (maximal trace satisfying the parity condition), for
non-deterministic/probabilistic/weighted branching (with weights modelling costs), respect-
ively (see Example 17). A key advantage of the extent-based characterisation of the semantics
is a localised view of the satisfaction relation of the logics — fixpoints are computed locally on
the reachable part of the product between model and formula automata, rather than globally
as predicates on the model state space, as stipulated in the original semantics. Our generic
translation from formulas to automata resembles known translations for non-deterministic
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systems (see e.g. [19]), while additionally exploiting the choices made in the semantics of our
logics to simplify the construction. A translation from automata to formulas is also sketched.
For non-deterministic branching, Biichi automata over words are as expressive as parity
ones [11], while over trees this fails to hold [16]. Here we generalise this result to a quantitative
setting, under the additional assumption that the branching semiring is total. Given our
translations from logics to automata and back, this also yields an important result about
our logics, namely that for word-like linear behaviour (i.e. F' isomorphic to a coproduct
of constant and identity fnctors), the alternation degree 1 fragment of the logics is fully
expressive. We stress that our translation from parity to Biichi automata preserves the
quantitative language. To our knowledge, the only related result in a quantitative setting is a
translation from probabilistic Rabin to probabilistic Biichi automata [2], which only preserves
the qualitative language. Unlike the standard translation from parity to Biichi via Rabin
automata [11], which uses the idempotence of disjunction, our translation does not require
idempotence of the semiring addition. For partial semirings which arise as sub-semirings
of total semirings satisfying our assumptions (as is the case for probabilistic branching), a
similar translation is obtained by moving to the larger semiring; this time, the resulting
Biichi automaton has branching as specified by the larger semiring, but can nonetheless be
used in the same way, given the preservation of the quantitative language (see Remark 32).
Our final contribution is a naive algorithm for computing extents of parity automata.
This requires an additional assumption on the underlying semiring, satisfied by both non-
deterministic branching and a bounded variant of weighted branching, to ensure that the
computation of individual fixpoints terminates. To summarise, our contributions are:

1. automata-theoretic characterisations of finite and maximal trace similarity between states
of coalgebras with branching (Theorem 14),

2. a notion of extent of a parity automaton, parameterised by a choice of branching monad
and linear time behaviour (Definition 16),

3. translations from linear time formulas to automata and back, providing an automata-
theoretic characterisation of the quantitative semantics of the logics in [4, 5] (Theorem 24),

4. a translation from quantitative parity to quantitative Biichi automata over words (The-
orem 31), rendering the alternation degree 1 fragment of the logics fully expressive,

5. an algorithm for computing extents, similar in complexity to known algorithms for
emptiness checking in the non-deterministic case [14].

We assume familiarity with the coalgebraic approach to modelling systems. Section 2 recalls

the results of [6, 4, 5], while each subsequent section contains one of the above contributions.
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2 Preliminaries

2.1 From Partial Commutative Semirings to Commutative Monads

» Definition 1. A partial commutative semiring is a tuple S := (S, 4,0, e,1) with (S, +,0)
a partial commutative monoid and (.5, e,1) a commutative monoid, with e distributing over
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+; that is, for all s,t,u € S, se0 =0, and whenever ¢t + v is defined, then so is set + sew
and moreover se (t+u) =seot+ seou.

The addition operation of any partial commutative semiring induces a pre-order relation C
on S, given by x C y iff there exists z € S with z 4+ z = y, and having 0 as its least element.

» Example 2. Here we consider the boolean semiring ({0,1},V,0, A, 1), the (partial) probab-
ilistic semiring ([0, 1], +, 0, *, 1), the tropical semiring N = (N°° min, co, +, 0) and its bounded
+n, ifm+n<B
variants Sp = ([0, B]*°, min, oo, +p,0) with B € N, where m+pn = menn, s

00, otherwise
The associated pre-orders are < on {0,1} and [0, 1], and > on N* and [0, B]*.

We further assume that C has a top element and is an w-chain complete as well as w°P-chain
complete partial order. This holds in all our examples.
A partial commutative semiring S induces a semiring monad (Tg,n, u) with
Ts(X)={p: X — S |supp(p) is finite, >  @(x) is defined }

xesupp(p)

1 ify==x
o mx(®)@) = X D(p)ep(x)
0 otherwise pEsupp(P)

nx () (y) = {

where supp(p) = {z € X | p(z) # 0} is the support of ¢. Moreover, the monad Tg above is
strong and commutative, with strength stxy : X x TgY — Tg(X x Y) and double strength
dStX,Y T X xXTgY — Ts(X X Y) given by

{w(y) ifz=2z

0 otherwise ' dstx,y (0, ¥)(2,9) = ¢(2) e ¥(y)

stxy (z,9)(2,y) =

We note that Tgl = S, with 1 a final object in Set, and therefore S carries a T g-algebra
structure given by g : T%l — Tgl. The relationship between monads and partial semirings
was studied in [8, 6]. We use semiring monads to model branching, with the semirings in
Example 2 modelling non-deterministic, probabilistic and weighted branching. In the latter
case, we think of the weights as costs associated to individual system steps.

2.2 Finite and Maximal Traces

A coalgebraic approach to defining maximal traces of coalgebras of type Tg o F', with F
a polynomial® endofunctor and Tg : Set — Set a semiring monad, is described in [6]. The
monad Tg is used to specify branching structure, whereas the functor F' is used to specify
linear behaviour, with the elements of the final F-coalgebra defining individual traces. Since
any polynomial endofunctor on Set can be written as a coproduct of finite products of identity

functors, we readily assume this shape: FX = [[ X*® with A a set of operators with
AEA
finite arities. The elements of the final F-coalgebra (initial F-algebra) are potentially infinite

(resp. finite) trees with nodes labelled by some A and having as many outgoing edges as ar(\).
The definition of maximal traces resembles the alternative partition-refinement definition
of bisimilarity, but differs from it in two key ways: (i) what is defined is a trace relation
between states of a Tg o F-coalgebra and elements of the final F-coalgebra, and (ii) trace
relations are S-valued relations that measure, for each state in a coalgebra with branching

1 An endofunctor F : Set — Set is polynomial if it is constructed from constant and identity functors
using finite products and arbitrary coproducts.
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and each linear behaviour, the extent (e.g. ability, likelihood or minimal cost) of that state
exhibiting the given linear behaviour. Concretely, for a Tg o F-coalgebra v : C — TgFC,
its maximal traces are given by the greatest fixpoint of the following operator on S-valued
relations between C' and the carrier of the final F-coalgebra (Z,():

ReIC,Z M} ReIFc’FZ L) ReITSFC,FZ M} Relc’z (1)
Here, Relx y is the category of S-valued relations on X xY, and Rel(F) : Relx y — Relpx, ry
“lifts” S-valued relations on X xY to S-valued relations on FF X x F'Y, with the help of the semir-
ing multiplication: for R : X xY — S, Rel(F)(R) maps (¢tx(z1,. .., Tar(x))s b (Y1, - - -5 Yar(n)))
to 0 if X # N, and (ex(z1,.. ., Tarr)), A (Y1, -+ Yar(n))) t0 R(z1,y1) @ ... @ R(Zar(r), Yar(n))-
Also, Lg : Relx y — Relryx vy, called extension lifting, takes a relation R: X xY — S to
the relation pu; o TgR o StIX,Y :TgX xY — S, with st'X,Y :TgX XY = Tg(X xY) the
swapped strength map of Tg. This choice for Lg is canonical, in the sense that Lgs(R)(_,y)
is the unique extension of R(_,y) to a Tg-algebra homomorphism, for y € Y (see [6] for
details). Concretely, Lg(R)(>_,; cizs,y) = (D>, ciR(z4,y)) for z; € X and y € Y. The
effect of using Lg above is that the quantity ultimately associated to each pair (¢,2) € C x Z
is accumulated across all branches from ¢, in a step-wise fashion.

A similar treatment of finite traces is obtained by replacing the final F-coalgebra (Z, ()

with the 4nitial F-algebra (I,:), with +: FI —— I , and taking the least fixpoint of the
following operator on S-valued relations:

Rel(F) Ls (yxa~1)”
Re|07[ e ReIFc,FI e RelTspch[ e Re|07[

» Example 3. When S = ({0,1},V,0,A,1) (and thus Tg is isomorphic to the finite powerset
monad), the (greatest, resp. least) fixpoints of the previous operators relate a state in a
non-deterministic coalgebra with a (maximal, resp. finite) trace iff that state can exhibit
the given trace. When S = ([0,1],4,0,%,1) or S = (N°°,min, 0co,+,0), the (greatest,
resp. least) fixpoints give, for each state and each (maximal, resp. finite) trace, the likelihood,
resp. minimal cost of that state exhibiting the given trace. The precise shape of a trace
is determined by the choice of F'; taking F' = 1+ A X Id captures words over A, whereas
F =1+ A xId x Id captures binary trees with non-leaf nodes labelled by A.

2.3 Quantitative Linear Time Logics for Coalgebras

We now recall (a variant of) the logics studied in [4, 5]. They are interpreted over Tg o F-
coalgebras, with Tg and F' as before, and have syntax given by

U£X Spu=T I [/\}(9017 cee 790ar(/\)) ‘ Ziel Ci ® P4 | Hx. | vr.p
with 2 € V, A € A and ¢; € S such that )., ¢; is defined. Here, V' is a set of variables and I
is a finite set. Writing ¢ : XY — FX with X\ € A for the coproduct injections, we define,
for each modal operator A € A, an S-valued predicate lifting [A\] : S~ x ... x S = S by:

(2)

1) e ... 000 (Tarny), if A =N
[[)‘]](pla"~7par(>\))(b)\’(m17”wxar()\/))) = {pl( 1) b O\)( ao\))

0, otherwise

» Definition 4. For a Tg o F-coalgebra (C,~) and a valuation V : V — S¢, the denotation
[e]Y € S€ of a formula ¢ € pLY is defined inductively on the structure of ¢ by

[2]} = V(2),

[[ZI ciopily = m(X cilwily),

1€

iel
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[A (o1, - - - <par(,\))]]f// = 'y*(extpc([[)\ﬂc([[@ﬂ]}//, R [[<par(,\)]]§//))), where the extension pre-
dicate lifting ext 1 S~ = S5~ takes an S-valued predicate p : C — S to the S-valued
predicate iy o Tgp: TgC — S, while v* : STsFC — §C is pre-composition with 7.
[[um.go]]ly/\{x} ([[um.go]];/\{m}) is the least (resp. greatest) fixpoint of the operator on S¢
taking p: C' — S to [[cp]],‘y/[p/m}, where the valuation V[p/z] : V — S¢ takes x to p and
y eV \{z} to V(y).

(In the second clause, both the formal sum notation and the action of p; have been extended

pointwisely to functions on C.) We write uLs for the set of closed formulas (V = 0).

For the operator in the last clause of Definition 4 to be order-preserving, monotonicity of both
ext and [A], with A € A, is required, and proved in [5]. The existence of lfps, respectively gips
then follows by [10, Theorem 8.22], which assumes an order-preserving operator on a cpo. The
use of extension lifting in the third clause of Definition 4 results in [[A](¢1, . .. ,@ar(A))]];/(c)
accumulating the values [AJc([e1]Y, - -, [ar(n]Y ) (fi), with y(c) = 2, ¢ifi, by taking into
account the weights ¢;:

[ (o1, -, a1 (0) = m(z ciMe(leily - [earon 1Y) (f)

The presence of weighted sums in the logics is supported by results in [5] showing that the
inclusion of such sums preserves the equivalence of the above step-wise semantics with an
alternative, path-based semantics, akin to that of LTL. Finite conjunctions are missing from
the logics, and our step-wise semantics prevents their inclusion. It is worth noting, however,
that fixpoint logics for weighted systems are similar in their absence of conjunctions [15]. For
total semirings S, finite disjunctions are present as finite weighted sums with the weights
equal to 1. Their interpretation is as expected: the formula ), 1 e ¢; (written more simply
>, i) measures the extent of conforming to one of the ¢;s.

» Example 5. Taking F' =1+ AxId ~1+]], 4 d yields a logic with a nullary modality
(for termination), and unary modalities [a] with a € A, with the usual interpretation. Taking
F=AxIldxId~]],.,(Id x Id) yields a logic with binary modalities [a] with a € A, with

o —
associated predicate liftings given by [a]x (p1,p2)(te (z,y)) = {pl(x) *p2(y), ifa'=a ,

acA

0, otherwise
for p1,pe € SX and x,y € X. Irrespective of the choice of F', when S = ({0,1},V,0,A, 1),
a formula ¢ holds in a state of a Tg o F-coalgebra iff that state admits a maximal trace
satisfying ¢. For S = ([0,1],4+,0,%,1) or S = (N°°, min, co,+,0), [¢] : C — S measures
the likelihood, resp. minimal cost of states of Tg o F-coalgebras conforming to ¢ (suitably
scaled according to the weighted sums present in ).

» Remark 6. Taking S = ([0,1],+,0,%,1) and F' =1+ A x Id yields a linear time logic for
probabilistic transition systems. The absence of pure disjunctions makes this logic different
from probabilistic LTL. A variant of our logics which incorporates disjunctions that can be
resolved in one step (e.g. [a]p V [b]y) with a # b) as new modalities turns out to be more
expressive than probabilistic LTL (see [5, Example 4.3]). In this case, deterministic parity
automata (known to be more expressive than LTL) can be directly encoded in the logic.

» Remark 7. By casting our logics into a dual adjunction framework, as done in [5], it follows
immediately that Tg o F-behavioural equivalence implies logical equivalence. This, however,
is not very interesting, given the linear time nature of our logics. A detailed study of a
weaker, trace-based notion of equivalence for which our logics are both sound and expressive
is left as future work.
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2.4 Equational Systems

The use of nested fixpoints in the semantics of fixpoint logics can elegantly be rephrased in
terms of solutions of equational systems [1].

» Definition 8. An equational system over posets Lq,..., L, is a sequence of equations
uy =y, fr(ut, ... un) ooy Un =y, fo(ui,...,un) , where uy, ..., u, are variables, n; €
{p,v} and f; : L1 x ... x L,, = L; is a monotone function. A variable u; is a p-variable

(v-variable) if n; = p (resp. n; = v).

A precise definition of the solution of an equational system can be found in [1, Section 1.4.4].
Intuitively, assuming that the L;s have enough suprema and infima, the solution of an
equational system is defined as follows:

1. the first equation is solved (by taking either the least or the greatest solution, depending
on 7)1), to obtain an interim solution u; = lgl)(UQ, Cey Up);

2. this is substituted for w; in the second equation, yielding a new equation us =,
fzi(uQ, CeyUp);

3. the second equation is solved to obtain an interim solution us = 152)(113, ce s Up);

4. continuing this way from left to right eventually eliminates all the variables and leads to
a closed solution wu,, = 17(1”) € L,; and

5. closed solutions are propagated back from right to left to yield closed solutions for all of
Ulye ooy Up-

Instead of pu- and v-annotations, some of the equational systems appearing later in the paper

use natural numbers, with odd (even) values indicating p- (resp. v-) variables, and with the

order of equations being determined by the natural order on N. We also use a generalised

form for equational systems, which allows several equations indexed by the same value, all of

which are to be solved simultaneously.

3 An Automata-Based Approach to Trace Similarity

As already sketched in [6], notions of mazimal and resp. finite trace similarity between states
of Tgo F-coalgebras can be defined by using a double extension lifting in place of the extension
lifting Lg of (1). This section paves the way towards an automata-based characterisation
of the semantics of the logic uLx, by providing a similar (and simpler) characterisation of
maximal and resp. finite trace similarity.

The double extension lifting L'y : Relxy — Relrgx 1,y takes an S-valued relation
R:X xY — S to the S-valued relation p1y o TgRodstxy : TgX x TgY — S. Compared
to Lg, Ly uses the double strength map of Tg in place of the swapped strength map to yield
a relation on TgX x TgY. As with Lg, this choice for LY is canonical (see [6]), and satisfies

Ls(R)(XC; ciwi, 325 djys) = ma(X2; 22, (ci @ dj) R(wi, ;).

» Definition 9. The mazimal (resp. finite) trace similarity relation between two Tg o F-
coalgebras (C,v) and (D, ) is the greatest (resp. least) fixpoint of the following operator on
S-valued relations between C' and D:

Rel(F) L (vx¢)”
Re|C7D —_— Rech’FD —_— RelTsFC,TsFD —_— ReIQD
We write :Z 5:CxD — S and :5 s: C x D — S for these relations.

» Example 10. For S = ({0,1},V,0,A, 1), maximal (finite) trace similarity relates precisely
those states which admit a common maximal (resp. finite) trace. For S = ([0, 1], +,0, %, 1) or

77
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S = (N°*°, min, 00, +,0), maximal (finite) trace similarity measures the likelihood, resp. min-
imal joint cost of two states exhibiting a common maximal (resp. finite) trace.

We now introduce notions of v- and p-extent of a Tg o F-coalgebra, and rephrase the
definitions of ~ ; and 2‘;’ s using these notions. The idea is to measure the weight with
which a state in a coalgebra with branching can exhibit any maximal (resp. finite) trace.
This weight is cumulative across all the branches.

» Definition 11. The v-extent (u-extent) of a Tg o F-coalgebra (A, «) is the gfp (resp. lfp)
of the operator on S4 taking p: A — S to the composition

T rors 0 Tes —T21 M Tl = 5

A5 TgFA
where o5 : 'S — S is given by ep(iA(51,...,8ar(1))) = 510... @55y for A€ A

The above operator uses a one-step unfolding of the coalgebra structure to compute a finer
approximation of the extent on a state based on the extent on its immediate successors. As
the generality of F' allows for immediate successors which are tuples of states, the semiring
multiplication may also need to be used (in ez). The monad multiplication is used to
accumulate the values from different branches. The composition in Definition 11 takes a € A
with aa) = 32, ci(al, ..., al?) to pr (32, ci(p(al)e...ep(al))). That is, the extent associated
to a particular state accumulates the extents associated to its immediate successors, scaled
by the weights of the corresponding branches.

» Example 12. For the Tgo F-coalgebras below, with F' = 1+ A xId and S = ([0,1], +,0, %, 1)
(resp. S = (N°°, min, 0o, +,0)), the v-extent maps x to 0.4, y to 0.6 and z to 0.2 (resp. z and
y to 1 and z to 0), whereas the p-extent again maps x to 0.4, y to 0.6 and z to 0.2 (resp. x
and z to 4 and y to 2). Intuitively, the reason for the u- and v-extents being the same in the
probabilistic case is that the likelihood of never reaching y from either = or z is 0.

3.a x 3.0 . 2,a x 1,b 0.
N, e LN
Yy 1 1 z —y 0,c 0,c z

1:¢ 1:¢

[ME

The notions of v- and p-extent turn out to be particularly useful when applied to the
product of two T g o F-coalgebras; this collects their common F-behaviour, suitably quantified
with the help of the monad structure of Tg.

» Definition 13. The product of Tg o F-coalgebras (C,~) and (D, d) is the Tg o F-coalgebra
with carrier C' x D and transition function v ® § given by

dStFC’,FD <F7T17F7T2>*

Cx D5 TgFC x TsFD Ts(FC x FD) ™0 10 p(C % D)
where (F'my, F'mg)* is pre-composition with (Fry, Fre) : F(C x D) — FC x FD.

The effect of pre-composing with (F'7ry, F'ry) is that pairs of non-matching one-step behaviours
are discarded from the resulting coalgebra.

Our first result relates the v- and u-extents of the product of two coalgebras with the
maximal and respectively finite trace similarity relation between them.

» Theorem 14. Let (C,v) and (D,d) be two Tg o F-coalgebra. The v-extent (u-extent) of
the product coalgebra (C x D,y ® §) coincides with the mazimal trace similarity relation >~ s
(resp. the finite trace similarity relation ::,5)'

Proof (sketch). The proof involves showing that the operators used in the definition of ~1 s
and :’7" s on the one hand, and of the v-/u-extent of the product automaton on the other,
coincide. <
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4 Parity (S, F))-Automata and their Extent

We now consider parity (S, F')-automata, as extensions of Tgo F-coalgebras with a parity map,
and define their extent. Parity maps are a natural way to formulate acceptance conditions for
automata on infinite words/trees: the states of the automaton are assigned natural number
parities, and a run of the automaton is accepting iff the largest parity occurring infinitely
often along the run is even (see e.g. [11]). We use parity maps in a similar way, but this time
in a quantitative setting where the emphasis moves away from individual runs.

» Definition 15. A parity (S, F)-automaton is given by a Tg o F-coalgebra (A, ) together
with a function Q : A — {1,2,...} with finite range, called parity map.

A similar notion called (T, F')-system was considered in [17], albeit under different assumptions
on the monad T, which rule out semiring monads as considered here. A trace semantics for
a (T, F)-system was defined in loc. cit. as a Kleisli map obtained by taking least and greatest
fixpoints, and this was proved to instantiate to the standard notions of acceptance by a
non-deterministic, resp. probabilistic parity automaton. As in [17], our assignment of parities
to all states of the automaton allows for a smooth relationship to equational systems.

The eztent of a parity automaton generalises the v- and p-extents of a coalgebra by taking
into account the different parities associated to the automaton states. The only difference is
that now the extent involves a collection of nested fixpoints, one for each parity.

» Definition 16. Let (A, o, ) be a parity (S, F)-automaton with ran(Q) C {1,...,n}, let
A ={a € A|Qa) =k}, and let o = oty : Ay — TgF A denote the restriction of a to
Ag. The extent e = [e1,...,es] : A = S of (4, a,Q) is the solution of the equational system

u =, moTg(ep)oTsFluy,... uy]oa

(3)

Up, =n J751 OTs(OF)OTsF[Ul,...,un]OOZn

with ) = p (n = v) if n is odd (resp. even), with variables u; ranging over the poset (S4#, C)

(and therefore [ug,...,u,] : A — S), and with the rhss of the equations pictured below:
a T UL yeenyUn Ts(e
Ay TpA el g SO0 g o T2 M T =8

» Example 17. For non-deterministic/probabilistic/weighted systems, the extent captures
the existence/likelihood /minimal cost of an accepting run. For the coalgebras in Example 12,
assigning parities 1 to the states x and y and 2 to the state z yields automata with extents
mapping z to 0.4, y to 0.6 and z to 0.2, and resp.  to 1, y to 1 and z to 0. The reason for the
extent being similar to the - and v-extents of the underlying coalgebra in the probabilistic
case is that, although runs which visit z infinitely often contribute to the extent, under
the current assignment of probabilities to transitions, the contributed quantity is 0. The
situation would be different if the transition from z to z was removed and the one from z to

itself had probability 1, in which case the extent would map x to %, y to % and z to 1.

» Remark 18. A trace semantics for parity (S, F))-automata similar to that of [17] can also
be defined, using an equational system whose variables u; range over S4**Z_ In this case,
the rhs of the kth equation is given by:

QX(T]ong) (FTr],FTr2>*

Ay x 2 U2 T p A« TgFZ 9% To(FA X FZ) TsF(Ax Z)
lTSF[ul,...,un]
S TsS TsFS

H1 Ts(er)
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5 From Linear Time Logics to Parity (S, F')-Automata

We now show how to assign, to each clean and guarded formula of uL, (Definition 19),
a parity (S, F)-automaton. We then give an automata-theoretic characterisation of the
semantics of a uLa-formula, using the extent of a product automaton (between a model and
a formula automaton). The next definition is standard for fixpoint logics (see e.g. [18]).

» Definition 19. For a set V of variables, a formula ¢ € MEX is clean if no variable appears
both free and bound, or is bound more than once, in ¢, and guarded if each occurrence of a
bound variable inside its defining fixpoint formula lies within the scope of a modal operator.

For a clean formula ¢ € MEX, we write BVar(p) for its set of bound variables. Also, for
x,y € BVar(y), we write ¢, = nx.1p, for the unique sub-formula of ¢ which binds z, and
y < z iff p, is a sub-formula of ¢,. Our technical development will require first transforming
a guarded formula to a strictly guarded one, as defined below.

» Definition 20. A formula ¢ € pCY is (i) strongly guarded if every occurrence of a fixpoint
variable z inside the defining formula v, of a variable y (with y < z) appears within the
scope of a modal operator, and (ii) strictly guarded if every occurrence of a fixpoint variable
x inside v, is immediately preceded by a modal operator.

Guardedness requires that, in the formula syntax tree, one cannot pass from a fixpoint
quantification ny.1, to an occurrence of y without encountering a modal operator. Strong
guardedness additionally requires that this is the case when passing from ny.1, to any fixpoint
variable & occurring inside 1. It is easy to see that every guarded formula is equivalent to
a strongly guarded one. To see this, assume for simplicity that S = ({0,1},V,0,A,1) and
therefore the logic only contains non-weighted sums (i.e. disjunctions) which we denote by +.
Then, a non-strongly guarded occurrence of variable x, necessarily of the form nz.p[n'y.(x+1)]
with ¢ a formula with a guarded hole, is equivalent to nx.¢[z +n'y’ . ¥[(z +y')/y]], where x is
now guarded in ¢[(z + y')/y] as y was initially guarded in ¢. (This argument generalises to
weighted sums, where now x+1 is replaced by >, ¢;¢; with ¢); = « for some i. However, when
S is a partial semiring, an additional unfolding of the formula n'y’.¢[(xz + y')/y] is required,
as the counterpart of the sum x + n'y/.¢[(z + v') /y] may not be defined.) Strict guardedness
additionally requires that occurrences of x inside 1, are immediately preceded by modal
operators. Given the distributivity of modal operators over weighted sums (an immediate
consequence of the definition of [A]), one can translate a strongly guarded formula into an
equivalent, strictly guarded one by pushing weighted sums outside the modal operators.
The next definition can be traced back to the notion of Fischer-Ladner closure [12].

» Definition 21. A set C C MEX of formulas is closed if
Y[nx.ap/x] € C whenever nz.ap € C, for n € {u, v},
pieCforie{l,...,n}, whenever > ¢, e¢; €C,
i€{l,...,n}
P1r- -+ Pary) € C whenever [N(p1.....ouey) € C.
The closure Cl(p) of a pLY-formula ¢ is the smallest closed set containing ¢.

We note that Cl(¢) is always finite: the second and third clauses above can only be applied
finitely many times before the first clause applies; and applications of the first clause only
lead to the inclusion of a new formula in Cl(¢) once for each fixpoint sub-formula of ¢.

We now exploit the close relationship between the logic uLa on the one hand and the
semiring S and endofunctor F' on the other to associate, to each clean and strictly guarded
formula ¢ € pLy, a parity (S, F)-automaton with carrier Cl(¢). To this end, we assign
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natural numbers n, to variables z € BVar(y) in a way which is consistent with the order
BVar(p), that is, n, < n, whenever < y, and which differentiates between least and
greatest fixpoints, that is, n, is odd (even) if ¢, = px.) (resp. ¢, = va.1p). The number
of parities can be optimised to equal the alternation depth of o, given by the number of
alternations between least and greatest fixpoints [1]. Hereafter we assume that ¢ is a fixpoint
formula (otherwise the formula vz.¢ with = a fresh variable can be considered instead).

» Definition 22. The parity (S, F)-automaton (Cl(¢), 8,) associated to a clean and strictly
guarded formula ¢ € uLy with ¢ = ¢, =nz.4), has 8 : Cl(p) = TgFCl(p) and Q : Cl(p) —
{1,2,...} defined by induction on the structure of Cl(p):

Q(nz.ap,) = n, (and hence Q(¢) = n,),

Bnzaby) = B[z, /x]); Qpnzap/x]) = ng, unless Y[nx.ap/x] is a fixpoint formula

itself, in which case the previous clause applies,

Bl X cieowi) =praw( X aBle)); Qe) =Q Y ciey;) forie

i€{l,...,n} ie€{l,...,n} i€{l,...,n}

{1,...,n}, unless ¢; is a fixpoint formula, in which case the first clause applies,

BN (21, -5 Parn) = nrcie) (al@n, - 0arn)); Qi) = QAI(01, -+, Par(r))) for

1€ {1,...,ar(\)}, unless @; is a fixpoint formula, in which case the first clause applies,
with  : ld = Tg and p : T% = Tg the unit and resp. multiplication of Tg. (Note the
difference in denotations between the first and the second occurrences of the > symbol in the
third clause: the first is part of a propositional symbol of puLy, whereas the second describes
an element of TgTgF Cl(p) as a formal sum.)

Thus, formulas in Cl(y) are assigned parities starting from the outermost formula, and with a
formula receiving the same parity as the smallest formula which contains it — unless the given
formula is a fixpoint one 7,..¢,, in which case its parity is n,. This is standard (see e.g. [7]),

and gives Q(¢') < Q(v) whenever 1) is a sub-formula of ¢ different from a fixpoint formula.

However, if a formula ¢ € Cl(¢) occurs several times within ¢, (¢) is defined more than
once according to the above definition. In this case, a copy of ¢ should be made within Cl(y)
for each occurrence of ¢, with different copies assigned possibly different parities. To avoid
complicating the definition of the parity automaton associated to ¢, and our subsequent
exposition, we assume (for the above definition) that ¢ does not contain several occurrences of

any sub-formula. Our technical development does not, however, depend on this assumption.

The recursive definition of 3, with base case [A](¢1, ..., @ar()), deviates from the more
standard approach to translating fixpoint formulas to automata (see e.g. [18]), which applies
more generally to unguarded formulas and involves an intermediate automaton with silent
steps. Here, silent steps are automatically absorbed into the next non-silent transition, with
no unwanted consequences. This is possible due to our strict guardedness assumption:

1. Guardedness ensures well-definedness of 3, as only a finite number of applications of the
second and third clauses of Definition 19 are possible before the last clause applies.

2. Strict guardedness ensures that the implicit elimination of silent steps is such that every
path from ¢, to x in the formula syntax tree corresponds to a “path” from ¢, [p,/x] to
¢, in the resulting automaton. Thus, states (such as ¢, ) with parities greater than the

parity associated to ¢, are not sidestepped during the implicit elimination of silent steps.

The first formula of Example 23 illustrates why strict guardedness is needed.

» Example 23. Assume F' =1+ A x Id. Thus, the associated logic contains a single nullary
modality * and unary modalities [a] with a € A.

1. The strongly guarded formula &, := vz.§, with &, := py.[a](z + y), with associated
automaton shown below on the left, is not strictly guarded. This automaton does not

7:11

CALCO 2017



7:12

Parity Automata for Quantitative Linear Time Logics

faithfully represent &, as it does not accept a* (since Q(&; + &y[&2/x]) = Q(&) = 1). On
the other hand, the automaton associated to the equivalent, strictly guarded formula
&, = vw.§y, with & = py.([a]x + [a]y), shown below on the right, correctly accepts a*
(as (&) = 2). The problem with &, is that the path from &, to « in the formula syntax
tree does not correspond to a path from &, + &, [, /2] to & in the resulting automaton
(and similarly for the path from &, to z).

®! () a !
€0 — &+ &yl€a/7] — &y[€a/7] & T&lE/

2. The automata associated to the strictly guarded formulas ¢, = vz.(¢, + [b]z) with
0y = py.(* + [aly), and ¥, := va.ap, with ¢, = py.[c]([a]z + [b]y), are:

b a a b
/_\ /_\
), Q) b B, W,
P Py \C/r &P/

with ¢y := 1y [2 /2], Qo) = Q(¢2) = 2 and Q(py) = Q) = Q[alipe + [BYy) = 1.

Given a Tgo F-coalgebra (C,v) and ¢ € uL, with associated automaton (Cl(¢), 8, 2), one
can endow the product of (C,~) and (Cl(¢), 8) with a parity map by setting Q(c,v) = Q()
for (c,7) € C x Cl(p). The next result provides a characterisation of [¢], using the extent
of the resulting parity automaton.

» Theorem 24. If (Cl(p), 8,) with ran(Q) C {1,...,n} is the parity automaton for a clean
and strictly guarded formula ¢ € pLy, (C,7v) is a Tg o F-coalgebra and e = [(en)neran()] :
A — S is the extent of the product parity automaton (A, a, Q) of (C,v) and (Cl(v),3,Q),
then [¢],(c) = e(c, ) force C.

The proof of Theorem 24 involves defining an equational system E, in generalised form (see
Section 2.4), whose solution is known to provide an alternative characterisation of [¢],, and
proving that this solution can alternatively be characterised using the extent of the product
automaton (A, «, Q). This intermediary result makes use of solution-preserving substitutions
of rhss of equations in E, for the respective variables, to transform E, into an equational
system equivalent to the one used to define the extent of the product automaton.

The equational system E, employs a variable u, ranging over S¢ for each formula
1 € Cl(p). In order to specify the rhss of E,, we define, for each ¢ € Cl(y), a term
dy : (S9N — SC over these variables:

d[/\](LP17--~7<Par(A)) =" (extrc([A] (utpw e quar(A))))a

dzie{l ..... ny G101 - Ml( Z Cillyp; )a (4)

i€{l,...,n}
dpz.ap = Unz.ap-

» Definition 25. For ¢ € puLy clean and strictly guarded, the system E, collects (i) all
equations Uye.yy =q(na.v) dynew/z) With nz.yp € Cl(p), and (ii) all equations ue =q¢) de
with & € Cl(y), & # nz.1), where the u,s range over S for 1) € Cl(¢p).

The following result is folklore (see e.g. [7] for a similar result).

» Proposition 26. For ¢ € ulp clean and guarded, and (C,7v) a Tg o F-coalgebra, let
(vy)yeci(p) denote the solution of the equational system E,. Then, for 1 € Cl(p), [¢], :
C — S coincides with dy[(ve /ue)eeci(e)]-
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» Example 27. The systems of equations associated to £, and resp. p, of Example 23 are

Up, =2 H1(Uy, + Upp,)

ue, =2 Ug, ¢, /a] uplp, =2 V'(extpc([b]uy,))
Ug,le,/a) =1 V(extpo([alug, e, e, /1)) Up, =1 f(Us + Up,)
Ug,+¢,(6, /2] =1 p(ug, + g, (¢, /o)) ue =1 Y (extpo([+]))

Ualp, =1 7V (extrc([a]uy,))

The definitions of both E, and  are driven by the structure of Cl(¢), and use the same
strategy to associate parities to formulas. However, the definition of § sidesteps certain
formulas during the implicit elimination of silent steps from the resulting automaton. The
proof of Theorem 24, not included here for space reasons, shows that, under the assumption
that ¢ is strictly guarded, carrying out a suitable choice of substitutions (those implicitly
performed in the definition of ) on E, results in an equational system equivalent to both
E, and the system of equations defining the extent of the product automaton.

For the modal pu-calculus, a converse translation, from parity automata to fixpoint
formulas, also exists. This is defined by induction on the number of parities and uses vectorial
syntax as an intermediary step. Vectorial syntax [1] generalises standard fixpoint calculus
syntax by replacing fixpoint variables with arrays of such variables, all with the same parity,
with the corresponding fixpoints being computed simultaneously. A similar translation from
parity (S, F))-automata to uL-formulas can be defined here. A translation from a parity
(S, F)-automaton to vectorial syntax is straightforward: each automaton state yields a new
variable, with parity given by the automaton, and whose defining formula is taken from the
coalgebra map of the automaton. A translation from vectorial to standard syntax is then
carried out by appealing to the Beki¢ principle — this allows reducing a simultaneous fixpoint
to a sequence of individual fixpoints (see e.g. [1, Lemma 1.4.2]). The formula associated to
the original automaton can now be read directly from the resulting equational system.

» Theorem 28. For a parity (S, F)-automaton (A, o, Q) with Apax(ran()) = {0}, there exists
©a € L such that, for every Tg o F-coalgebra (C,7), if € : [(en)neran()] is the extent of
the product parity automaton between (C,v) and (A, a, Q) then [pq]~(c) = e(c,a) force C.

Proof (sketch). The proof closely follows that of [19, Theorem 34]. <

» Remark. The results of this section can easily be extended to the variant of uL, described
in Remark 6: while formula and model automata now have slightly different types, their
product, itself a parity (S, F')-automaton, can be constructed in a similar way.

6 From Parity to Biichi Automata

We now present a direct reduction from parity word automata to Biichi ones. Parity word
automata are parity (S, Fx a)-automata, with Fi, o = X x Id + A for alphabets ¥ and A.
Biichi automata have ran(2) = {1, 2}. Here we additionally assume the semiring .S to be total.
Our reduction involves manipulating “linear” equational systems; their rhss use operations
that resemble matrix-vector multiplication and vector addition, as defined below.

» Definition 29. Let X and Y be sets, and let M : X xY — S and v:Y — S be a relation
and a predicate respectively. Assume M and v to have finite support. M ev : X — S is
defined by (M ev)(z) = >, oy M(z,y) e v(y). For predicates vi,v2 : Y — S, v1 + vz is
defined by pointwisely extending + on S.

By the finite support property, M e v is well-defined even for X or Y infinite. The next
lemma concerning linear equational systems is key to our reduction.
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Figure 1 A step of the reduction from a parity automaton to a Biichi automaton. The number
on each node denotes its parity. This step does not change the accepted language ((bckb)* (aa)*)w |
((bexb)* (aa)x)xbew | ((bexb)x (aa)*)x bex c(ddd)* .

» Lemma 30. Let a set X = X1+...+X,, a number k € [1,n] and a relation M : X x X — S
be fired. Let X<, = X1+...+ X} and X5 = Xpp1+...+X,,. For a predicate v : X<, — S,
the equational systems E}(v) and E% (v), whose solutions belong to S* x ... x §Xr =2 §X<i,

are defined as follows. Polarities ny,...,n, € {u,v} of E}'(v) can be chosen arbitrarily.

ur =g Ml.[“h“w”k]“’”l ur =y M10[U1,...,uk}+1)1
Ejl(v) = , Elf(v) =

Uk = Mk.[ula"-7uk]+vk U =p Mk'[’dl,...,uk]—i-’l)k

Here each sub-relation M; : X; x X<, — S and each sub-predicate v; : X; — S are given by
domain restriction. Then for any v, v : X< — S, the solution of E}(v" 4 v*) is obtained
by summing the solutions of E}'(v") and E} (v*).

The reduction proceeds in a step-wise manner, decrementing the largest parity, assumed
without loss of generality to be even, by 2 at each step. An example is given in Figure 1.
One reduction step is as follows:

1. Create a copy of states with parity lower than n — 1. Incoming (only!) edges to those
states are also copied. (This is only possible if the semiring is total.)

2. For the old copy of states with parity lower than n — 1, let the new parity be n — 3 and
drop explicit terminations (i.e. transitions with a nullary letter).

3. Decrement the priorities of the other states by 2.

The intuition is that, from old copies of states, a state with parity higher than n — 2 must be

visited again for acceptance; whereas from new copies, such a state must not be visited. The

correctness of this translation is proved using Lemma 30. This also explains why the shape

of F' must be restricted to Fx; Ao — this makes extents be given by linear equational systems.
By repeatedly applying the reduction step, any parity (S, Fx a)-automaton A can be

reduced to a Biichi (S, Fy; a)-automaton AB. Since the reduction is such that an accepting

path of A corresponds to exactly one accepting path of AB, idempotence of + is not required.

» Theorem 31. Let A = (A,a,Q) be a parity (S, Fx a)-automaton with ran(2) = [1,n].
Assume without loss of generality that n is even. The Biichi (S, Fs a)-automaton AP =
(AB,aB QB) is given by

AB = Lrep,n Ar x {i | i € [k,n],i is even}
_ {a(a)(Lg(a')) if i=34, or [Qa)] =i andi > j

0 otherwise

a®(a,1)(eo(d’, 1))

0P (0, (05) = {a(a)(ba) if [9(a)] =i

0 otherwise
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QB (a, i) 2 if [Qa)] =1 and i is even
a,i) =
1 otherwise

Here [Q(a)] = min{k | k > Q(a) and k is even}. The automaton AB satisfies
ext(A x M)(a,m) = >, ear ext(AB x M)((a,i),m) (5)
for any Tg o Fx; a-coalgebra M and each (a,m) € A x M.

» Remark 32. The definition of AP does not generalise to partial semirings S, due to the
duplication of states involved. However, if S can be extended to a total semiring S’ satisfying
our assumptions, then carrying out the reduction for A as an (S’, Fx a)-automaton yields
the desired result, namely a Biichi (S’, Fx: a)-automaton AP that satisfies condition (5). In
particular, this means that one can treat the probabilistic case (S = ([0, 1], +,0,%*,1)) by
moving to the total semiring S’ = (R*°, 4,0, %, 1). Specifically, one can model check formulas
in our probabilistic linear time p-calculus by (i) taking the product of the given model and
formula automata, (ii) reducing the resulting automaton, viewed as an (S’, Fx; a)-automaton,
to a Biichi one, and (iii) computing the extent of the (S’, Fx; a)-automaton thus obtained.

Theorem 31 together with the existence of semantics preserving translations from pul-
formulas to parity (S, F')-automata and back (Theorems 24 and 28) now give us the following:

» Corollary 33. For F' = Fx, a, the alternation degree 1 fragment of pLy is fully expressive.

7 An Algorithm for Computing Extents

We now describe an algorithm for computing the extent of a parity (.5, F')-automaton, under
the additional assumption that the length of any strictly ascending/descending chain in (5, )
is bounded. Both the boolean semiring and the bounded version of the tropical semiring (see
Example 2) satisfy this assumption.

We fix a parity (5, F))-automaton (A, «, Q). Thus, for a € A, a(a) is a finite weighted
sum of tuples ¢y (as,...,ar) with A € A, k = ar()\) and a; € A. The algorithm is described
in Figure 2, and employs a recursive procedure Extent(n € w).

To see that the algorithm terminates, note that each call of Extent(n) either increases or
decreases all the values in A,,. The assumed bound on the length of strictly ascending/des-
cending chains guarantees termination of each call: each iteration of the repeat ... until
changes at least one of the values e(a) with a € A,,. Several improvements to the algorithm
are possible, e.g. only remembering certain extent values (those with parity n) in the variable
old; and deferring the recursive call until the approximation on the current parity saturates.

Next, we discuss complexity. If [ran(2)| = 1, and assuming for simplicity that S is finite,
the algorithm has a time complexity which is quadratic in the size of the automaton — the
length of a strictly increasing/decreasing chain in B4 is at most |A;||B|, each iteration (lines
8-10 in the algorithm) increases/decreases at least one of the values e(a), and takes time linear
in |A|. If [ran(2)| = m > 1, then since each recursive call of Extent only updates values e(a)
with a € A;, for some i € ran(Q), the time complexity is O(|A[Ir2n()]| B|Iran()] [icran(o) 14iD)-

We conclude by noting that, for Biichi (S, F)-automata, the algorithm can be generalised
to semirings S where only strictly ascending chains in (S, E) are required to have bounded
length. This extends applicability e.g. to the tropical semiring. Instead of the exact extent of a
Biichi automaton, the generalised algorithm computes increasingly finer over-approximations
of the extent. The boundedness assumption guarantees that inner calls to Extent terminate.
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Figure 2 Algorithm for computing the extent e : A — S of (A4, o, Q)

Input: parity automaton (A, a, Q)
Output: extent e: A — S of (4, a, Q) Lines 8-10 of the Eztent procedure

1. let e := [a — 0s] compute a better approximation of the

2. Extent(max(ran(f2))) extent for automaton states with the

current parity n, based on a one-step

Procedure Extent(n € N) unfolding of the automaton transition

1. if n = 0 then return endif structure.

2. for a € Ay, do Line 7 computes the extent of states

Os, if n is even

3. e(a) « with immediately lower parity, relative
ls, otherwise to the current values for states with
4. endfor parity n, through a recursive call to
5. repeat Extent (which may involve further re-
6. letold:=e .
7. e+« Extent(n —1) cursive calls).
8. forac A, do Recursive calls to Extent update the
9. ela) + Zie[ vieold(ai)e...eold(aj,) same copy of e, and only make an ad-
where a(a) = Ziel viea(as, . .., aj,) ditional copy to remember values from
10. endfor the previous step.

11. until e = old

8 Related Work and Concluding Remarks

A study of fixpoint calculi over an arbitrary signature 3, including a translation from such
calculi to 3-automata, is carried out at an abstract level in [1, Section 7]. However, the
fixpoint calculi of loc. cit. are intrinsically boolean (their semantics is given in terms of parity
games), and therefore they do not subsume the quantitative logics described here. Our logics
share many features with concrete p-calculi, and our translations from formulas to automata
and back resemble existing ones (see e.g. [19, Section 5.3]). Yet, our logics differ in their
quantitative semantics, which, in particular, means that an equivalent semantics based on
parity games is not available anymore. Moreover, our (quantitative semantics preserving)
translation from formulas to automata is presented in a way which exposes and exploits the
coalgebraic structures present in both models and formulas.

Theorems 24 and 28 are similar to results in [18], which also provide a coalgebraic
perspective on the connection between fixpoint logics and automata. Differently from
[18], our construction of the automaton for a formula avoids the use of silent transitions
(by exploiting specific properties of our logics) and, more importantly, applies also to
quantitative logics. Thus, our results go beyond existing ones, both in the case of probabilistic
systems (given our choice of logics) and in the case of weighted systems (where we are not
aware of similar translations). In particular, for probabilistic systems, our logics are subtly
different from existing ones (they contain sub-convex combinations of formulas but no pure
disjunctions/conjunctions), yet are at least as expressive (see Remark 6).

Our parity-Biichi translation (Theorem 31) is novel in two ways: (i) unlike existing
translations (e.g. from probabilistic Rabin to probabilistic Biichi automata [2]) which preserve
only the qualitative language, our translation preserves the quantitative language, and (ii) our
result comes with a proof which is not a generalisation of any proof we are aware of in the
qualitative case. Thus, the jump from a qualitative to a quantitative setting is non-trivial.

Our (admittedly trivial) model checking algorithm has complexity similar to that of
known algorithms for the qualitative case [14], while also being applicable in quantitative
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settings. Currently this only includes semirings with finite strictly ascending/descending
chains. Such semirings can e.g. be used to model resource usage with bounded resources.
The study of more generally applicable algorithms is left as future work. For this, our recent
lattice-based generalisation of the notion of progress measure [13], so far mainly studied in

connection with branching time logics, is expected to prove useful.
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A  Omitted Proofs
Proof of Theorem 14

We show that the operators used in the definition ~¥ ; and :‘V" s on the one hand, and of
the v/p-extent of the product automaton on the other, coincide. For maximal/finite trace
similarity, the operator takes r : C' x D — S to L's(Rel(F)(r)) o (v x ), whereas for the
v/p-extent of (C x D,y ® 0), the operator takes r : C' x D — S to uj o Tg(ep) o TgFro
(F'm, Fma)* odstpe pp © (7 x 6). Based on the definition of Ls(Rel(F)(r)), it suffices to
show:

Ts(Rel(F)(r)) = Tg(ep) o TgFro (Fmy, Frg)* (6)
This follows from the commutativity of the diagram below:

To(FX x FA) Ts(Rel(F)(r))

TS(FTrl,FTrg)T TT.F

together with
Ts(Rel(F)(r)) o Tg(Fmy, Fra) o (Fry, Fma)* =
Ts(Rel(F)(r)) (8)
by the following argument:
Ts(Rel(F)(r)) = (by (8))
Ts(Rel(F)(r)) o Tg(Fmy, Frg) o (Fmy, Fma)* = (by (7))
Tg(ep) o TsFro (Fm, Fma)*

In turn, (7) follows directly from the definitions of Rel(F') and e, whereas (8) follows from
the definition of Rel(F')(r) using that Rel(F)(r)(f,g) = 0 for (f,g) & Im((Fmy, Fma)).

Proof of Theorem 24

We begin by recalling that the extent e = [(ex)neran()] : A — S (Definition 16) of the product
automaton (A, a, ) between (C, ) and (Cl(p), 8, ) is the solution of the equational system
with variables u,, ranging over S¢*(®)n with the defining term of u,, (which from now on
we denote by t,) given by the composition:

C x Cl@)n P2 ToFC x TsFCl(p) <55 To(FC x FCI(p)) ™0 1o P (e x CIp))
TsF[<un>nemn(m1l

T TgF
S K1 s Ts(er) skS

On the other hand, the equational system FE, of Definition 25 has one variable u, with
priority Q(¢) for each formula ¢ € Cl(p), with the defining term of u, (which from now on
we denote by t,) having one of three forms, depending on the shape of :

1. For ¢ = [\J(¥1,...,%;):

Ts(Xieq,...,i}Uyp;) . Tge

) TS 2%, Tgs M 5

C-LTgFC —22 5 TgC™™

where i = ar(\).
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2. Forv= > ciey:

ie{l,...,n}

m( X )

c (Uapy 5o s Uy, ) gn ie{l,....n} s
3. For ¢ = nz.)':
Ay (nw.p’ /2]

C———8S
where dy [z /2] 1S as in (4).

In general, a series of substitutions is required to transform F, into an equational system
that matches 8. Similarly, a series of substitutions is required to transform F, into a standard
equational system, with the equations for the latter being in one-to-one correspondence with
the fixpoint sub-formulas of . To define such a series of substitutions, we will use the notion
of a tree of substitutions.

For any o: S€*¢(®) — §C and ¢ € Cl(p) (with associated t,: SE*®) — §C) et
oty fup]: SCXNL) — SC be defined by o[ty /uy|(r) = o(r[ty(r)(c)/(c,)]). Intuitively
o[ty /uy] is obtained by substituting ¢, for u,, within o. We will use this to replace occurrences
of the variable u,, in the right hand side of an equation by ¢,;. This is safe as long as the
parity of uy is less than or equal to the parity of the given equation [1, Proposition 1.4.14].

» Definition 34. Let { € Cl(p). The tree of substitutions for ue is the finite tree each of
whose nodes is labelled by some t,, with ¢ € Cl(y), such that:

the root of the tree is labelled by ¢,

a node labelled by [A](wy,, ..., uyp,) with X € A is a leaf,

the child nodes of a node labelled by >,y ) ¢i ® uy, are trees of substitutions for the

variables wy,, ..., Uy, ,

the only child node of a node labelled by u,; is a tree of substitutions for ..
Thus, the tree of substitutions for { matches the structure of t¢, up to the places where
modalities are present in the formula syntax tree. Moreover, any sub-tree of a tree of
substitutions is itself a tree of substitutions (for a different variable). The guardedness
assumption ensures that any tree of substitutions is finite.

» Definition 35. Given o: S©*(®) — SC and a variable ug¢ with ¢ € Cl(), with associated
tree of substitutions T, we let o[T]: S¢*(¥) — S be defined recursively as follows:

if T is a leaf node ty, then o[T] is the same as o[ty /uy],

if T is a node labelled by Zie{l,“.,n} ¢; ® Uy, and child nodes T; for i € {1,...,n}, then

if T is a node labelled by u, with the only child node T”, then o[T] is given by o[uy [T”]/uy)-
We can now associate another equational system E[p to each formula ¢ € puLy.

» Definition 36. For ¢ € L) clean and strictly guarded, the system E:a collects all equations
Uy =q(yp) Uyp|T], with T the tree of substitutions for w,,, for ¢ € Cl(¢p).

» Remark. The strict guardedness assumption ensures that, in the system of equations E’W
only variables of the form wu, with & € BVar(p) or ujyy, with [Ai) € Cl(p) are used in the
rhss.
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» Example 37. Let ¢, and ¢, be as in Example 23. The tree of substitutions 1" for u,, is
given below:

to, = Up, + Uy,

| ™

toy, = Us + Ulalp, o), = [blug,
T, = % t[a]wy = [a]u%

The result of u,, [T] is the formula (* + [a]@y) + [b]¢@,. On the other hand, the equational
system E, is as follows:

up, =2 pa(m (v (extre([+])) + 7" (extro(lalug, ))) + 7" (extre([blug. )

Up, =1 (v (extre([+]) + 7" (extre([a]uy, )
T v*(extrc([]))

U)o, —1 v (extre([b]ug, )

Ula)p, =1 'Y* (eXtFC([[a]]uwy))

The equational system E’@ is obtained from E, by performing trees of substitutions driven
by the rhss of the equations in F,. Such substitutions are only guaranteed to preserve the
solution of the equational system if the parity associated to u,, is at most that of the equation
substituting into (see [1, Proposition 1.4.14]). The next lemma shows that this is indeed the
case. The strict guardedness of ¢ is crucial here.

» Lemma 38. For ¢ € uly strictly guarded and 1 € Cl(p), the tree of substitutions for wu,
is such that, for any node of T, labelled by t,, with children T; whose roots are labelled by

ty, forie{l....,n}, Q) > Q1;).

Proof. Induction on 7. The base case is trivial. For the inductive step, there are two
cases: (i) T is labelled by ue. In this case, both ¢ and { are fixpoint formulas, with
Y :=nz.y’ and £ = ¢'[p/x]. The definition of 2 now gives Q(&) < Q(¢). (ii) T is labelled
by Zie{l’”_’n} c; @ ;. Then, by strict guardedness, none of the ;s can be a fixpoint formula.
Hence, by the definition of Q, Q(¢;) = Q(¢) for i € {1,...,n}. <

By Lemma 38, the (trees of) substitutions used to obtain £/, from E, are solution-
preserving. This now gives:

» Lemma 39. The solution of E:D coincides with that of E,.

Proof. Fix a formula u,, and let T be the tree of substitutions for u,,. The conclusion follows
by induction on the structure of T. The base case is immediate, since a leaf node T will be
of the form ¢, = [A]¢) and therefore the resulting equation of E, is the same as the original
one in E,, namely uy, =qy) ty (no substitution is performed). For the inductive step, the
following two cases need to be distinguished:
If the root of T"is labelled by 37,y ., ¢i ® uy,, assuming that all substitutions wy, T}]
are safe, then since by definition Q(3 ;¢ ,y ¢ @ uy,) = Quy,) for i € {1,...,n}, it
follows that the substitution wu, [T is also safe.
If the root of T is labelled by ue and with only child node 7", this necessarily means that
¢ is a fixpoint (strict) sub-formula of v, with ¢ a fixpoint formula itself. In this case,
substituting wu,[T'] = ug[T”] into the rhs (ug) of the defining equation of w, is clearly safe,
given that the assignment of priorities respects the nesting of fixpoint formulas.
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<

As illustrated by the formula ¢, of Example 37, the equational system E:D matches
the definition of (Cl(p), 3,2) very closely. The next result makes this relationship formal,
showing that the equational system E:a is equivalent to the equational system used to define
the extent of the product automaton (A, «, Q).

» Lemma 40. For ¢ € Cl(yp), the tree of substitutions T' for u, satisfies
taw) (r)(e,¥) = uy [T](r)(c)

for any r: C x Cl(¢) — S and ¢ € C. Note that tqoy) : SExCU@)n 5 SC and uy[T) -
S 5 S can be applied to r, respectively, because of the isomorphisms r = (1 : C' X
( y

Cl(@)n = S)neran() and r = (ry: C = S)yeci(p)-

Proof. We prove this claim by structural induction on 7T

1. Assume T a leaf node labelled by [A](uy,,...,uy,), and therefore ¢ = [A(¢). Fix
r: C x Cl(p) = S. The term tqy)(r) acts (¢, [A|(¥)) with ¢ = (¢1,...,1;) as follows:

(e, N @) 25 (32, dsin s (@) 5 X ds(f5, @) LA
J J
Z ] djL)\((C{,l/Jl),...,( lawz)) TSFT
fi=uale],.e])
Ts(ey)

Z ) djL)\(’/‘(C{,wﬁ,...,T(Cg,iﬁﬁ)i—)

fi=u(elsnel)

> ) dj(r@]llvwl)."'.T(Cgawi»'L)

fj:L/\(c{w")Cg)

> dier(d,gn)e...er(c], )

fi=uale],..el)

ThU.S, tQ([A]E) (T)(Q P‘]a) = ; (ZJ: j) dj hd T(cjllv '(/)1) ... T(czja ¢l)

j=tx(ct,enc]
The rhs for w7 in the equational system E, (Definition 36) is ty = [A|(uy,, ..., uy,)-
;[‘lillus, Ui\ @) [T] is itself given by U @) [T], and therefore U (@) [T](r) acts on ¢ € C as
ollows:

C%ZdjijTSfc& dj(C] .. ,C‘Z])ETSc-IE}
JeJ fi=ealed,...el)
1 . Tgeg
Y di(rg, (€)oo ry(d]) € TgST S

Fimia(cl el

> dj(ry,(c]) e...ory,(c)) € TsS "

fi=ualel,el)

Y djery(c) ooy ()= X djer(d,vn)e...er(c] i)

fi=ea(cd,.el) fi=e(celnel)

It now follows that tQ([)\m)(r)(c, AY) = U\ (B) [T](r)(c).
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2. Assume T is a substitution tree with > ¢; ® uy, as the root and substitution trees

1e{1,...,n}
T; for uy, as direct sub-trees. Hence, v = Y.  ¢;e4;. Fix r: C x Cl(¢) — S. By the
i€{l,...,n}
definition of 3, the action of Lo S cieg) 88 the defining term for Yo ST cie)
ie{l,...,n} ie{l,...,n}
is given by:
tag S coeun(7) (e, X coi)=m( X citau(r)(cv) (10)
ety ie{l,...,n} ie{l,...,n}
On the other hand, u S ey [T] is given by
ie{1,....n}
s e TI0NE) = Y. (ciouy,[T])(r)(e)
ie{l,...,n} i€{l,...,n}
= (Y (cug[T](r)(e) (11)
ie{l,...,n}

By the induction hypothesis, we have

uy, [Ti](r)(€) = taw,) (r)(c, i) (12)
The following equalities now hold by (11) and (12)

vy M0 =m0 e [T()(0)

ie{l,...,n} i€{l,...,n}
= m( Y ctaw))(e ) (13)
i€{l,...,n}

and finally the statement follows by (10) and (13).

3. Assume T is a substitution tree with root labelled by ue and T as the only sub-tree.
Hence, ¥ = nx.yp’ and € = ¢'[¢p/z]. Fix r: C x Cl(p) — S. The following are immediate
consequences of the respective definitions:

tQ(nx.w/)(T)(cv 7)»’“//) = tQ(w’[nm.w//x]) (T) (Cv 'l/}/ [7753’9///55]) (14)
Una.pr [T)(7)() = ue[T"](r)(c) (15)
Moreover, by the induction hypothesis, we have
tage) (r)(c, &) = ug[T'](r)(c) (16)
Substituting ¢’ [nz.¢)’ /x] for £ in (16) and combining the result with (15) yields
Una.y [T](r)(€) = tagy ey /o)) (1) (e, ¥ [Nz /2]) (17)

The conclusion now follows from (14) and (17).

We can now formally state the relationship between the solution of the equational system
E, and the extent of the product of (C,~) with the parity automaton (Cl(y), 3, ).

» Lemma 41. For ¢ € pLy clean and strictly guarded, and (C,v) a Tg o F-coalgebra, let
(vy)pecip) denote the solution of the equational system E,, let (Cl(¢), 3,€2) denote the parity
automaton associated to @, and let e = [(en)neran()] : A — S denote the extent of the product
parity automaton (A, o, Q) of (C,v) and (Cl(¢), 3,Q). Then ty[(ve/ue)eeciy)l(c) = e(c, )
for all c € C and ¢ € Cl(p).
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Proof. Immediate from Lemmas 39 and 40. <

A final lemma relates the solution of E, with the semantics of formulas in Cl(yp).

» Lemma 42. For ¢ € pLy clean and strictly guarded, and (C,v) a Tg o F-coalgebra, let
(vy)yeci(p) denote the solution of the equational system Ef, over SC. Then, for v € Cl(y),
[¥],:C —> S coincides with ty[(ve /ue)eeccip)]-

Proof. As a result of strict guardedness, the only variables used in the rhss of E/w are of the
form wy, with 9 either a fixpoint formula or a formula of the form [A]i). By successively
substituting all the rhss of the equations for Uy into the remaining rhss of equations
in E/, (and noting that since Q([A]¢)) = min{n, | z € BVar(p) }, such substitutions are
solution-preserving), it is not difficult to see that one now obtains the standard equational
system induced by the formula ¢, whose solution, equal to (vy)yeci(y), is known to satisfy
the property in the statement of the lemma. This concludes the proof. |

Theorem 24 now follows from Lemma 41 and Proposition 26.

Proof of Lemma 30

» Definition 43. When a partition X = X; +---+ X, is given, for each k € [1,n] we denote
]_[ék X, by ng.

For X =X1+---+X,,,Y =Y +---Y, and a relation M : X xY — S, the sub-relation
M;J;k X< X Y<k — S is defined by restricting the domain of M to X< X Y<,C For any
predicate v: Y — S in the similar manner, sub-predicates vy : Yy — S and v Y§ p— Sis

defined.

» Definition 44. For an equational system E with n equations, which solution is given by
Viy...,Vp, let [E] = (vi,...,v,) and [E]; = v; for each i € {1,...,n}, where (v1,...,v,) is
the product of vi,...,v,.

Proof. The claim is shown by induction on k. Assuming the claim holds up to k, we show
the claim for k 4+ 1. Fix predicates v, v*: X541 — S. It suffices to show that

[[Ek+1(vn + ") k1 = [[Ek+1(”n)]]k+1 + [[Ek+1(’UH)]]k+1 ) (18)

since the equation [E} (v +v*)]; = [E}](v")]; + [E), (v*)]; for each j € [1, k] immedi-
ately follows from (18).
Let us define three functions o, 0", o*: §Xk+1 — §Xk+1 by

o™ (w) = Mit1,<k ® [E] (Mppsr 0w+l +vE)] +

n 7
M1 g1 0w+ Vpr1 + Vgt

o"(w) = Mysr,< @ [Ef (Mkjrr © 0+ 0Z)] + Musipsr o w+ vy, 1e)
o*(w) = Mitr,<n e [E (Mrprr 0w +05)] + Miprprr o wt o,y
By the definition of solutions, (18) is equivalent to the following.
{ Ifplo™] = lfplo"] + lfp[o¥] %f = [ o0
gfp[o"™] = gfplo”] + Ifp[oH] if np =v

For any *: X;11 — S, we show for each ¢ < w that

(0™)'(¥) = (0")'(x) + (0")'(L)- (21)
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Intuitively this can be shown by i-steps unfolding of the inner fixpoints. It is proven by
induction on ¢; that is, assuming (21) holds up to i, we have

(0™) 1 (x)
= Myi1,<k® [Ef (Mcp i e (0™) (%) + 02, +05,)] +

Migr 41 (0") (%) + oy + vy by def. (19)
= Migr,<k @ [E (M<p i1 @ (0") (%) + M<p g1 @ (0*)' (L) + 0L, +08)] +

Mii1,k41 @ (07)' (%) 4+ Myp1 i1 @ (0") (L) + vy + 0y by ind. on ¢
= Mji1,<k® [E} (Mcppr1 @ (07) (%) + vl )] A+ Mygi 1 0 (0")" (%) + vy +

Miss <ie [B (Metson » (09/() + 02)] + Mo » (0 (1) + 1f,

by ind. on k

= (")) + (")) by def. (19).

Assume the case n; = p. By substituting 1fp[o”] to * in (21), we have
(0™)(ifp[0") = 1fp[o"] + (0")"(L)

for each i < w. Then (20) can be proven by taking its limit, because lfp[o”] < lfp[o"*] and S
is assumed to be w-continuous. The case 7, = v is similar. In this case gfp[o”#] is substituted
to *. <

Lemma 45 and its proof

» Lemma 45. Let A = (A, «a,Q) be a parity (S, Fx a)-automaton with ran(Q) = [1,n].
Assume n > 2 and n is even. The parity (S, Fs a)-automaton flat(A) = (A%, a”, Q%) is
defined as follows.

A = Acy o x{0,1} 4+ Asp o x {2}

b b afa)(Fro(t)) if 7° = 1,(a’,0
o’ (a,0)(r") = {0 ,

ozb a 7’b = ’
( 71)( ) {a(a)(Fﬂ'O(Tb)) if 7 =to(a’,1

’(a,2)(r) = ala)(Fro(r’))
P (a,0) = Qa), P(a,1) =n—-3, P(a,2) = Qa) -

Here Frig: Fs aA® — Fx A A is defined by Fro(t,(a,i)) = to(a) and Fro(ts) = 5. This
transformation flat satisfies:

i) ext(A)(a) = X2, e ext(flat(A))(a, i) for any a € A; and

it) flat(A) x M = flat(A x M) for any (Tg, F)-coalgebra M.
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Proof. i) For any v': A<,,_o — S, we define the two equational systems

r /
Uy =pu MLSH—Q ] <u1,...,un_2> + v1 +’Ul
_ /
, (5 =y MQ’SH_Q [ ] <7.L1, e ,un_2> + (%) -+ ’l)2
EP(v) =
_ ’
L Un—2 = Mi<p-20 (Ui, ..., Up—2) +Vp_2+ 0, o
r /
ur =y M1,§n—2 L4 <U17 s 7un—2> + vy
_ /
, wr =, Mo<p_oe(U,..., Up_2) + V5
Er() =
u =, M o (u Up—2) + V]
L Un—-2 o 1,<n—-2 1y---yUn-2 n—2

where the relation M: A x A — S and the predicate v: A — S is given by
M(a,d") = Z ala)(ty(a’)) and w(a) = Z ala)(ts) -
(0,a)EXXA SEA

By Lemma 30, we have
[EP ()] = [E(L)] + [E* ()] (22)

We can coalesce EP(L) and E*(v') into one system EP(v') over SA<n—2X{01} which is

defined as follows.

O} o (Up,. .., Up_2)+ V1
O} o (Up,. .., Up_2)+ Vg

ur = [Mi<n-o

uy =, [Ma<n—s

EB(U/> = Unp—4 v [Mn74,§n72 O] L <U1, ey un—2> + Un—4
Mnf ,<n— @
Un=3 =n 3O§ ’ M§n72,§n72 ° <u1’ v 7un—2> + Up—3 + v’
L Up—2 =v [Mn72,§n72 O] 4 <U1, ceey un—2> + Up—2 1
Here u,,_3 runs over SAn-3*{0}+A<n—2x{1} "whereas u; runs over S4*1% fori € {1,...,n —
4,n — 2}. By definition, it is easy to show that
[E7()](a,0) + [E°(v)](a,1) = [EP(L)](a) + [E*(v")](a) (23)

for any a € A<p—o.
Let us define the equational systems F and E” as follows:
E = [ Un—1 =p [[Ep(<un—17un> ﬂ + Mn—1,>n—2 L4 <un—17un> + Un—1 :|
Un = [[Ep( Un—17un> ﬂ + Mn,>n—2 L <un—1aun> + vy,

)
( )

[ Un—-1 =p [[E'8(<un*17uﬂ>)ﬂJr + Mn71,>n72 d <un717un> + Up—1 :|
( )

E =
Un =v [[Eﬂ( unflaun> HT + Mn,>n72 L4 <un717un> + U

where [E°(v")]1: A<,—2 — S is defined by [EP(v')](a) = [E?(v")](a,0) + [E?(v")](a,1).

By definition of extents, we have

ext(A)(a) = [F](a) and Z ext(flat(A))(a,i) = [E’](a) (24)

(a,i)e AP
for each a € A. Since for any predicate v’
22 23 3
(20N 2 B ] + 2] 2 [ W]
holds, we also have [E] = [E®]. This and (24) conclude the proof.
ii) Both of the automata flat(A4) x M and flat(A4 x M) have the same state space
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Acpoa X M x {0,1} + Asp—2 x M x {2}. It is easy to see that the priorities and the
transitions are also the same. |
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