
Parity Automata for
Quantitative Linear Time Logics

Corina Cirstea, Shunsuke Shimizu, and Ichiro Hasuo

June 14, CALCO 2017



Introduction:
Capturing Linear Time Behaviour
by Logic



Action + (Quantitative) Branching of
Systems

𝑞1 𝑞2

𝑞3

✓ ✓

𝑎
𝑎

𝑏

𝑎

𝑏

𝑏

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)
Labeled Transition System

• Action:
𝑋 → {𝑎, 𝑏} × 𝑋 + ✓ = 𝐹 𝑋

• Branching:
𝐹 𝑋 → 𝒫𝐹 𝑋

Markov Chain

• Action:
𝑋 → {𝑎, 𝑏} × 𝑋 = 𝐹 ′𝑋

• Branching:
𝐹 ′𝑋 → 𝒟𝐹 ′𝑋
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Branchings can be Flatten

𝑞1 𝑞2

𝑞3

✓ ✓

𝑎
𝑎

𝑏

𝑎

𝑏

𝑏

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑞1 ↦ {(𝑎, 𝑞1), (𝑎, 𝑞2), (𝑏, 𝑞3), ✓}
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Branchings can be Flatten

q1 𝑞2

𝑞3

✓ ✓

𝑎
𝑎

𝑏

𝑎

𝑏

𝑏

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑞1 ↦ {(a,q1), (𝑎, 𝑞2), (𝑏, 𝑞3), ✓}
↦ {(aa,q1), (aa,q2), (ab,q3), a✓}∪

{(𝑎𝑎, 𝑞2), (𝑎𝑏, 𝑞3), 𝑎✓}∪
{(𝑏𝑏, 𝑞3)}∪
{✓}
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Branchings can be Flatten

𝑞1 q2

𝑞3

✓ ✓
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𝑏

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑞1 ↦ {(𝑎, 𝑞1), (a,q2), (𝑏, 𝑞3), ✓}
↦ {(𝑎𝑎, 𝑞1), (𝑎𝑎, 𝑞2), (𝑎𝑏, 𝑞3), 𝑎✓}∪

{(aa,q2), (ab,q3), a✓}∪
{(𝑏𝑏, 𝑞3)}∪
{✓}
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Branchings can be Flatten

𝑞1 𝑞2

q3

✓ ✓

𝑎
𝑎

𝑏

𝑎
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𝑏

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑞1 ↦ {(𝑎, 𝑞1), (𝑎, 𝑞2), (b,q3), ✓}
↦ {(𝑎𝑎, 𝑞1), (𝑎𝑎, 𝑞2), (𝑎𝑏, 𝑞3), 𝑎✓}∪

{(𝑎𝑎, 𝑞2), (𝑎𝑏, 𝑞3), 𝑎✓}∪
{(bb,q3)}∪
{✓}
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Branchings can be Flatten

𝑞1 𝑞2

𝑞3

✓ ✓

𝑎
𝑎

𝑏

𝑎

𝑏

𝑏

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑞1 ↦ {(𝑎, 𝑞1), (𝑎𝑎, 𝑞2), (𝑎𝑏, 𝑞3), (𝑏𝑏, 𝑞3), ✓, 𝑎✓}
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Branchings can be Flatten

q1 𝑞2

𝑞3

✓ ✓

𝑎
𝑎

𝑏

𝑎

𝑏

𝑏

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑞1 ↦ {(a,q1), (𝑎𝑎, 𝑞2), (𝑎𝑏, 𝑞3), (𝑏𝑏, 𝑞3), ✓, 𝑎✓}
↦ {(aaa,q1), (aaa,q2), (aab,q3), aa✓}∪

{(𝑎𝑎𝑎, 𝑞2), (𝑎𝑎𝑏, 𝑞3), 𝑎𝑎✓}∪
{(𝑎𝑏𝑏, 𝑞3), (𝑏𝑏𝑏, 𝑞3)}∪
{✓, 𝑎✓}
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Branchings can be Flatten

𝑞1 q2

𝑞3

✓ ✓

𝑎
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𝑏

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑞1 ↦ {(𝑎, 𝑞1), (aa,q2), (𝑎𝑏, 𝑞3), (𝑏𝑏, 𝑞3), ✓, 𝑎✓}
↦ {(𝑎𝑎𝑎, 𝑞1), (𝑎𝑎𝑎, 𝑞2), (𝑎𝑎𝑏, 𝑞3), 𝑎𝑎✓}∪

{(aaa,q2), (aab,q3), aa✓}∪
{(𝑎𝑏𝑏, 𝑞3), (𝑏𝑏𝑏, 𝑞3)}∪
{✓, 𝑎✓}
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Branchings can be Flatten

𝑞1 𝑞2

q3

✓ ✓

𝑎
𝑎

𝑏

𝑎

𝑏

𝑏

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑞1 ↦ {(𝑎, 𝑞1), (𝑎𝑎, 𝑞2), (ab,q3), (bb,q3), ✓, 𝑎✓}
↦ {(𝑎𝑎𝑎, 𝑞1), (𝑎𝑎𝑎, 𝑞2), (𝑎𝑎𝑏, 𝑞3), 𝑎𝑎✓}∪

{(𝑎𝑎𝑎, 𝑞2), (𝑎𝑎𝑏, 𝑞3), 𝑎𝑎✓}∪
{(abb,q3), (bbb,q3)}∪
{✓, 𝑎✓}
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Branchings can be Flatten

𝑞1 𝑞2

𝑞3

✓ ✓

𝑎
𝑎

𝑏

𝑎

𝑏

𝑏

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑞1 ↦ {(𝑎𝑎𝑎, 𝑞1), (𝑎𝑎𝑎, 𝑞2), (𝑎𝑎𝑏, 𝑞3), (𝑎𝑏𝑏, 𝑞3), (𝑏𝑏𝑏, 𝑞3), ✓, 𝑎✓, 𝑎𝑎✓}
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Branchings can be Flatten

𝑞1 𝑞2

𝑞3

✓ ✓

𝑎
𝑎

𝑏

𝑎

𝑏

𝑏

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑞1 ↦ 1
3(𝑎, 𝑞1) + 1

3(𝑎, 𝑞2) + 1
3(𝑏, 𝑞3)
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Branchings can be Flatten

𝑞1 𝑞2

𝑞3

✓ ✓

𝑎
𝑎

𝑏

𝑎

𝑏

𝑏

q1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑞1 ↦ 1
3 (a,q1) + 1

3(𝑎, 𝑞2) + 1
3(𝑏, 𝑞3)

↦ 1
9 (aa,q1) + 1

9 (aa,q2) + 1
9 (ab,q3)+

1
9(𝑎𝑎, 𝑞2) + 1

9(𝑎𝑏, 𝑞3)+

1
3(𝑏𝑏, 𝑞3)
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Branchings can be Flatten

𝑞1 𝑞2

𝑞3

✓ ✓

𝑎
𝑎

𝑏

𝑎

𝑏

𝑏

𝑞1 q2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑞1 ↦ 1
3(𝑎, 𝑞1) + 1

3 (a,q2) + 1
3(𝑏, 𝑞3)

↦ 1
9(𝑎𝑎, 𝑞1) + 1

9(𝑎𝑎, 𝑞2) + 1
9(𝑎𝑏, 𝑞3)+

1
9 (aa,q2) + 1

9 (ab,q3)+

1
3(𝑏𝑏, 𝑞3)
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Branchings can be Flatten

𝑞1 𝑞2

𝑞3

✓ ✓

𝑎
𝑎

𝑏

𝑎

𝑏

𝑏

𝑞1 𝑞2

q3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑞1 ↦ 1
3(𝑎, 𝑞1) + 1

3(𝑎, 𝑞2) + 1
3 (b,q3)

↦ 1
9(𝑎𝑎, 𝑞1) + 1

9(𝑎𝑎, 𝑞2) + 1
9(𝑎𝑏, 𝑞3)+

1
9(𝑎𝑎, 𝑞2) + 1

9(𝑎𝑏, 𝑞3)+

1
3 (bb,q3)
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Branchings can be Flatten

𝑞1 𝑞2

𝑞3

✓ ✓

𝑎
𝑎

𝑏

𝑎

𝑏

𝑏

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑞1 ↦ 1
9(𝑎𝑎, 𝑞1) + 2

9(𝑎𝑎, 𝑞2) + 2
9(𝑎𝑏, 𝑞3) + 1

3(𝑏𝑏, 𝑞3)
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Branchings can be Flatten

𝑞1 𝑞2

𝑞3

✓ ✓

𝑎
𝑎

𝑏

𝑎

𝑏

𝑏

q1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑞1 ↦ 1
9 (aa,q1) + 2

9(𝑎𝑎, 𝑞2) + 2
9(𝑎𝑏, 𝑞3) + 1

3(𝑏𝑏, 𝑞3)

↦ 1
27 (aaa,q1) + 1

27 (aaa,q2) + 1
27 (aab,q3)+

2
27(𝑎𝑎𝑎, 𝑞2) + 2

27(𝑎𝑎𝑏, 𝑞3)+

2
9(𝑎𝑏𝑏, 𝑞3) + 1

3(𝑏𝑏𝑏, 𝑞3)
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Branchings can be Flatten

𝑞1 𝑞2

𝑞3

✓ ✓

𝑎
𝑎

𝑏

𝑎

𝑏

𝑏

𝑞1 q2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑞1 ↦ 1
9(𝑎𝑎, 𝑞1) + 2

9 (aa,q2) + 2
9(𝑎𝑏, 𝑞3) + 1

3(𝑏𝑏, 𝑞3)

↦ 1
27(𝑎𝑎𝑎, 𝑞1) + 1

27(𝑎𝑎𝑎, 𝑞2) + 1
27(𝑎𝑎𝑏, 𝑞3)+

2
27 (aaa,q2) + 2

27 (aab,q3)+

2
9(𝑎𝑏𝑏, 𝑞3) + 1

3(𝑏𝑏𝑏, 𝑞3)
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Branchings can be Flatten

𝑞1 𝑞2

𝑞3

✓ ✓

𝑎
𝑎

𝑏
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𝑞1 𝑞2

q3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑞1 ↦ 1
9(𝑎𝑎, 𝑞1) + 2

9(𝑎𝑎, 𝑞2) + 2
9 (ab,q3) + 1

3 (bb,q3)

↦ 1
27(𝑎𝑎𝑎, 𝑞1) + 1

27(𝑎𝑎𝑎, 𝑞2) + 1
27(𝑎𝑎𝑏, 𝑞3)+

2
27(𝑎𝑎𝑎, 𝑞2) + 2

27(𝑎𝑎𝑏, 𝑞3)+

2
9 (abb,q3) + 1

3 (bbb,q3)
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Branchings can be Flatten

𝑞1 𝑞2

𝑞3

✓ ✓

𝑎
𝑎

𝑏

𝑎

𝑏

𝑏

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑞1 ↦ 1
27(𝑎𝑎𝑎, 𝑞1) + 1

9(𝑎𝑎𝑎, 𝑞2) + 1
9(𝑎𝑎𝑏, 𝑞3) + 2

9(𝑎𝑏𝑏, 𝑞3) + 1
3(𝑏𝑏𝑏, 𝑞3)
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Representing Branching by Semirings
A partial commutative semiring: (𝑆, +, 0, •, 1), “+” can be partial.

• Boolean semiring: ({0, 1}, ∨, 0, ∧, 1) nondet. branching
• Prob. partial semiring: ([0, 1], +, 0, ×, 1) prob. branching
• Tropical semiring: (ℕ∞, min, ∞, +, 0) weighted branching

Representing Actions by Ranked Alphabets

A rankedalphabet consists of: • an alphabet Λ,
• arities ar∶ Λ → ℕ.

It defines the polynomial functor 𝐹 (which is the “action”) by:

𝐹 𝑋 = ⨆𝜆∈Λ 𝑋ar(𝜆)
Examples

• determ. LTS: {𝑎 ↦ 1, 𝑏 ↦ 1}
• determ. LTS with explicit termination: {𝑎 ↦ 1, 𝑏 ↦ 1, ✓ ↦ 0}

Shimizu 4/24



Systems are Coalgebras

A partial commutative semiring 𝑆 yields a commutativemonad 𝑇𝑆:

• T𝒮𝑋 = {𝑝∶ 𝑋 → 𝑆 ∣
𝑝 has finite supp., ∑𝑥∈supp(𝑝) 𝑝(𝑥) is defined}

• unit: 𝜂𝑋(𝑥)(𝑥′) =
{

1 if 𝑥 = 𝑥′

0 otherwise

• multiplication: 𝜇𝑋(Ψ)(𝑥′) = ∑𝑝∈supp(Ψ) Ψ(𝑝) • 𝑝(𝑥′)
• double strength: dst𝑋,𝑌(𝑝, 𝑞)(𝑥, 𝑦) = 𝑝(𝑥) • 𝑞(𝑦)

A branching system ℳ is a T𝒮𝐹-coalgebra (𝑀, 𝛿∶ 𝑀 → T𝒮𝐹 𝑀).

Shimizu 5/24



Quantitative Linear Time Logic [Cîrstea '14,'15]

• The (coalgebraic) logic to capture “linear time” behaviour.

• Equipped with ∑, where the semiring 𝑆 is from model’s
branching, instead of propositional operators.

𝜑 ⩴ 𝑥 ∣ [𝜆](𝜑1, … , 𝜑ar(𝜆)) ∣ ∑
𝑖∈{1,2,…,𝑛}

𝑠𝑖 • 𝜑𝑖 ∣ 𝜇𝑥. 𝜑 ∣ 𝜈𝑥. 𝜑

Example:

• For nondet. branching, the ∑ is disjunctions ⋁.

• For prob. branching, the ∑ is sub-convex combinations.

• In general, the ∑ is weighted sum.

Its quantitative semantics, relying on predicate liftings, is mostly
standard.
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Quantitative Linear Time Logic (Cont.)
• The (coalgebraic) logic to capture “linear time” behaviour.
• Equipped with ∑, where the semiring 𝑆 is from model’s
branching, instead of propositional operators.

𝜑 ⩴ 𝑥 ∣ [𝜆](𝜑1, … , 𝜑ar(𝜆)) ∣ ∑
𝑖∈{1,2,…,𝑛}

𝑠𝑖 • 𝜑𝑖 ∣ 𝜇𝑥. 𝜑 ∣ 𝜈𝑥. 𝜑

• monad multiplication used to accumulate values from different
branches.

Step-based and path-based semantics coincide with this logic.

• Step-based semantics: T𝒮 ∘ 𝐹-CoAlg
J𝜑K
→ 𝑆𝑀.

Standard in coalgebraic logic. Directly verified.
• Path-based semantics: T𝒮 ∘ 𝐹-CoAlg → T𝒮𝑍

T𝒮J𝜑K
⟶ T𝒮𝑆𝑀 𝜇

→ 𝑆𝑀.
Seen in (existential) Linear Temporal Logic (LTL).
Indirectly verified. Shimizu 7/24



LTL Verification Techniques

LTL formula 𝜑

alternating Büchi autom.

nondeterministic Büchi autom. 𝒜
exponential

exponential

product autom. 𝒜 × ℳ nonemptiness

Labeled Transition
System ℳ

LTL formula 𝜑

alternating Büchi autom.

deterministic Rabin autom. 𝒜
double exponential

double exponential

product Markov chain 𝒜 × ℳ likelihood of
exhibiting
a trace

Markov Chain
ℳ
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Our Work:
Connection of These Logics and Automata



What We Want?

• notion of quantitative automaton (coalgebra + acceptance
condition),

• translation from a formula 𝜑 to an automaton 𝒜𝜑,

• product ⊗ between formula automaton 𝒜𝜑 and model
coalgebra ℳ,

• notion of extent ext(𝒜) for an automaton 𝒜,

such that for any given 𝜑 and ℳ

J𝜑Kℳ = ext(𝒜𝜑 ⊗ ℳ) .
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Piece 1: Product Coalgebras

Given two T𝒮 ∘ 𝐹-coalgebras ℳ = (𝑀, 𝛾) and 𝒩 = (𝑁, 𝛿),
the productT𝒮 ∘ 𝐹-coalgebraℳ × 𝒩 = (𝑀 × 𝑁, 𝛾 ⊗ 𝛿) is defined by:

𝛾⊗𝛿 = 𝐶 × 𝐷 T𝒮𝐹 𝐶 × T𝒮𝐹 𝐷 T𝒮(𝐹 𝐶 × 𝐹 𝐷) T𝒮𝐹 (𝐶 × 𝐷),
𝛾×𝛿 dst𝐹 𝐶,𝐹 𝐷 ⟨𝐹 𝜋1,𝐹 𝜋2⟩∗

where ⟨𝐹 𝜋1, 𝐹 𝜋2⟩∗ denotes precomposition with ⟨𝐹 𝜋1, 𝐹 𝜋2⟩

𝐹 (𝐶 × 𝐷)
⟨𝐹 𝜋1,𝐹 𝜋2⟩
−−−−−−→ 𝐹 𝐶 × 𝐹 𝐷 → 𝑆 .

Shimizu 11/24



Piece 2: Extents
Given a T𝒮 ∘ 𝐹-coalgebra ℳ = (𝑀, 𝛾),
the (𝜈-extent / 𝜇-extent) is an 𝑆-valued predicate over 𝑀 that is
the (greatest / least) fixed point of the below operator.

T𝒮𝐹 𝑀 T𝒮𝐹 𝑆

𝑀 𝑆 T𝒮𝑆 = T2
𝒮1

𝑀 T𝒮1 = 𝑆

T𝒮𝐹𝑝

T𝒮(•𝐹)

𝑝 opr

𝜇1

𝛾

where •𝐹 ∶ 𝐹 𝑆 → 𝑆 is given by

•𝐹(𝜆(𝑠1, … , 𝑠ar(𝜆))) = 𝑠1 • ⋯ • 𝑠ar(𝜆) for 𝜆 ∈ Λ

Intuitively 𝜈-extent is:
• exixtence of a possibly infinite trace,
• likelihood of exhibitting a possibly
infinite trace. Shimizu 12/24



Calculating 𝜈-Extent

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑝 =
⎡
⎢
⎢
⎢
⎣

𝑞1 ↦ 1
𝑞2 ↦ 1
𝑞3 ↦ 1

⎤
⎥
⎥
⎥
⎦

T𝒮𝐹 𝑀 T𝒮𝐹 𝑆

T𝒮𝑆 = T2
𝒮1

𝑀 T𝒮1 = 𝑆

T𝒮𝐹𝑝

T𝒮(•𝐹)

𝜇1

𝛾

In this case, 𝜈-extent is the liveness probability.
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Calculating 𝜈-Extent

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

1
3 (a,q1) + 1

3 (a,q2) + 1
3 (b,q3) 1

3 (a,q2) + 1
3 (b,q3)

1(b,q3)

𝑝 =
⎡
⎢
⎢
⎢
⎣

𝑞1 ↦ 1
𝑞2 ↦ 1
𝑞3 ↦ 1

⎤
⎥
⎥
⎥
⎦

T𝒮𝐹 𝑀 T𝒮𝐹 𝑆

T𝒮𝑆 = T2
𝒮1

𝑀 T𝒮1 = 𝑆

T𝒮𝐹𝑝

T𝒮(•𝐹)

𝜇1

𝛾

In this case, 𝜈-extent is the liveness probability.
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Calculating 𝜈-Extent

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

1
3 (a, 1) + 1

3 (a, 1) + 1
3 (b, 1) 1

3 (a, 1) + 1
3 (b, 1)

1(b, 1)

𝑝 =
⎡
⎢
⎢
⎢
⎣

𝑞1 ↦ 1
𝑞2 ↦ 1
𝑞3 ↦ 1

⎤
⎥
⎥
⎥
⎦

T𝒮𝐹 𝑀 T𝒮𝐹 𝑆

T𝒮𝑆 = T2
𝒮1

𝑀 T𝒮1 = 𝑆

T𝒮𝐹p

T𝒮(•𝐹)

𝜇1

𝛾

In this case, 𝜈-extent is the liveness probability.
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Calculating 𝜈-Extent

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

1
3 ⋅ 1 + 1

3 ⋅ 1 + 1
3 ⋅ 1 1

3 ⋅ 1 + 1
3 ⋅ 1

1 ⋅ 1

𝑝 =
⎡
⎢
⎢
⎢
⎣

𝑞1 ↦ 1
𝑞2 ↦ 1
𝑞3 ↦ 1

⎤
⎥
⎥
⎥
⎦

T𝒮𝐹 𝑀 T𝒮𝐹 𝑆

T𝒮𝑆 = T2
𝒮1

𝑀 T𝒮1 = 𝑆

T𝒮𝐹𝑝

T𝒮(•𝐹)

𝜇1

𝛾

In this case, 𝜈-extent is the liveness probability.

Shimizu 13/24



Calculating 𝜈-Extent

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

1 2/3

1

𝑝 =
⎡
⎢
⎢
⎢
⎣

𝑞1 ↦ 1
𝑞2 ↦ 1
𝑞3 ↦ 1

⎤
⎥
⎥
⎥
⎦

T𝒮𝐹 𝑀 T𝒮𝐹 𝑆

T𝒮𝑆 = T2
𝒮1

𝑀 T𝒮1 = 𝑆

T𝒮𝐹𝑝

T𝒮(•𝐹)

𝜇1

𝛾

In this case, 𝜈-extent is the liveness probability.
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Calculating 𝜈-Extent

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑝 =
⎡
⎢
⎢
⎢
⎣

𝑞1 ↦ 1
𝑞2 ↦ 2/3
𝑞3 ↦ 1

⎤
⎥
⎥
⎥
⎦

T𝒮𝐹 𝑀 T𝒮𝐹 𝑆

T𝒮𝑆 = T2
𝒮1

𝑀 T𝒮1 = 𝑆

T𝒮𝐹𝑝

T𝒮(•𝐹)

𝜇1

𝛾

In this case, 𝜈-extent is the liveness probability.
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Calculating 𝜈-Extent

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

1
3 (a,q1) + 1

3 (a,q2) + 1
3 (b,q3) 1

3 (a,q2) + 1
3 (b,q3)

1(b,q3)

𝑝 =
⎡
⎢
⎢
⎢
⎣

𝑞1 ↦ 1
𝑞2 ↦ 2/3
𝑞3 ↦ 1

⎤
⎥
⎥
⎥
⎦

T𝒮𝐹 𝑀 T𝒮𝐹 𝑆

T𝒮𝑆 = T2
𝒮1

𝑀 T𝒮1 = 𝑆

T𝒮𝐹𝑝

T𝒮(•𝐹)

𝜇1

𝛾

In this case, 𝜈-extent is the liveness probability.
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Calculating 𝜈-Extent

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

1
3 (a, 1) + 1

3 (a, 2/3) + 1
3 (b, 1) 1

3 (a, 2/3) + 1
3 (b, 1)

1(b, 1)

𝑝 =
⎡
⎢
⎢
⎢
⎣

𝑞1 ↦ 1
𝑞2 ↦ 2/3
𝑞3 ↦ 1

⎤
⎥
⎥
⎥
⎦

T𝒮𝐹 𝑀 T𝒮𝐹 𝑆

T𝒮𝑆 = T2
𝒮1

𝑀 T𝒮1 = 𝑆

T𝒮𝐹p

T𝒮(•𝐹)

𝜇1

𝛾

In this case, 𝜈-extent is the liveness probability.
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Calculating 𝜈-Extent

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

1
3 ⋅ 1 + 1

3 ⋅ 2
3 + 1

3 ⋅ 1 1
3 ⋅ 2

3 + 1
3 ⋅ 1

1 ⋅ 1

𝑝 =
⎡
⎢
⎢
⎢
⎣

𝑞1 ↦ 1
𝑞2 ↦ 2/3
𝑞3 ↦ 1

⎤
⎥
⎥
⎥
⎦

T𝒮𝐹 𝑀 T𝒮𝐹 𝑆

T𝒮𝑆 = T2
𝒮1

𝑀 T𝒮1 = 𝑆

T𝒮𝐹𝑝

T𝒮(•𝐹)

𝜇1

𝛾

In this case, 𝜈-extent is the liveness probability.
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Calculating 𝜈-Extent

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

8/9 5/9

1

𝑝 =
⎡
⎢
⎢
⎢
⎣

𝑞1 ↦ 1
𝑞2 ↦ 2/3
𝑞3 ↦ 1

⎤
⎥
⎥
⎥
⎦

T𝒮𝐹 𝑀 T𝒮𝐹 𝑆

T𝒮𝑆 = T2
𝒮1

𝑀 T𝒮1 = 𝑆

T𝒮𝐹𝑝

T𝒮(•𝐹)

𝜇1

𝛾

In this case, 𝜈-extent is the liveness probability.
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Calculating 𝜈-Extent

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑝 =
⎡
⎢
⎢
⎢
⎣

𝑞1 ↦ 8/9
𝑞2 ↦ 5/9
𝑞3 ↦ 1

⎤
⎥
⎥
⎥
⎦

T𝒮𝐹 𝑀 T𝒮𝐹 𝑆

T𝒮𝑆 = T2
𝒮1

𝑀 T𝒮1 = 𝑆

T𝒮𝐹𝑝

T𝒮(•𝐹)

𝜇1

𝛾

In this case, 𝜈-extent is the liveness probability.
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Calculating 𝜈-Extent

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

1
3 (a,q1) + 1

3 (a,q2) + 1
3 (b,q3) 1

3 (a,q2) + 1
3 (b,q3)

1(b,q3)

𝑝 =
⎡
⎢
⎢
⎢
⎣

𝑞1 ↦ 8/9
𝑞2 ↦ 5/9
𝑞3 ↦ 1

⎤
⎥
⎥
⎥
⎦

T𝒮𝐹 𝑀 T𝒮𝐹 𝑆

T𝒮𝑆 = T2
𝒮1

𝑀 T𝒮1 = 𝑆

T𝒮𝐹𝑝

T𝒮(•𝐹)

𝜇1

𝛾

In this case, 𝜈-extent is the liveness probability.
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Calculating 𝜈-Extent

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

1
3 (a, 8/9) + 1

3 (a, 5/9) + 1
3 (b, 1) 1

3 (a, 5/9) + 1
3 (b, 1)

1(b, 1)

𝑝 =
⎡
⎢
⎢
⎢
⎣

𝑞1 ↦ 8/9
𝑞2 ↦ 5/9
𝑞3 ↦ 1

⎤
⎥
⎥
⎥
⎦

T𝒮𝐹 𝑀 T𝒮𝐹 𝑆

T𝒮𝑆 = T2
𝒮1

𝑀 T𝒮1 = 𝑆

T𝒮𝐹p

T𝒮(•𝐹)

𝜇1

𝛾

In this case, 𝜈-extent is the liveness probability.
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Calculating 𝜈-Extent

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

1
3 ⋅ 8

9 + 1
3 ⋅ 5

9 + 1
3 ⋅ 1 1

3 ⋅ 5
9 + 1

3 ⋅ 1

1 ⋅ 1

𝑝 =
⎡
⎢
⎢
⎢
⎣

𝑞1 ↦ 8/9
𝑞2 ↦ 5/9
𝑞3 ↦ 1

⎤
⎥
⎥
⎥
⎦

T𝒮𝐹 𝑀 T𝒮𝐹 𝑆

T𝒮𝑆 = T2
𝒮1

𝑀 T𝒮1 = 𝑆

T𝒮𝐹𝑝

T𝒮(•𝐹)

𝜇1

𝛾

In this case, 𝜈-extent is the liveness probability.
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Calculating 𝜈-Extent

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

22/27 14/27

1

𝑝 =
⎡
⎢
⎢
⎢
⎣

𝑞1 ↦ 8/9
𝑞2 ↦ 5/9
𝑞3 ↦ 1

⎤
⎥
⎥
⎥
⎦

T𝒮𝐹 𝑀 T𝒮𝐹 𝑆

T𝒮𝑆 = T2
𝒮1

𝑀 T𝒮1 = 𝑆

T𝒮𝐹𝑝

T𝒮(•𝐹)

𝜇1

𝛾

In this case, 𝜈-extent is the liveness probability.
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Calculating 𝜈-Extent

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑝 =
⎡
⎢
⎢
⎢
⎣

𝑞1 ↦ 22/27
𝑞2 ↦ 14/27
𝑞3 ↦ 1

⎤
⎥
⎥
⎥
⎦

T𝒮𝐹 𝑀 T𝒮𝐹 𝑆

T𝒮𝑆 = T2
𝒮1

𝑀 T𝒮1 = 𝑆

T𝒮𝐹𝑝

T𝒮(•𝐹)

𝜇1

𝛾

In this case, 𝜈-extent is the liveness probability.
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Calculating 𝜈-Extent

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑝 =
⎡
⎢
⎢
⎢
⎣

𝑞1 ↦ ⋯
𝑞2 ↦ ⋯
𝑞3 ↦ ⋯

⎤
⎥
⎥
⎥
⎦

T𝒮𝐹 𝑀 T𝒮𝐹 𝑆

T𝒮𝑆 = T2
𝒮1

𝑀 T𝒮1 = 𝑆

T𝒮𝐹𝑝

T𝒮(•𝐹)

𝜇1

𝛾

In this case, 𝜈-extent is the liveness probability.
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Calculating 𝜈-Extent

𝑞1 𝑞2

𝑞3

(𝑎, 1/3)
(𝑎, 1/3)

(𝑏, 1/3)

(𝑎, 1/3)

(𝑏, 1/3)

(𝑏, 1)

𝑝 =
⎡
⎢
⎢
⎢
⎣

𝑞1 ↦ 3/4
𝑞2 ↦ 1/2
𝑞3 ↦ 1

⎤
⎥
⎥
⎥
⎦

T𝒮𝐹 𝑀 T𝒮𝐹 𝑆

T𝒮𝑆 = T2
𝒮1

𝑀 T𝒮1 = 𝑆

T𝒮𝐹𝑝

T𝒮(•𝐹)

𝜇1

𝛾

In this case, 𝜈-extent is the liveness probability.
Shimizu 13/24



Trace Similarity
Given two T𝒮 ∘ 𝐹-coalgebras ℳ = (𝑀, 𝛾) and 𝒩 = (𝑁, 𝛿),
the (maximal / finite) trace similarity relation is
an 𝑆-valued relation between 𝑀 and 𝑁 that is
the (greatest / least) fixed point of the operator below.

T𝒮(𝐹 𝑀 × 𝐹 𝑁) T𝒮𝑆 = T𝒮T𝒮1

𝑀 × 𝑁 𝑆 T𝒮𝐹 𝑀 × T𝒮𝐹 𝑁

𝑀 × 𝑁 𝑆

T𝒮 Rel(𝐹 )(𝑟)

𝜇1
𝑟 opr

dst𝐹 𝐶,𝐹 𝐷

𝛾×𝛿

Theorem. (Maximal / finite) trace similarity between ℳ and 𝒩
(which is an 𝑆-valued relation between 𝑀 and 𝑁)
= (𝜈-extent / 𝜇-extent) of the product ℳ × 𝒩
(which is an 𝑆-valued predicate over 𝑀 × 𝑁) Shimizu 14/24



Parity (𝑆, 𝐹 )-Automata

A parity (𝑆, 𝐹 )-automaton 𝒜 = (𝐴, 𝛼, Ω) consists of:

• a T𝒮 ∘ 𝐹-coalgebra (𝐴, 𝛼∶ 𝐴 → T𝒮𝐹 ), and
• a parity map Ω∶ 𝐴 → {1, 2, … }, such that ran(Ω) is finite.

The notion of acceptance is not explicitly specified in this work.

Shimizu 15/24



Translation from formulas to automata
Syntax: 𝜑 ⩴ 𝑥 ∣ [𝜆](𝜑1, … , 𝜑ar(𝜆)) ∣ ∑

𝑖∈{1,2,…,𝑛}
𝑠𝑖 • 𝜑𝑖 ∣ 𝜇𝑥. 𝜑 ∣ 𝜈𝑥. 𝜑

• Assumption: 𝜑 is clean, strictly guarded.
• The set of states is: Cl(𝜑), the closure of 𝜑, under
taking subformulas and expanding fixed point binders.

• The transition 𝛽∶ Cl(𝜑) → T𝒮𝐹Cl(𝜑) is given by:
𝛽( [𝜆](𝜑1, … , 𝜑ar(𝜆)) ) = 𝜂𝐹Cl(𝜑)( 𝜆(𝜑1, … , 𝜑ar(𝜆)) ),

𝛽( ∑
𝑖∈{1,2,…,𝑛}

𝑠𝑖 • 𝜑𝑖) = 𝜇𝐹Cl(𝜑)( ∑
𝑖∈{1,2,…,𝑛}

𝑠𝑖 • 𝛽(𝜑𝑖)),

𝛽(𝜂𝑥. 𝜑′) = 𝛽(𝜑′[𝜂𝑥. 𝜑′/𝑥]) for 𝜂 ∈ {𝜇, 𝜈}.

Parity assignment Ω∶ Cl(𝜑) → ℕ+

• Binders: •outer binders have larger parities.
•odd number assigned for 𝜇, even number for 𝜈,

• Others: parities inherited “from above”. Shimizu 16/24



Example of Translation
𝜑 = 𝜇𝑧. 𝜈𝑦. 𝜇𝑥. ([𝑎]𝑥 + [𝑏]𝑦 + [𝑐]𝑧)

𝜑′ = 𝜈𝑦. 𝜇𝑧. ([𝑎]𝑥 + [𝑏]𝑦 + [𝑐]𝜑)
𝜑″ = 𝜇𝑥. ([𝑎]𝑥 + [𝑏]𝜑′ + [𝑐]𝜑)

1. Cl(𝜑) = {𝜑, 𝜑′, 𝜑″}
2. parities: [𝑧 ↦ 3, 𝑦 ↦ 2, 𝑥 ↦ 1]
3. [𝜆] → a label, “+”→branching.

𝒜𝜑 =

𝜑 (3)

𝜑′ (2) 𝜑″ (1)

𝑐

𝑏 𝑎

𝑏
𝑐

𝑎

𝑏

𝑐 𝑎
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2. parities: [𝑧 ↦ 3, 𝑦 ↦ 2, 𝑥 ↦ 1]
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Extents Generalized
The extent of a parity (𝑆, 𝐹 )-automaton is defined using an
equational system [Hasuo, S and Cistea ’16].

Given a parity (𝑆, 𝐹 )-automaton 𝒜 = (𝐴, 𝛼, Ω),
the extent of 𝒜 is an 𝑆-valued predicate over 𝐴 that is
the solution of the equational system below.

⎡
⎢
⎢
⎢
⎣

𝑢1 =𝜇 𝜇1 ∘ T𝒮(•𝐹) ∘ T𝒮𝐹 [𝑢1, … , 𝑢𝑛]
𝑢2 =𝜈 𝜇1 ∘ T𝒮(•𝐹) ∘ T𝒮𝐹 [𝑢1, … , 𝑢𝑛]

⋮
𝑢𝑛 =𝜂 𝜇1 ∘ T𝒮(•𝐹) ∘ T𝒮𝐹 [𝑢1, … , 𝑢𝑛]

⎤
⎥
⎥
⎥
⎦

inner formula

outer formula

(
c.f. [ 𝑢 =𝜈 𝜇1 ∘ T𝒮(•𝐹) ∘ T𝒮𝐹 𝑢 ] 𝜈-extent

[ 𝑢 =𝜇 𝜇1 ∘ T𝒮(•𝐹) ∘ T𝒮𝐹 𝑢 ] 𝜇-extent)
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Product Coalgebras Generalized

The product automaton between

• 𝒜 = (𝐴, 𝛼, Ω) and
• ℳ = (𝑀, 𝑚) is: 𝒜 × ℳ = (𝐴 × 𝑀, 𝛼 ⊗ 𝑚, Ω ∘ 𝜋1).

𝒜𝜑 =

𝜑 (3)

𝜑′ (2) 𝜑″ (1)

𝑐

𝑏 𝑎

𝑏
𝑐

𝑎

𝑏

𝑐 𝑎 ℳ = 𝑞𝐼

𝑞1 𝑞2

𝑞3

𝑞4𝑞5

𝑞6

𝑐
𝑎

𝑏

𝑎

𝑏

𝑏
𝑐𝑐 𝑎
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𝒜𝜑 × ℳ = ⟨𝜑, 𝑞𝐼⟩ (3)

⟨𝜑, 𝑞1⟩ (3) ⟨𝜑′, 𝑞1⟩ (2) ⟨𝜑″, 𝑞2⟩ (1)

⟨𝜑″, 𝑞3⟩ (1)

⟨𝜑, 𝑞3⟩ (3)

⟨𝜑′, 𝑞4⟩ (2)⟨𝜑′, 𝑞5⟩ (2)

⟨𝜑″, 𝑞5⟩ (1)

⟨𝜑, 𝑞6⟩ (3)

𝑐

𝑎
𝑎

𝑏

𝑎

𝑏
𝑏𝑐

𝑏𝑐
𝑐 𝑎

𝒜𝜑 =

𝜑 (3)

𝜑′ (2) 𝜑″ (1)

𝑐

𝑏 𝑎

𝑏
𝑐

𝑎

𝑏

𝑐 𝑎 ℳ = 𝑞𝐼

𝑞1 𝑞2

𝑞3

𝑞4𝑞5

𝑞6

𝑐
𝑎

𝑏

𝑎

𝑏

𝑏
𝑐𝑐 𝑎



Extent-Based Semantics

⟨𝜑, 𝑞𝐼⟩ (3)

⟨𝜑, 𝑞1⟩ (3) ⟨𝜑′, 𝑞1⟩ (2) ⟨𝜑″, 𝑞2⟩ (1)

⟨𝜑″, 𝑞3⟩ (1)

⟨𝜑, 𝑞3⟩ (3)

⟨𝜑′, 𝑞4⟩ (2)⟨𝜑′, 𝑞5⟩ (2)

⟨𝜑″, 𝑞5⟩ (1)

⟨𝜑, 𝑞6⟩ (3)

𝑢3(𝑞𝐼) =𝜇 𝑢3(𝑞1) ∨ 𝑢1(𝑞3) ∨ 𝑢2(𝑞5)

𝑢3(𝑞1) =𝜇 𝑢1(𝑞2) 𝑢2(𝑞1) =𝜈 𝑢1(𝑞2) 𝑢1(𝑞2) =𝜇 𝑢2(𝑞1)

𝑢1(𝑞3) =𝜇 𝑢2(𝑞4)

𝑢3(𝑞3) =𝜇 𝑢2(𝑞4)

𝑢2(𝑞4) =𝜈 𝑢3(𝑞3)𝑢2(𝑞5) =𝜈 𝑢3(𝑞6)

𝑢1(𝑞5) =𝜇 𝑢3(𝑞6)

𝑢3(𝑞6) =𝜇 𝑢1(𝑞5)
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Extent-Based Semantics

⟨𝜑, 𝑞𝐼⟩ (3)

⟨𝜑, 𝑞1⟩ (3) ⟨𝜑′, 𝑞1⟩ (2) ⟨𝜑″, 𝑞2⟩ (1)

⟨𝜑″, 𝑞3⟩ (1)

⟨𝜑, 𝑞3⟩ (3)

⟨𝜑′, 𝑞4⟩ (2)⟨𝜑′, 𝑞5⟩ (2)

⟨𝜑″, 𝑞5⟩ (1)

⟨𝜑, 𝑞6⟩ (3)

𝑢3(𝑞𝐼)
f ix
= 𝑙3(𝑞𝐼)

𝑢3(𝑞1)
f ix
= 𝑙3(𝑞1) 𝑢2(𝑞1)

f ix
= 𝑙2(𝑞1) 𝑢1(𝑞2) =𝜇 𝑢2(𝑞1)

𝑢1(𝑞3) =𝜇 𝑢2(𝑞4)

𝑢3(𝑞3)
f ix
= 𝑙3(𝑞3)

𝑢2(𝑞4)
f ix
= 𝑙2(𝑞4)𝑢2(𝑞5)

f ix
= 𝑙2(𝑞5)

𝑢1(𝑞5) =𝜇 𝑢3(𝑞6)

𝑢3(𝑞6)
f ix
= 𝑙3(𝑞6)
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Extent-Based Semantics

⟨𝜑, 𝑞𝐼⟩ (3)

⟨𝜑, 𝑞1⟩ (3) ⟨𝜑′, 𝑞1⟩ (2) ⟨𝜑″, 𝑞2⟩ (1)

⟨𝜑″, 𝑞3⟩ (1)

⟨𝜑, 𝑞3⟩ (3)

⟨𝜑′, 𝑞4⟩ (2)⟨𝜑′, 𝑞5⟩ (2)

⟨𝜑″, 𝑞5⟩ (1)

⟨𝜑, 𝑞6⟩ (3)

𝑢3(𝑞𝐼)
f ix
= 𝑙3(𝑞𝐼)

𝑢3(𝑞1)
f ix
= 𝑙3(𝑞1) 𝑢2(𝑞1)

f ix
= 𝑙2(𝑞1) 𝑢1(𝑞2)

sol
= 𝑙2(𝑞1)

𝑢1(𝑞3)
sol
= 𝑙2(𝑞4)

𝑢3(𝑞3)
f ix
= 𝑙3(𝑞3)

𝑢2(𝑞4)
f ix
= 𝑙2(𝑞4)𝑢2(𝑞5)

f ix
= 𝑙2(𝑞5)

𝑢1(𝑞5)
sol
= 𝑙3(𝑞6)

𝑢3(𝑞6)
f ix
= 𝑙3(𝑞6)
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Extent-Based Semantics

⟨𝜑, 𝑞𝐼⟩ (3)

⟨𝜑, 𝑞1⟩ (3) ⟨𝜑′, 𝑞1⟩ (2) ⟨𝜑″, 𝑞2⟩ (1)

⟨𝜑″, 𝑞3⟩ (1)

⟨𝜑, 𝑞3⟩ (3)

⟨𝜑′, 𝑞4⟩ (2)⟨𝜑′, 𝑞5⟩ (2)

⟨𝜑″, 𝑞5⟩ (1)

⟨𝜑, 𝑞6⟩ (3)

𝑢3(𝑞𝐼)
f ix
= 𝑙3(𝑞𝐼)

𝑢3(𝑞1)
f ix
= 𝑙3(𝑞1) 𝑢2(𝑞1) =𝜈 𝑢1(𝑞2) 𝑢1(𝑞2)

sol
= 𝑢2(𝑞1)

𝑢1(𝑞3)
sol
= 𝑢2(𝑞4)

𝑢3(𝑞3)
f ix
= 𝑙3(𝑞3)

𝑢2(𝑞4) =𝜈 𝑙3(𝑞3)𝑢2(𝑞5) =𝜈 𝑙3(𝑞6)

𝑢1(𝑞5)
sol
= 𝑙3(𝑞6)

𝑢3(𝑞6)
f ix
= 𝑙3(𝑞6)
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Extent-Based Semantics

⟨𝜑, 𝑞𝐼⟩ (3)

⟨𝜑, 𝑞1⟩ (3) ⟨𝜑′, 𝑞1⟩ (2) ⟨𝜑″, 𝑞2⟩ (1)

⟨𝜑″, 𝑞3⟩ (1)

⟨𝜑, 𝑞3⟩ (3)

⟨𝜑′, 𝑞4⟩ (2)⟨𝜑′, 𝑞5⟩ (2)

⟨𝜑″, 𝑞5⟩ (1)

⟨𝜑, 𝑞6⟩ (3)

𝑢3(𝑞𝐼)
f ix
= 𝑙3(𝑞𝐼)

𝑢3(𝑞1)
f ix
= 𝑙3(𝑞1) 𝑢2(𝑞1)

sol
= tt 𝑢1(𝑞2)

sol
= tt

𝑢1(𝑞3)
sol
= 𝑙3(𝑞3)

𝑢3(𝑞3)
f ix
= 𝑙3(𝑞3)

𝑢2(𝑞4)
sol
= 𝑙3(𝑞3)𝑢2(𝑞5)

sol
= 𝑙3(𝑞6)

𝑢1(𝑞5)
sol
= 𝑙3(𝑞6)

𝑢3(𝑞6)
f ix
= 𝑙3(𝑞6)
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Extent-Based Semantics

⟨𝜑, 𝑞𝐼⟩ (3)

⟨𝜑, 𝑞1⟩ (3) ⟨𝜑′, 𝑞1⟩ (2) ⟨𝜑″, 𝑞2⟩ (1)

⟨𝜑″, 𝑞3⟩ (1)

⟨𝜑, 𝑞3⟩ (3)

⟨𝜑′, 𝑞4⟩ (2)⟨𝜑′, 𝑞5⟩ (2)

⟨𝜑″, 𝑞5⟩ (1)

⟨𝜑, 𝑞6⟩ (3)

𝑢3(𝑞𝐼) =𝜇 𝑢3(𝑞1) ∨ 𝑢1(𝑞3) ∨ 𝑢2(𝑞5)

𝑢3(𝑞1) =𝜇 𝑢1(𝑞2) 𝑢2(𝑞1)
sol
= tt 𝑢1(𝑞2)

sol
= tt

𝑢1(𝑞3)
sol
= 𝑢3(𝑞3)

𝑢3(𝑞3) =𝜇 𝑢2(𝑞4)

𝑢2(𝑞4)
sol
= 𝑢3(𝑞3)𝑢2(𝑞5)

sol
= 𝑢3(𝑞6)

𝑢1(𝑞5)
sol
= 𝑢3(𝑞6)

𝑢3(𝑞6) =𝜇 𝑢1(𝑞5)
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Extent-Based Semantics

⟨𝜑, 𝑞𝐼⟩ (3)

⟨𝜑, 𝑞1⟩ (3) ⟨𝜑′, 𝑞1⟩ (2) ⟨𝜑″, 𝑞2⟩ (1)

⟨𝜑″, 𝑞3⟩ (1)

⟨𝜑, 𝑞3⟩ (3)

⟨𝜑′, 𝑞4⟩ (2)⟨𝜑′, 𝑞5⟩ (2)

⟨𝜑″, 𝑞5⟩ (1)

⟨𝜑, 𝑞6⟩ (3)

𝑢3(𝑞𝐼)
sol
= tt

𝑢3(𝑞1)
sol
= tt 𝑢2(𝑞1)

sol
= tt 𝑢1(𝑞2)

sol
= tt

𝑢1(𝑞3)
sol
= ff

𝑢3(𝑞3)
sol
= ff

𝑢2(𝑞4)
sol
= ff𝑢2(𝑞5)

sol
= ff

𝑢1(𝑞5)
sol
= ff

𝑢3(𝑞6)
sol
= ff
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Correctness of Extent-Based Semantics
Theorem. For

• a formula 𝜑 with automaton
𝒜𝜑 = (Cl(𝜑), 𝛽, Ω), ran(Ω) ⊆ {1, … , 𝑛},

• a coalgebra ℳ = (𝑀, 𝛾∶ 𝑀 → T𝒮𝐹 𝑀),
• 𝑒∶ 𝐴 → 𝑆 the extent of the product parity automaton 𝒜 × ℳ,

J𝜙K𝛾(𝑐) = 𝑒(𝑐, 𝜙) .

Proof idea. Let 𝜑𝑥 ≔ 𝜈𝑥. (𝜑𝑦 + [𝑏]𝑥) with 𝜑𝑦 ≔ 𝜇𝑦. (∗ + [𝑎]𝑦).

J𝜑𝑥K𝛾 ≡
⎡
⎢
⎢
⎢
⎣

𝑢𝜑𝑥 =2 𝑢𝜑𝑦+𝑢[𝑏]𝜑𝑥
𝑢[𝑏]𝜑𝑥 =2 J𝑏K𝑢𝜑𝑥
𝑢𝜑𝑦 =1 𝑢∗+𝑢[𝑎]𝜑𝑦
𝑢∗ =1 J∗K

𝑢[𝑎]𝜑𝑦 =1 J𝑎K𝑢𝜑𝑦

⎤
⎥
⎥
⎥
⎦

≡ [
𝑢𝜑𝑥 =2 J∗K+J𝑎K𝑢𝜑𝑦+J𝑏K𝑢𝜑𝑥
𝑢𝜑𝑦 =1 J∗K+J𝑎K𝑢𝜑𝑦 ] ≡ 𝑒(_, 𝜑𝑥)
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Alternation Degree and Expressiveness of
the Logic

Assume the arity of each letter is at most 1.

Theorem. For any parity (𝑆, 𝐹 )-automaton 𝒜, there exists a parity
(𝑆, 𝐹 )-automaton 𝒜′ with the largest parity at most 2 such that

ext(𝒜 × ℳ) = ext(𝒜′ × ℳ) .

(𝒜′ is a Büchi (𝑆, 𝐹 )-automaton.)

Corollary. Any linear time quantitative logic formula 𝜑 has an
equivalent formula 𝜈𝑦1. … 𝜈𝑦𝑗. 𝜇𝑥1. … 𝜇𝑥𝑖. 𝜑′.
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Parity Word Autom.→Büchi Word Autom.

12

3 4

56

✓

𝑑
𝑑

𝑑 𝑐

𝑐
𝑏 𝑏𝑎

𝑎

⟼

12

3 4

56

✓

𝑑
𝑑

𝑑 𝑐

𝑐
𝑏 𝑏𝑎

𝑎

2

3 4

1
✓

𝑏𝑏

𝑑
𝑑

𝑑 𝑐

𝑐

1. Create a copy of states with their parities lower than 5.
Incoming edges to those states are also copied. (This is only
possible if the semiring is total.)

2. For the old copy of states with priority lower than 4, let the new
priority be 3 and drop explicit terminations (i.e. transitions with
a nullary letter).

3. Decrement the priorities of the other states by 2.

Shimizu 23/24



Parity Word Autom.→Büchi Word Autom.
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⟼
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3 4

56

✓

𝑑
𝑑

𝑑 𝑐

𝑐
𝑏 𝑏𝑎

𝑎

2

3 4

1
✓

𝑏𝑏

𝑑
𝑑

𝑑 𝑐

𝑐
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Incoming edges to those states are also copied. (This is only
possible if the semiring is total.)

2. For the old copy of states with priority lower than 4, let the new
priority be 3 and drop explicit terminations (i.e. transitions with
a nullary letter).

3. Decrement the priorities of the other states by 2.
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Conclusion

Our contributions:

• We introduced extent-based semantics of quantitative linear
time logic, and proved its correctness. This alternative
semantics resembles to the workflow of LTL model checking.

• We showed quadratic reduction from quantitative parity word
automata to quantitative Büchi word automata.

Future Work

• expressiveness result for the logics

• improved algorithm for computing extents
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