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Introduction:
Capturing Linear Time Behaviour
by Logic



Action + (Quantitative) Branching of
Systems

b, 1
Labeled Transition System Markov C(hair:
e Action: e Action:
X ->{ab}xX+v/=FX X->{ablxX=F'X
e Branching: e Branching:
FX - PFX F'X - DF'X
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Branchings can be Flatten

ql g {(Cl, ql), (av q2), (ba 43), ‘/}
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Branchings can be Flatten

q; ~ {(a,qy), (@, 92), (b, q3), v}
— {(aa, qy), (aa, q), (ab, q3),av }U
{(aa, qy),(ab, q3),av }U
{(bb, g3)}U
{v}
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Branchings can be Flatten

q;, ~ {(a,q1),(a,qy), (b, q3), v}
— {(aa, q,), (aa, q), (ab, q3), av/ }U
{(aa, qy), (ab,q3),av/ }U
{(bb, g3)}U
{v}
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Branchings can be Flatten

q1 ~ {(a,q1).(a,q,), (b, q3), v}
— {(aa, q,), (aa, q), (ab, q3), av/ }U
{(aa, q,), (ab, q3),av }U
{(bb, q3)}U
{v}

Shimizu 3/24



Branchings can be Flatten

ql g {(a7 CI1), (aa, CI2), (ab, q3)7 (bb, q3)9 ‘/9 a‘/}
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Branchings can be Flatten

ql g {(a’ ql)’ (aa’ qZ)’ (ab’ 613)’ (bb’ (13), ‘/’ a‘/}
— {(aaa, qq), (aaa, q,), (aab, q3),aa/ }U
{(aaa, q,), (aab, q3), aav' }U

{(abb’ q3)’ (bbb’ CI3)}U
{(vV,av'}
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Branchings can be Flatten

q, ~ {(a,q,), (aa, qy), (ab, q3), (bb, q3),v , a/'}
— {(aaa, q,),(aaa, q,), (aab, q3), aav/ }U
{(aaa, q;), (aab, q3), aav }U
{(abb, g3), (bbb, g3) }U
{vV,av/'}
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Branchings can be Flatten

q1 = {(a,q)). (aa, q), (ab, q3), (bb, q3), v, av'}
— {(aaa, q,),(aaa, q,), (aab, q3), aav/ }U
{(aaa, q,),(aab, q3), aav }U
{(abb, q3), (bbb, q3)}U
{vV,av/'}
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Branchings can be Flatten

q, = {(aaa, qy),(aaa, q,), (aab, q3), (abb, q3), (bbb, q3),v',av/ , aa/}
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Branchings can be Flatten

1 1 1
q — g(a,ql) + g("’ q,) + §(b’ q3)
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Branchings can be Flatten

1
(a,1/3) a’ /3 (a,1/3)
(b, 1/3) (b,1/3)

@)

(b, 1)

1 1 1
q; & 3(3, qy) + g(a, q,) + g(b’ q3)
1
9
1 1
—(aa, qy) + =(ab, g3)+

9 9

1
7 (bb, q3)

3 Shimizu 3/24
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1 1
(aa,qq) + §(aa, qp) + §(ab, qz)+



Branchings can be Flatten

1 1 1
q; & g(a,éh) + 3(3, qy) + g(b’ q3)

1 1 1
= §(aa, q) + §(aa, q) + §(ab, q3)+

1 1
§(aa’ q2) + §(ab’ q3)+

1
7 (bb, q3)

3 Shimizu 3/24



Branchings can be Flatten

1 1 1
q = z(a,q)+ g(a, q,) + §(b,Q3)

3
o Laa,qp) + Laa, ap) + Lab, g)+
9 ’ 9 ’ 9 ’
1 1
§(aa, q>) + §(ab, q3)+
1

§(bb’ q3)
Shimizu 3/24



Branchings can be Flatten

1 2 2 1
q — §(aa, q) + §(aa,q2) + §(ab, q3) + g(bb, q3)
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Branchings can be Flatten

1
(a,1/3) a’ /3 (a,1/3)
(b, 1/3) (b,1/3)

@)

(b, 1)

1 2 2 1
q; & §(aa, qy) + §(aa, q,) + §(ab, q3) + g(bb, q3)

1 1 1

— E(aaa, q) + E(aaa, qp) + ﬁ(aab, qz)+
2 2
ﬁ(aaa, Q)+ ﬁ(aab, q3)+

2 1
—(abb, g3) + g(bbb, q3)
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Branchings can be Flatten

(b, 1)

1 2 2 1
q; & 6(00, q) + §(aa, qp) + §(ab, q3) + g(bb, q3)
1 1 1
— ﬁ(aaa, q,) + ﬁ(aaa, Q)+ ﬁ(aab, qz)+
2 2
E(aaa, q) + ﬁ(aab, q3)+

2 1
§(abb, q3) + g(bbb, q:),) o
Shimizu 3/24



Branchings can be Flatten

(b, 1)

1 2 2 1
q; & 6(00, q) + 5(00, q,) + §(ab, qs3) + g(bb, q3)
1 1 1
— ﬁ(aaa, q,) + ﬁ(aaa, Q)+ ﬁ(aab, qz)+
2 2
ﬁ(aaa, Q)+ ﬁ(aab, qz)+

2 1
5 (@bb. q3) + 3 (bbb, g3) N
Shimizu 3/24



Branchings can be Flatten

1 1 1 2 1
q ~ ﬁ(aaa, qp) + §(aaa, ) + §(aab, q;) + §(abb, q3) + g(bbba )

Shimizu 3/24



Representing Branching by Semirings
A partial commutative semiring: (.5, +,0,,1), “+" can be partial.

e Boolean semiring: ({0,1},v,0,A,1) nondet. branching
e Prob. partial semiring: ([0, 1],+,0,%,1)  prob. branching
e Tropical semiring: (N*, min, oo, +,0) weighted branching

Representing Actions by Ranked Alphabets

e an alphabet A,

Aranked alphabet consists of: .
e aritiesar: A - N.

It defines the polynomial functor F (which is the “action”) by:
FX = X
Examples Lien
e determ. LTS: {a— 1,b— 1}

e determ. LTS with explicit termination: {a — 1,b+— 1,/ — 0}
Shimizu 4/24



Systems are Coalgebras

A partial commutative semiring .S yields a commutative monad 7':

e T X={p: X—>S|
p has finite supp., ersupp(p) p(x) is defined}

. { 1 ifx=x'
e unit: nx(x)(x") =

0 otherwise

e multiplication:  uy(¥)(x") = Zpesupp(l{,) Y(p) e p(x")
e double strength: dsty y(p, ¢)(x,y) = p(x) ® q(y)

A branching system M is a TgF-coalgebra (M, 6: M — T¢FM).

Shimizu 5/24



Quantitative Linear Time Logic [Cirstea '14,15]

e The (coalgebraic) logic to capture “linear time” behaviour.

e Equipped with ), where the semiring .S is from model’s
branching, instead of propositional operators.

(p:::xl[ﬂ]((pl,...,(paru))l Z Si°(Pi|Mx-(P|VX-(P
i€{12,....n})
Example:

e For nondet. branching, the ) is disjunctions \/.
e For prob. branching, the ) is sub-convex combinations.

e In general, the ) is weighted sum.

Its quantitative semantics, relying on predicate liftings, is mostly

standard.
Shimizu 6/24



Quantitative Linear Time Logic (Cont.)

e The (coalgebraic) logic to capture “linear time” behaviour.
e Equipped with ), where the semiring .S'is from model’s
branching, instead of propositional operators.

@u=x|[A@ ... 0u) | X sie@ | ux.@lvx.@
ie{l,2,...,n}
e monad multiplication used to accumulate values from different
branches.

Step-based and path-based semantics coincide with this logic.
e Step-based semantics: T o F-CoAlg uﬂ] SM,
Standard in coalgebraic logic. Directly verified.
e Path-based semantics: T, F-CoAlg — T¢Z L) TosM L oM,
Seen in (existential) Linear Temporal Logic (LTL).

Indirectly verified. Shimizu 7/24



LTL Verification Techniques

Labeled Transition
System M

alternating Blichi autom.

7 "~ < gxponential

LTL formula @ nondeterministic Blichi autom. A

~ //7

exponential

J

G product autom. A X M

nonemptiness

Markov Chain
M

alternating Blichi autom.

— "~ < double exponential
LTL formula ¢ deterministic Rabin autom. A

~ P4

double exponential

G product Markov chain A X M —

likelihood of

exhibiting

atrace
Shimizu 8/24



Our Work:
Connection of These Logics and Automata



What We Want?

e notion of quantitative automaton (coalgebra + acceptance
condition),

e translation from a formula ¢ to an automaton A,

e product ® between formula automaton A, and model
coalgebra M,

e notion of extent ext(.A) for an automaton A,
such that for any given ¢ and M

[Plp = ext(A, ® M).

Shimizu 10/24



Piece 1: Product Coalgebras

Given two T o F-coalgebras M = (M, y) and N = (N, 6),
the product T F-coalgebra M x N = (M x N,y ® §) is defined by:

FC KD

Fr, ,Fr,)*
Y®6=CxD —> ToFC x T4FD —> To(FC x FD)< 4> TsF(C x D),
where (Fr,, Fr,)" denotes precomposition with ( Fr,, Fr,)

(Fry,Fry)
F(CXxD)—> FCXFD— S.

Shimizu 11/24



Plece 2: Extents

Given a Tg o F-coalgebra M = (M, ),
the (v-extent / u-extent) is an S-valued predicate over M that is
the (greatest / least) fixed point of the below operator.

TFM —5"
FM —2 s T.FS

J/TS( °p)

p opr
MLy s | > y TeS =T21

I

where e F.S — Sis given by M Tgl=S

.F(A(SU"’ 7S‘dl’(/1))) = Sl ® .- .Sax(ﬂ) fOI’ﬂ. (S A

e exixtence of a possibly infinite trace,
Intuitively v-extentis: o |ikelihood of exhibitting a possibly
infinite trace. Shimizu  12/24



Calculating v-Extent

(a,1/3)
TsFp
TeFM ——— TgFS

J/TS(. )

v TeS =T2l

1

M Tsl=S
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Calculating v-Extent

ta,q)+3@q)+3 <b( W5, 1(a,qy) + 3(b,q3)

(a,1/3)
TsFp
TeFM ——— TgFS

J/TS(. )

Y TsS =T2l

1

M Tsl=S
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Calculating v-Extent

Ya. 1)+ 3@ 1)+ 50, b ta. )+ 30,1
7o) (a, 1/3)

TsFp
TFM % TGFS
J/TS(.F)

v TeS =T2l

1

M Tsl=S
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Calculating v-Extent

1 1 1 1 1
(a,1/3)
(a,1/3) (a,1/3) .
stp
(b.1/3) TeFM ——— TgFS
%(.F)
v TeS =T2l
\Lﬂl
M Tl=5
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Calculating v-Extent

1 2/3

(a,1/3)
TsFp
TeFM ——— TgFS

J/TS(. )

v TeS =T2l
M Tsl=S
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Calculating v-Extent

(a,1/3)
TsFp
TeFM ——— TgFS

J/TS(. )

v TeS =T2l

1

M Tsl=S
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Calculating v-Extent

ta,q)+3@q)+3 <b( W5, 1(a,qy) + 3(b,q3)

(a,1/3)
TsFp
TeFM ——— TgFS

J/TS(. )

Y TsS =T2l

1

M Tsl=S
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Calculating v-Extent

—(a 1)+ 1 la, 2/3)+ 1 b, 1) l(a,2/3)+§(b,1)
a.173) (a,1/3)

TsFp
TFM % TGFS
J/TS(.F)

v TeS =T2l

1

M Tsl=S
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Calculating v-Extent

ToF]
ToFM —2% T.FS

%(.F)

v TeS =T2l

1

M Tsl=S
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Calculating v-Extent

(a,1/3)
TsFp
TeFM ——— TgFS

J/TS(. )

v TeS =T2l
M Tsl=S
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Calculating v-Extent

(a,1/3)
TsFp
TeFM ——— TgFS

J/TS(. )

v TeS =T2l

1

M Tsl=S
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Calculating v-Extent

ta,q)+3@q)+3 <b( W5, 1(a,qy) + 3(b,q3)

(a,1/3)
TsFp
TeFM ——— TgFS

J/TS(. )

Y TsS =T2l

1

M Tsl=S
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Calculating v-Extent

—(a 8/9) + 1 la, 5/9) + 1 b, 1) l(a,5/9)+§(b,1)
a.173) (a,1/3)

TsFp
TFM % TGFS
J/TS(.F)

v TeS =T2l

1

M Tsl=S
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Calculating v-Extent

ToF]
ToFM —2% T.FS

%(.F)

v TeS =T2l

1

M Tsl=S
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Calculating v-Extent

22/27 14/27

(a,1/3)
TsFp
TeFM ——— TgFS

J/TS(. )

v TeS =T2l
M Tsl=S
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Calculating v-Extent

(a,1/3)
TsFp
TeFM ——— TgFS

J/TS(. )

v TeS =T2l
(b, 1) l”
1
22/27
a0 =22 M Tel=S
p=\|q, ~ 14/27
gz — 1
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Calculating v-Extent

(a,1/3)
TsFp
TeFM ——— TgFS

J/TS(. )

v TeS =T2l

1

M Tsl=S
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Calculating v-Extent

(a,1/3)
TsFp
TeFM ——— TgFS

J/TS(. )

v TeS =T2l
(b,1) i”
1
6 = 3 M Tgl=S
p=|qg,~ 12
g — 1

In this case, v-extent is the liveness probability.
Shimizu 13/24



Trace Similarity

Given two Tg o F-coalgebras M = (M,y) and N = (N, §),
the (maximal / finite) trace similarity relation is

an S-valued relation between M and N that is

the (greatest / least) fixed point of the operator below.

T(FM x FN) 2 g — 1Tl
dstre,rp]
MxN —3 S =3 TFMxTsFN "
yxé/l\
M XN S

Theorem. (Maximal / finite) trace similarity between M and N'
(which is an S-valued relation between M and N)
= (v-extent / u-extent) of the product M X N’
(which is an S-valued predicate over M x N) Shimizu 14/24



Parity (S, F)-Automata

A parity (S, F)-automaton A = (A, a, Q) consists of:

e aTgo F-coalgebra (A, a: A — TgF),and
e aparitymapQ: A — {1,2,... },suchthatran(Q) is finite.

The notion of acceptance is not explicitly specified in this work.

Shimizu 15/24



Translation from formulas to automata

Syntax: @ == x | [Al(@y, -, @) | X si0@ | ux.@|vx. @
i€{1,2,...,n}

e Assumption: @ is clean, strictly guarded.
e The set of states is: Cl(@), the closure of ¢, under
taking subformulas and expanding fixed point binders.
e The transition f: Cl(¢) = T¢FCl(¢) is given by:
BUAN@, - @ar)) = M) (AP o s @ar(zy) )s
ﬂ( 2 s e (Pi) = MFCl((p)( > s ﬁ((Pi))’

i€{1.2,....n} i€{1.2,....n}
Bnx.¢") = P(@'Inx.¢'/x]) forn € {u,v}.
Parity assignment Q : Cl(p) — N*
e Binders: eouter binders have larger parities.

eodd number assigned for y, even number for v,
e Others: parities inherited “from above”. Shimizu 16/24



Example of Translation

@ = pz.vy. ux.([alx + [b]y + [c]z)

Shimizu 17/24




Example of Translation

@ = pz.vy. ux.([alx + [b]y + [c]z)
@' =vy. uz.([alx + [bly + [c]lp)
@" = px.([alx + [blo’ + [c]lp)

1. C(@) ={p, 0", 0"}
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Example of Translation

@ = pz.vy. ux.([alx + [b]y + [c]z)
@' =vy. uz.([alx + [bly + [c]lp)
@" = px.([alx + [blo’ + [c]lp)

1. Q) = {9. 9", 0"}
2. parities: [z 3,y 2,x — 1]
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Example of Translation

@ = pz.vy. ux.([alx + [b]y + [c]z)
@' =vy. uz.([alx + [bly + [c]lp)
@" = px.([alx + [blo’ + [c]lp)

1. Cl(p) = {9, 9", 0"}
2. parities: [z 3,y 2,x — 1]
3. [A] — alabel, “+"—branching.

Shimizu 17/24



Extents Generalized

The extent of a parity (.5, F)-automaton is defined using an
equational system [Hasuo, S and Cistea '16].

Given a parity (S, F)-automaton A = (A, a, Q),

the extent of A is an S-valued predicate over A thatis

the solution of the equational system below.

up =, HieTs(ep) e TeFluy, ... u,l inner formula

Ll2 = [/ll °T5(.F)°T5F[u1,...,un]

Vv

o T o ToFuy,...,
Hre Ts(op) e TsFluy ] outer formula

cf. [ u =, pyoTg(ep)eTgFu ] v-extent
[ u =, ppoTg(ep)eTsFu ] u-extent

Shimizu 18/24
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Product Coalgebras Generalized

The product automaton between

e A= (A aQ)and
o M =(M,m)

ist AXM=(AXM, a @ m, Qo).

Shimizu 19/24



T a,

(.a1) @] (¢, a1) ©)[{¢”. %) )]




Extent-Based Semantics

u3(qy) =, ul(QZ)M(‘D) =, u(qy)
(0.q1) 0 [(w’&ﬁ@(/fp”,qﬁ )

« U3(q1) vV ui(gs) Vv uy(gs)

(g.ap) 0
(@".q3) ©)ui(q3) =, ur(qs)

u3(q3) =, uy(4s)
uy(qq) =, u3(q3)

us(qy)

u3(qe) =, u1(gs)

uy(gs) =, us(gs

uy(qs) =, uz(qq)

Shimizu 20/24



Extent-Based Semantics

us@) = l(a) (a0 = L) (4) =, w(@)
(o.q1) &) (@' ) @(/(P”’%) ]

us(ar) = Iy(qp)

fiX 9
u3(qe) = 15(q6) {{®. q6) ® (9", q3) ) uy(q3) =, ux(qy)

W ”3((13) = 13(g3)

<(P q4) @Ux(qy) = £ 15(q4)

fix

uy(gs) = 1r(a5) (@', g5) @)

Shimizu 20/24



Extent-Based Semantics

us@) = (a0 = L) (@) 2 b))
(0.q1) 0 [((pﬁ%)@[(/w .42) ()]

us(ar) = Iy(qp)

(@.q1) ® I
a2 e

W ”3((13) = 13(g3)

<(P q4) @Ux(qy) = £ 15(q4)

us (616) 13(%)

((p

sol

ui(gs) = l(gs

fix

uy(gs) = 1r(a5) (@', g5) @)

Shimizu 20/24



Extent-Based Semantics

u3(qy) ES I5(qy) Wl (92) E uy(q;)
(o.q1) &) (@' ) @(/(P”’%) ]

us(ar) = Iy(qp)

(p.q1) 6 sol
(9", q3) )| uy(q3) = uy(qy)

W ”3((13) = 13(g3)

<(P q4) @ uy(q4) =, 15(q3)

us (616) 13(%)

sol

u;1(qs) = 13(gs) [{@”

uy(qs) =, 13(d6) (@', 4s5) @)

Shimizu 20/24



Extent-Based Semantics

u3(qy) = I3(qy) m u;(4,) e
(o.q1) &) (@' ) @(/(P”’%) ]

us(ar) = Iy(qp)

(@.41) ® ; I

(9", 43) ) 11(g3) = I3(g3)
fix

(9, 93) ®)us(q3) = 15(g3)

sol sol

y(g5) = 13(g6) ({9’ 45) @) (@', ) @fur(ay) = 15(g3)

u3(qe) £ 15(q)

L)

(@".q5) (1)

sol

ui(gs) = l(gs

Shimizu 20/24



Extent-Based Semantics

us(@) = (@) @)= ) S
(0.q1) 0 [(w’&ﬁ@(/fp”,qﬁ )

« U3(q1) vV ui(gs) Vv uy(gs)

(p.q1) 6 sol
(9", q3) )| uy(q3) = us3(q3)

u3(q3) =, uy(4s)
un(a5) 2 u3(a3)

us(qy)

u3(qe) =, u1(gs)

sol
uy(gs) = us(qs

u(gs) Sgl u3(qe)

Shimizu 20/24



Extent-Based Semantics

@) 2w @) e @S
(0.q1) 0 [((p’,qw@[(/co”, 0,) )]

sol
us(qp) =

sol sol
u3(qe) = £f (0", q3) | uj(qs) = £
sol sol
u(qs) = f (@, ‘13) )| us(qs) =
sol sol
uy(gs) = £ ((9'. gs5) @) (@', q4) @Yuy(qy) =

Shimizu 20/24



Correctness of Extent-Based Semantics

Theorem. For

e aformula ¢ with automaton
A, = (Cl(@), B,Q), ran(Q) C {1, ..., n},
e acoalgebraM =M, y: M - TsFM),
e ¢. A — Sthe extent of the product parity automaton A X M,

[4],(c) = elc, ).
Proof idea. Let ¢, := vx. (¢, + [b]x) with @, := uy. (x + [a]y).

Up, =2 g, FUplp,

Ul =2

[[(px]] y = oy T

U, =1

Ualp, =1

[[b]]u(ﬂx
u*+u[aJ¢,y
[+]

laluy,

_ [”(ﬂx = [[*]]+[[a]]uq,y+[[b]]u(ﬂx
- uwy =1 H*]]+|Ia]]u(py

=e(, @)

Shimizu 21/24



Alternation Degree and Expressiveness of
the Logic

Assume the arity of each letter is at most 1.

Theorem. For any parity (.S, F)-automaton A, there exists a parity
(S, F)-automaton A’ with the largest parity at most 2 such that

ext(AX M) = ext(A' X M).

(A’ is a Blichi (S, F)-automaton.)

Corollary. Any linear time quantitative logic formula ¢ has an
equivalent formula vy,.... vy, puxy. ... ux;. @'.

Shimizu 22/24



Parity Word Autom.—Blichi Word Autom.

Shimizu 23/24



Parity Word Autom.—Blichi Word Autom.

a

1. Create a copy of states with their parities lower than 5.
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Parity Word Autom.—Blichi Word Autom.

1. Create a copy of states with their parities lower than 5.
Incoming edges to those states are also copied. (This is only
possible if the semiring is total.)
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Parity Word Autom.—Blichi Word Autom.

1. Create a copy of states with their parities lower than 5.

Incoming edges to those states are also copied. (This is only
possible if the semiring is total.)
2. For the old copy of states with priority lower than 4,
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Parity Word Autom.—Blichi Word Autom.

1. Create a copy of states with their parities lower than 5.
Incoming edges to those states are also copied. (This is only
possible if the semiring is total.)

2. For the old copy of states with priority lower than 4, let the new
priority be 3
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Parity Word Autom.—Blichi Word Autom.

1. Create a copy of states with their parities lower than 5.
Incoming edges to those states are also copied. (This is only
possible if the semiring is total.)

2. For the old copy of states with priority lower than 4, let the new
priority be 3 and drop explicit terminations (i.e. transitions with
a nullary letter).
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Parity Word Autom.—Blichi Word Autom.

1. Create a copy of states with their parities lower than 5.
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Conclusion

Our contributions:

e We introduced extent-based semantics of quantitative linear
time logic, and proved its correctness. This alternative
semantics resembles to the workflow of LTL model checking.

e \We showed quadratic reduction from quantitative parity word
automata to quantitative Biichi word automata.

Future Work

e expressiveness result for the logics

e improved algorithm for computing extents
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