GAMES FOR DISCRETE-TIME MARKOV CHAIN AND
THEIR APPLICATION TO VERIFICATION
goobobbobobobobbbtboddoooooooooon
0O

by

Shota Nakagawa
OO0 00

A Senior Thesis
gogg

Submitted to
the Department of Information Science
the Faculty of Science, the University of Tokyo
on February 13, 2014
in Partial Fulfillment of the Requirements

for the Degree of Bachelor of Science

Thesis Supervisor: Ichiro Hasuo 0O 0O 0O

Lecturer of Information Science



ABSTRACT

This paper formulates some notions and results about discrete-time Markov chains in
terms of game-theoretic probability. Discrete-time Markov chain is a one of the models
which are used to model systems’ probabilistic behavior in formal verification. The the-
ory of probability is needed for modeling of systems which have probabilistic behavior.
While, after Kolmogorov, probabilities are most of the time formulated in the language
of measure theory, a new formulation which uses the language of game theory has arisen;
namely game-theoretic probability was proposed by Shafer and Vovk (2001). We demon-
strate that some notions and results like fairness theorem are natural and simple in terms
of game-theoretic probability.
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Chapter 1

Introduction

1.1 Discrete-Time Markov Chain

Many systems nowadays utilize probabilistic mechanisms for resolving nondeter-
minism. Examples include the leader election protocol [10] and the crowds pro-
tocol [15]. The notion of discrete-time Markov chain (DTMC) is a mathematical
model of such probabilistic systems. DTMCs are state transition systems—much
like automata or labeled transition systems—whose transitions are chosen in a
probabilistic manner.

1/3

1/4

Because of the importance of probabilistic systems, DTMCs as their models have
been heavily studied. Specific research topics include: temporal logics for speci-
fication [8]; model checking [4]; and notions of (bi)simulation [4, 16].

Temporal logics are a family of modal logics that are used to formally ex-
press properties that a system is desired to satisfy (such properties are called
specifications). The logic PCTL [8] for specification of DTMCs is obtained as a
variation of CTL [5], a logic for labeled transition systems (in which choices are
made nondeterministically as opposed to probabilistically). Specifically, PCTL
is a branching-time temporal logic that replaces the path quantifiers 3 and V in
CTL with the probabilistic operators P>, and P, where p € [0, 1]. Path formulas
in PCTL are LTL formulas, much like in CTL.

Model checking is the problem whose input are a system (commonly a state
transition system) and a specification (a temporal logic formula), and whose out-
put is whether the system satisfies the specification or not. For labeled transition
systems and CTL formulas there are many algorithms for model checking; see
e.g. [4, 6]. There also exist some algorithms for model checking DTMCs [1, 4,
8, 14] and PCTL formulas. For example, the probabilities of reachability from a
certain state to another can be a solution of a linear equation system [4]. Such
algorithms have been implemented in tools like PRISM [9] or MRMC [11].

A bisimulation is a relation between states of two transition systems that
expresses certain “equivalence”: if two states are related by a bisimulation they
behave in the same way. A simulation is a “one-sided” variation of a bimula-
tion: if two states are related, one can mimic the behavior of the other (but not
necessarily the other way round). These notions are useful in model checking
because they witness logical equivalence or implication. Such notions have been



formulated for probabilistic systems (including DTMCs), e.g. in [4, 16]. There
are some algorithms for discovering/testing bisimulations or simulations in prob-
abilistic systems [3, 21].

1.2 Game-Theoretic Probability

Measure-theoretic probability is a widely-used formulation of probabilities. The
game-theoretic probability proposed Shafer and Vovk [18] is an alternative formu-
lation of probabilities.

In the game-theoretic probability [18], probabilistic phenomena are described
in terms of games between two players, called Skeptic and Reality. While it is
necessary in the measure-theoretic probability that probability distributions are
fixed explicitly, it is not necessary in the game-theoretic probability. Instead of
fixing probability distributions beforehand, the notion of probability is expressed
as Reality’s behavior that tries to prevent Skeptic from winning. Informally, the
more money Skeptic can make in an event, the less often this event happens.

In [18], two advantages of the game-theoretic probability are presented. First,
the game-theoretic probability sometimes describes the results of probabilities
more simply than the measure-theoretic probability, for example, the zero-one
law [17], the strong law of large numbers [13] and the law of the iterated logarithm
[12]. The main application area is finance in [18]. Second, it has potential ability
to model some open systems influenced from outside of the systems, for example,
quantum mechanics and Cox’s regression model [7].

1.3 Contributions

Our aim is to apply the game-theoretic probability to model checking for proba-
bilistic systems. In this thesis, we translate DTMCs to games. This translation is
natural because one transition of states in DTMCs can be regarded as one round
of games. We show two applications of those games.

Firstly, we prove the fairness theorem in terms of the game-theoretic proba-
bility. The fairness theorem is known as one of the critical theorems to model
checking. This theorem states that if a certain state in a DTMC is visited in-
finitely often, the states that can be reached from this state after some steps are
almost surely visited infinitely often. By the fairness theorem, we can prove that
qualitative properties — properties that require that the probabilities of certain
events are one — for events such as reachability and repeated reachability for
finite DTMCs can be verified by using graph analysis [4]. We prove this theorem
by following a simple strategy in the game.

Secondly, we describe a probabilistic simulation between two DTMCs based on
Segala’s [16]. It is the known theorem that this probabilistic simulation preserve
where restricted PCTL formulas hold. We prove this in terms of the game-
theoretic probability. In this game-theoretic proof, we construct a strategy in the
game for one DTMC from a strategy in the game for the other DTMC by using
weight functions. This expresses intuitive meaning of weight functions in those
games.



Chapter 2

Discrete-Time Markov Chain

2.1 Discrete-Time Markov Chain

This section describes discrete-time Markov chains (DTMCs), a model of proba-
bilistic systems. We also define probabilities of events in DTMCs.

Definition 2.1.1 (DTMC). A discrete-time Markov chain (DTMC) is a tuple
(S, P, tinit, AP, L) where

e S is a countable, nonempty set of states,

e P: S xS — [0,1] is the transition probability such that for each state s:
ZS/GS P(*S’ S/) =1,

® tinit: S — [0,1] is the initial distribution, such that > ¢ tinit(s) = 1,

e AP is a set of atomic propositions, and

o L:S — 247 is a labeling function.

DTMCs are transition systems such that their choices of next states are de-
cided at random following the transition probability P. A labeling function L
associates a state with the set of atomic propositions that hold at the state. We
sometimes use states as atomic propositions. That is, we assume that AP = S
and L(s) = {s} for each s € S. In a DTMC, a state s’ can be a successor of s
when P(s, s’) > 0. For each state s in a DTMC, there exists at least on successor
of this state s because if the state s have no successors, > .q P(s,s") =0 # 1.
Hence DTMCs’ behaviors are infinite sequences of states. We call such sequences
paths.

Definition 2.1.2 (path). A path in a DTMC is an infinite state sequence sps1sz ... €
S“ such that P(s;,s;+1) > 0 for all ¢ € N. A path fragment in a DTMC is
a finite state sequence spsi...s, such that n > 0 and P(s;, s;+1) > 0 for all
i€{0,1,...,n—1}.

The set of all paths that start from a state s is denoted by

Path(s) = {sogs1... is a path | sg = s}

and the set of all paths that start from initial states of a DTMC D = (S, P, tinit, AP, L)
is denoted by

Path(D) = {¢€ € 5¥|3s € S. (€ € Path(s) A uinit(s) > 0)} .



Definition 2.1.3. For each path fragment E: 5081 --.8p, in a DTMC D let
R n—1
PE) =] P(si,sir1) -
=0

Definition 2.1.4 (prefix). Let £ = sps182... be a path. Then the path fragment
5081 - - - Sp, 18 denoted b}i\g[O, n]. A path fragment £ is called a prefiz of £ if there
exists n € N such that £ = £[0,n].

Definition 2.1.5 (suffix). Let £ = sgs152. .. be a path. Then the path s,s,41 . ..
is denoted by &[n...]. A path &' is called a suffiz of £ if there exists n € N such
that & =¢[n.. ..

Definition 2.1.6 (element). Let £ = sps1s2... be a path. The state s, is called
an n-th element and is denoted by &[n].

The set of successors and predecessors for a state are defined by follows.

Definition 2.1.7. Let s be a state in a DTMC with a state space .S and transition
probability P. Then we define

e Post(s) :={s' € S| P(s,s') >0},

e Pre(s) :={s €S| P(s,s) >0},

e Post*(s) := {s’ € S| there is a path fragment s = sgs1...s, = s’} and
e Pre*(s) :={s' € S|s € Post*(s')}.

In order to define probabilities of events in a DTMC D, we associate with
D a o-algebra over Path(D). The o-algebra associated with D is generated by
cylinder sets.

Definition 2.1.8 (cylinder set). A cylinder set of a path fragment is defined by
Cyl(€) = {¢ € Path(D) | € is a prefix of £} .
The cylinder sets are basis events of the o-algebra associated with D.

Definition 2.1.9 (o-algebra of a DTMC). A o-algebra (Path(D), F) associated
with a DTMC D is the smallest o-algebra that contains the cylinder set Cyl(¢)
for each prefix £ of each path ¢ € Path(D).

Definition 2.1.10 (measurability). Let (Path(D),F) be a o-algebra associated
with a DTMC D. A event E C Path(D) is measurable in D if E € F.

Definition 2.1.11 (probability measure of a DTMC). A probability measure
PrM of a DTMC D is a function Pr™: F — [0,1] that satisfies the following
conditions.

e The probability of the whole event is 1. That is, Pr™ (Path(D)) = 1.
o If (E,)nen is a family of events E,, € F, then

(Vi,j>0i#j=EnE=0)=P™||]E.| =) P"(E,) .
n>0 n>0



e For each path fragment s¢...s, in D,

M(Cyl(S() N Sn>) = Linit<30) H P(Si, 3i+1) .

0<i<n

It is an easy measure-theoretic fact that a probability measure of a DTMC is
well-defined. There exists a unique probability measure for each DTMC.

We now describe F in concrete terms (Proposition 2.1.16). The following
theorem is from [20].

Theorem 2.1.12. Let A be a set. Suppose that a function f: 24 — 24 satisfies
that a C b= f(a) C f(b) for each a,b € 24. Then

o there exists the smallest set X; € 24 in {X € 24| f(X) = X}, and

e a set P € 22 satisfies that Xy C P if P satisfies thatY C P = f(Y)C P
for each Y € 24.

Proof. Suppose that F' = ({X € 24| f(X) C X}. Then
VX €2t f(F) C f(X)C X

since ' C X. Hence f(F) C F. Since f(f(F)) C f(F), we have F' C f(F).
Hence f(F) = F. If a set F' € 24 satisfies that f(F') = F’, we have F' € {X €
24| f(X) € X}. Since F' C F', the set F is the smallest. That is, X; = F.
Suppose that aset P € 24 satisfies that Y C P = f(Y') C P. Then f(P) C P,
since P C P. Hence Xy C P. O

Definition 2.1.13. Let D be a DTMC. A set F’ of events in D is defined by
the smallest among the sets X that satisfy the following conditions.

o {Cyl(¢ ) | € is a prefix of £ € Path(D)} U {0} C X and

o if (F,)nen is a family of pairwise disjoint events E,, C Path(D), then

(Vn € N.E, € X) (UE € X A Path( )\UEneX>
neN neN

Proposition 2.1.14. Let Ey and Es be subsets of Path(D) such that Ey € F'
and By € F'. Then E1 N Ey € F'.

Proof. For each path fragments 5, 52,

Cyl(&) if Cyl(&) C Cyl(&)

Cyl(€1) N Cyl(&) = { Cyl(&)  if Cyl(&2) C Cyl(&)

1) otherwise.

Let (Ep)nen be a family of pairwise disjoint sets FE, C Path(D) and gbe a
path fragment in D. Suppose that F, N Cyl(§) € F' for each n € N. Then

(U E ) NCylE) = | J (B, N Cyl(©)) € F

neN neN

and

(ﬂ\ UE ) NCyl(€) =2\ (U (En N Cyl(€) U (Q\Cﬂ(@)) er .

neN neN



~ ~

Hence for each E € F' and for each Cyl(§) € F', we have ENCyl(§) € F'.
Let (Ey)nen be a family of pairwise disjoint sets £, C Path(D) and £ € F'
be a set. Suppose that F,, N Cyl(¢) € F' for each n € N. Then

<U En> NE=|J(E.NE)eF

neN neN

and

(Q\ UEn> NE=Q\ (U(EnﬁE)U(Q\E))> eF .

neN neN
O]

Proposition 2.1.15. Let (E,)nen be a family of subsets E, C Path(D). Suppose
that E,, € F' for each n € N. Then we have |J, ey En € F'.

Proof. Suppose that
n—1
E = E,N <ﬂ (Path(D) \ E,-))
i=0

Then (E!)nen is a family of pairwise disjoint events and for each n € N and we
have E!, € F' by Proposition 2.1.14. Hence

Ue.=E, 7.

neN neN

Proposition 2.1.16.
F=F .

Proof. Since F’ is the smallest, 7/ C F. By Proposition 2.1.15, F C F’. O]

In order to generate a probability space over the set of paths starting in a
certain state, we construct a DTMC with a unique initial state.

Definition 2.1.17. Let D = (S, P, tinit, AP, L) be a DTMC and s € S be a state
in D. Then the DTMC D? is defined by D* = (S, P, 15, AP, L) where

() :_{1 ifs=t

0 otherwise.

The probability of D? is denoted by Préw . That is, Préw is defined by

PrM(Cyl(sg...sn)) = H P(si, 8i41)

0<i<n

where sg = s. Since there is the only initial state s in D?, it is not necessary to
define PrM where s # s.

Definition 2.1.18. Let s be a state in a DTMC with a state space S and E C 5
be a set of paths. For each path fragment ¢ starting from the state s, we define
¢+ E by ~ ~

£+ E ={¢o | o € E}NPath(s) .



Proposition 2.1.19. Let s be a state in a DTMC D and E be a measurable event
in a DTMC D’ with the same state space and the same transition probability as
D. Then § + F is a measurable event in D®, for each path fragment § starting
from the state s.

Proof. For each path fragment 5’, an event §+ Cyl(g’) = Cyl(gg’) N Path(s) is
measurable in D?, and E + (0 = 0 is measurable in D*. Suppose that (E,)nen is a
family of pairwise disjoint events that are measurable in a DTMC D’ and §A + E,
is measurable in D* for each n € N. Then & + Unen Bn = UneN(E—i— E,) and

(Path NWUE ) U  oé) | U <£+E ) A Path(s)

neN s'€initial(D’) neN

are measurable in D* where initial(D") = {£[0] | £ € Path(D’)}. O

2.2 Probabilistic Computation Tree Logic

We define probabilistic computation tree logic (PCTL). The logic PCTL is a
branching-time temporal logic with the probabilistic operator. The logic PCTL
can express a LTL formula as a PCTL path formula.

Definition 2.2.1 (syntax of PCTL). PCTL state formulas over the set AP are
defined by the following grammar:

O = false | true | a | @1 A Do | 1V Dy | 2@ | Pop() | Psp(o)

where a € AP, p € [0,1] and ¢ is a PCTL path formula.
PCTL path formulas are defined by the following grammar:

pu=D |1 AN | 1V P2 | 0| Od| 1 U | d1 R po

where ® is a PCTL state formula.
The implication operator =, the eventually operator ¢ and the always oper-
ator [J are defined by

D= Py =P VDy, OP:=trueUP and [OP:=falseR D .

Definition 2.2.2 (semantics of PCTL over states and paths). Let D be a DTMC.
Let ® be a PCTL state formula and ¢ be a PCTL path formula. Then we define
Sat?(®) C S and Sat?(¢) C Path(s) for each state s € S inductively by the
following. Here s € Sat?(®) and ¢ € Satg[o}(qﬁ) are denoted by s E ® and £ F ¢,
respectively:

e SatP(false) := () and Sat® (true) := S,
e SatP(a) :={s€ S|ac L(s)},

e Sat? TRV @2) = SatD(<I>1) N SatD(<I>2),

(

(

(

o Sat?(®; v ®y) := Sat?(®;) U Sat? (dy),

o Sat?(=®) := S\ Sat”(®),

o Sat”(P>y(¢)) = {s € 5| Prs(Saty(¢)) > p},
(

o Sat?(P.,(¢)) := {s € S| Prs(Sat?(¢)) > p},

7



®) := Path(s) (if s F @),
e Saty

(
2
o Saty (41 A ¢2) == Sat (¢1) N Sat (¢2),
2
2
2(

®) := () (otherwise),

o SatP(p1 V ¢o) := Sat? (¢1) U Sat? (¢),
e Sat)(—¢) := Path(s) \ Sat?(¢),
o Saty (O¢) := {£ € Path(s) | {[1...] F ¢},

o Sat} (¢1 U ¢) :=
{¢ € Path(s) | 3] > 0. (€[j...] F o AVi > 0.(i < j = £[i...] F ¢1))} and

o SatP (41 R ¢2) := Sat? (= (=g U—gs)).

Proposition 2.2.3. Let ¢ be a PCTL path formula. For each state s in a DTMC
D, Sat? is measurable in D*.

Proof. We proceed by induction on the structure of ¢.
Case ¢ = (O¢’. By Definition 2.2.2,

Sat?(9) = [J (s +Satg(¢)) .

s'€Post(s)

For each s' € Post(s), the event SatD(¢) is measurable in D* by induction
hypothesis. Hence the event SatSD(QS) is measurable in D?® by Proposition 2.1.19.
Case ¢ = ¢1 U ¢2. For each state s in D, we define U;; inductively by

—— Sat? (4s) ifn=0
n Usepost(s) (5 + U ) nSatP(¢y) otherwise.

Then U, is a measurable in D? for each n € N by induction hypothesis and Propo-
sition 2.1.19. Hence Sat?(¢) is a measurable in D, since Sat?(¢) = U, ey Us.-
The proofs of the other cases are obvious. O

Proposition 2.2.4. Let & be a path and s be a state in a DTMC D. Let 1 and
Dy be PCTL path formulas. Let ¢1 and ¢o be PCTL path formulas. Then the
following equivalence is satisfied:

o sE——=®; if and only if s F 1,

o sE OV Dy if and only if s E =(—=P1 A =Dy),
o £ F ¢y if and only if £ E ¢,

o £FE O if and only if EE - (O —o,

o {F ¢1 Voo if and only if £ E (=1 A —da),

o € G1R ¢y if and only if € ~(~¢1 U —¢s).

Proof. Suppose that £ F O¢. Then £[1...] F ¢. Since £[1...] ¥ —¢, we have
& O—¢. Hence £ E =~ (O —¢. Suppose that £ F = () =¢. Then £ B (O—¢. Since
E[1...] ¥ —¢, we have £[1...] E ¢. Hence £ F Oe.

The proofs of the others are obvious. O



Proposition 2.2.5. Let & be a path in a DTMC D. Let ¢1 and ¢o be PCTL
path formulas. Then

EE D1 Uy if and only if EF 2V (61 A O(o1 U gp2)) .

Proof. We define U, inductively by the same way in the proof of Proposi-
tion 2.2.3. For each state s,

Sat? (¢ Uda)) = | U

neN

= Sat?(¢2) U | J U +U5)nsat?(¢1)

neN \ s’ePost(s)

= Sat? (¢9) U [ SatP(¢1) N U (s + U U;’)

s’€Post(s) neN

= Sat?(¢2) U (Sat? (¢1) N Sat? (O(¢1 U )
]

When we simulate a die by a fair coin, for example, we sometimes want to
know how many times on average we will flip the fair coin to decide a roll. For
that purpose, we extend DTMCs.

Definition 2.2.6 (DTMRC). Let D be a DTMC and rew be a function rew: S x
S — N. Then the tuple DR = (D, rew) is a DTMRC. The function rew is called

a reward function of DR.

The definition of a reward function in this thesis is different from that of a reward
function in [4]. However, the reward in [4] can be expressed as the reward in this
thesis.

Definition 2.2.7. For a path fragment E: 5081 -.-8p in a DTMC D let

n—1

re w

M

rew(S;, Si+1)
=0

We describe the expected reward until reaching a set of states. First we
describe the reward until reaching a set of state along a path.

Definition 2.2.8. Let (D, rew) is a DTMRC with a state space S and B C S a
set of state. For each path & in D let

n—1 . . .
) ) if there exists n € N such that £|i]| ¢ B
3 rew(€fil.&fi + 1) . e
rew(&, OB) — for each i < n and {[n] € B
00 otherwise,
and

a if rew(&,0B) = oo or rew(§,0B) > a

a B =
rew® (&, OB) {rew(ﬁ,OB) otherwise,

where a € R.



Then we define an expected reward until reaching a set B of states by the expected
value of X¢.rew (€, OB).

Definition 2.2.9. For state s and B C S, an expected reward until reaching B
from s is defined by

ZP(?)T@UJ(E) if Pro{¢ € Path(s) |In e N.{[n] € B} =1
EzpRew(s F O0B) := (¢ ¢
00 otherwise,

where £A ranges over all path fragments sg...s, such that so = s, s, € B and
si ¢ B for each i < n.

We add the operator about an expected reward and the operator about a
bounded reward and we describe the logic for DTMRCs, called PRCTL [4].

Definition 2.2.10 (syntax of PRCTL). PRCTL state formulas over the set AP
are defined by the following grammar:

— false | true [ a | By A By | €1V @y | D | Psy(6) | Poy(d) | E<,(®) | E,(®)

where a € AP, p € [0,1], r € R and ¢ is a PRCTL path formula.
PRCTL path formulas are defined by the following grammar:

=@ 1 AP | P1 V2| 0| Ob| 1 Uga|d1Rea| 1 Usy 2

where 7 € R and ® is a PRCTL state formula.
The implication operator =, the eventually operator ¢ and the always oper-
ator [ are defined by

D= Py =D VDy, OP:=trueUP® and [OP:=falseR P .

Definition 2.2.11 (semantics of PRCTL over states and paths). Let DR be a
DTMRC. Let & be a PRCTL state formula and ¢ be a PRCTL path formula.
Then we define SatP®(®) C S and SatPF(¢) C Path(s) for each state s € S
inductively by the following. Here s € SatP®(®) and ¢ € Satﬂo} (¢) are denoted
by s E ® and £ F ¢, respectively:

o SatPf(false) := 0 and SatPE(true) := S,

e SatPfi(a) :={s€ S |ac L(s)},

o SatPE(®y A By) := SatPT (1) N SatPE(Dy),
o SatPl (@) v ®y) := SatPT () U SatPE(Dy),
o SatPR(-®) := S\ SatPF(®),
)) = {s € S| Pry(Sat?"(¢)) > p},
)) = {s € S| Pry(Sat?"(¢)) > p},

(
o SatPR(P. (¢
o SatP(E., (O

(

)) := {s € S| ExpRew(s £ O SatPT(®)) < r},
)) := {s € S| ExpRew(s £ O SatPT(®)) < r},
o SatPR(®) := Path(s) (if s £ @),

(
(
(
(
(
o SatPR(Ps, (¢
(
(
. SatDR(E<T )
(

10



o SatPR(®) := ) (otherwise),

o Sat? (g1 A d2) = Sat? (1) N Sat(¢2),
o Sat?"(¢1V ¢o) = SatD(41) U SatD (),
o Sat)"(—¢) := Path(s) \ Sat"(¢),

o Sat?™(O¢) := {€ € Path(s) [ £[1...] F ¢},

o SatPR(py U gg) =
{€ € Path(s) |35 >0.(€[j...| E o AVi>0.(i < j=£[i...] E 1))},

o Sat?(¢1 R @) := Sat?F(=(—~¢1 U —¢)) and

o Sat?"(¢1 U<, o) =
{¢ € Path(s) | 3j > 0.(rew(&[0,j]) < rA&[j... ] Ep2 AVi >0.(i < j =
§li ] F o))}

Proposition 2.2.12. Let ¢ be a PRCTL path formula. For each state s in a
DTMRC DR = (D, rew), SatP® is measurable in D*.

Proof. We proceed by induction on the structure of ¢.
Case ¢ = ¢1 U<, ¢o. For each path fragment ¢ starting from the state s in
D, we define Ug inductively by

SatPR (¢g) if & =s
Ug = (& + SatDR(¢)) NSatPF (g1 U ) if € =5 Arew(§) <r
0 otherwise.

Then UE is a measurable in D? for each E by induction hypothesis and Proposi-
tion 2.1.19. Hence Sat?®(¢) is a measurable in D?, since Sat? (¢) = Ug Ug where

E ranges over all path fragments starting from the state s.
The proofs of the other cases are similar to those of Proposition 2.2.3. 0
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Chapter 3

Game-Theoretic Probability

3.1 Basic Definitions in Game-Theoretic Probability

We present basics of the game-theoretic probability following [18]. In this thesis
we will be using gambling protocols (of games) in the following format. The format
is more restricted than the general one commonly used in the game-theoretic
(see [18, Chapter 8]) but we will not need the generality.

Definition 3.1.1 (gambling protocol).
Parameter: Si, Ry, At

Players: Skeptic, Reality
Protocol:
K() = 1.
FORn=1,2,...
Skeptic announces s,, € S;.
Reality announces r,, € R;.

Kn = HKpo1 + At(sn, rn)‘
Here

e the sample space €1 is the set of all infinite sequences riry... of moves
Reality can make;

o the set Q0 := {E| gis a prefix of £ € Q} is the set of situations;
e for each situation t € Q°, S; is the nonempty set of moves of Skeptic;

e for each situation t € Q°, Ry := {r | tr € Q°} is the nonempty set of moves
of Reality; and

e for each situation t € 9,
)\ti St X Rt — R
is a gain function.

Note that R; is defined inductively: once R; is defined for ¢ of length up to n,
R, is defined for each r € R;.

Definition 3.1.2 (probability protocol). A gambling protocol is called a proba-
bility protocol if it satisfies the following conditions.

1. The set S; of Skeptic’s moves in a situation t is a convex cone in some
linear space. That is, if s; and so are in S; and a; and as are nonnegative
numbers, then a1s1 + ass2 is in S;.

12



2. The gain function A in the situation ¢ has the following linearity property:
if s; and sy are in S; and a1 and ag are nonnegative numbers, then \;(ais;+
as2,r) = a1 A¢(S1,r) + ag\(s2,r) for every r € Ry.

Definition 3.1.3 (coherent protocol). A gambling protocol is coherent if
Vie Q0. ¥s € S;.3r € Ry. Ay(s,r) <0 .
Definition 3.1.4 (symmetric protocol). A gambling protocol is symmetric if
Vi e Q0. ¥s € Sy (—s € S; AVr € Ry My(—s,1) = —\i(s,1)) .

Definition 3.1.5 (strategy). A strategy is a strategy for Skeptic. That is, a
strategy P is a function P: Q¢ — S,.

Definition 3.1.6 (capital process). Let P be a strategy and € € Q9 be the empty
sequence. Then a function K7: Q% — R is defined inductively by: K% (e) = 0
and

KP(tr) = KP(t) + M(P(t),r) .
we call K7 a capital process.

Proposition 3.1.7. Let Py and Py be strategies. Let ay and as be nonnegative
numbers. In a probability protocol,

KuPirtaPs — o Py g KPe
Proof. For the empty sequence e,
KaPrtaaP2 (o) — 0 = a1 K71 (€) + aa K2 () .
Suppose that for a situation ¢
KuPitaxPe )y — q) K71 (1) + ap K72 (t) .
Then for each r € R;
KaPrraaPa gpy — garPiraaPa ) 4\ (a1 Py (t) + anPa(t), )
= a K7 (t) + ao K72 (t) + a1 M (P1(t), 1) + aghi(Pa(t), 1)
= ay K7 (tr) + aa K2 (tr) .
O

By the linearity of the gain function A\; of a symmetric probability protocol, we
can prove similarly the following proposition.

Proposition 3.1.8. Let P be a strategy. In a symmetric probability protocol,

K7=-K".
Proof. For the empty sequence e,

K P =0=—-K"(e) .
Suppose that for a situation ¢
K P@t)=-K"() .
Then for each r € R;
K= P(tr) = K7P(t) + M(=P(t),r)
= —(K7(t) + M(P(1), 1))
= —K"(tr) .

13



Definition 3.1.9 (variable). A wvariable x is a function x: 2 — RU {—o00, 00}.

Definition 3.1.10 (price). Let = be a variable. Then we define Ez and Ex by

Ez := inf{« | there is a strategy P such that V¢ € Q. lirginf K7 (£[0,n])+a > x(£)}

and B
Ex := —E[—z] .

We call Ex and Ex the upper price of x and the lower price of x, respectively.
If Ez = Ex = «, we define Ex = a and call Ex the price of x.

In a probability protocol, the price satisfies the following propositions.

Proposition 3.1.11. In a probability protocol, the upper price of a variable x
satisfy that B B
Elaz] < aEx

for each a > 0.

Proof. There exists a strategy P such that
Ve € Q. Ex + liminf K7 > z(¢£) .
n—oo
Then the strategy aP satisfies that
Ve € Q. aEz 4 liminf K77 > axz(€) .
n—oo
O

Proposition 3.1.12. Let 1 and x5 be variables in a probability protocol. Suppose
that x1 < x9. Then B B
IE:cl § E.TQ .

Proof. There exists a strategy P such that
Ve € Q. Exy + liminf K7 > z5(€) .
n—oo
Since x1 < x2, we have
Ve € Q. Exy + liminf K7 > (€) .
n—oo
O

Proposition 3.1.13. Let 1 and z2 be variables in a probability protocol. If
Exi,Exze € R and x1(&),z2(£) € R for each path &, then

E[wl + xQ] < E%l + Exg .
Proof. There exists strategies P, P2 such that
Ve € Q. Exy + liminf K7 > 2 (€)
n—oo

and
V¢ € Q. Exp + lim inf KP2 > a4(€) .

Then the strategy Py + Ps satisfies that

V¢ € Q. Exy + Exy + liH;ianPlJrPZ > (z1 +x2)(§) -

14



In a coherent probability protocol, the price satisfies the following propositions.

Proposition 3.1.14. In a coherent probability protocol, the price of a constant
variable a € R exists and satisfies that

Ea=a .

Proof. By the definition of probability protocol, there exists the strategy OP
that satisfies a + liminf, ., K7 (£[0,n]) = a for each ¢ € Q. Hence Ea < a.
Similarly, we can prove that Ea > a. By Proposition 3.1.15, Ea = Ea = a. O

Proposition 3.1.15. In a coherent probability protocol, the upper price and the
lower price of a variable x satisfy that

Ex < Ex .
Proof. If Ex < Ex, there exist a;,as € R such that
Ez <a; <ay <Ex .

Since Ex < aq and oy < Ez, there exist strategies P; and P, such that

VEe Q. KT1(€) > x(€) —ar and VE € Q. KT2(€) > ap — z(€) .
Hence the strategy P; + P2 satisfies

VEe QKPP (6) > ap —ay >0 .

This contradicts coherence. O

Proposition 3.1.16. Let z1 and x2 be variables in a coherent probability protocol.
Suppose that the price of x1 and the price of xo exist. If Ex1,Exo € R and
x1(€),z2(§) € R for each path &, then

Elz1 + z2] = Ex; + Exy .

Proof. By Proposition 3.1.13,

E[zy + 23] < Ezy + Ex
and
E[z1 4 23] = —E[(—21) + (—22)] > —E[(—21)] — E[(—22)] = Ez1 + Ex2 .
By Proposition 3.1.15,
Elx1 + 22] = E[z1 + 2] = Ez1 + Exg .
O

Proposition 3.1.17. Let x be a variable in a coherent probability protocol. Sup-
pose that the price of x exists. Then for each a € R

Elaz] = aEx .

Proof. Suppose that a > 0. Then E[az] < aEx and E[az] = —E[a(—z)] > aEx
by Proposition 3.1.11. By Proposition 3.1.15, E[az] = E[az] = aEx.

Suppose that a < 0. Then E[ax] < —aE[—z] = aEx and Efaz] = —E[—az] >
aEx by Proposition 3.1.11. By Proposition 3.1.15, Elaz] = Elaz] = aEx.
Suppose that a = 0. Then E[az] = 0 by Proposition 3.1.14. O
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Proposition 3.1.18. Let (x,)nen be variables in a coherent probability protocol.
Suppose that x, < xp41 for each n € N and that the price of x, exists for each
n € N. If Bz, > —oc0 and z,(§) € R for each path & for each n € N, then the
price of lim,_,o x, exists and
E[ lim z,] = lim Ez, .
n—r00 n—oo

Proof. Suppose that there exists ¢ € N such that Ex; = oco. Since z; <
limy,—,00 Zp, we have Ex; < E[lim,,_,o z,]. Hence E[lim,_,~ x,] = co. Moreover,
Ex, = oo for each n > i, since =, > x; for each n > i. Hence E[lim,,_o0c ] =
lim,, o0 Exy,.

Suppose that Ex, € R for each n € N. Let (z],)nen be variables such that
X, = Tpt1 — oy, for each n € N. Then

n—1
E[nh_g)lo xp) = Elzog + %m%} and Ez,, = Ezo + 2 Ez} .
n 1=

Since x; < lim,_,o 2, for each i € N,

/ _ . < =T 1.
Exo + %Emn nh_}n(go Ex, < E[nh_{go Tn] -
n

By Proposition 3.1.13,

Exq + ZEJE% > Elxo + Z:}:;] :

neN neN
Hence E[lim,, 00 2] = limy, o0 Ez,,. Since E[limy, 00 2] = —E[(—xo)+zn€N(—x
we have
E[ lim ;] > —E[~o] — > E[-a) = lim Ex, .
neN
By Proposition 3.1.15,
E[lim z,] = E[lim z,] = lim Ez, .
n—oo n—o0 n—oo

Definition 3.1.19 (event). An event E is a subset of ).

Definition 3.1.20 (indicator variable). Given an event E C Q, we define the
indicator variable Ig by

Ls(€) = {1 if¢eE

0 otherwise.

Definition 3.1.21 (probability). Given an event E C ), we define an upper
probability of E by

and a lower probability of E by
Pré(E) :=Elg .

If Pr%(E) = Pr(E) = p, we define a probability of E by Pr¢(E) = p.
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Proposition 3.1.22. Let E be an event in a probability protocol. Then
0 < Pré(E) and Pré(E) <1 .

Proof. By the definition of probability protocol, there exists the strategy 0P
that satisfies K°7(£[0,n]) = 0 for each n € N and for each ¢ € Q. Since

liminf K% +0 > —Ig and liminf K°F +1 > 1
n—oo n—oo

for each ¢ € Q. Hence E[-Ig] < 0 and E[lg] < 1. O

Proposition 3.1.23. Let E be an event in a symmetric probability protocol.
Suppose that the probability of E exists. Then the probability of Q\ E exists and

Pré(Q\E)=1-Pr®E) .
Proof. Since Ig\g =1 — g, we have
Pré(Q\E)=E[l —1Ig] =1— Pr9E) .
O

Definition 3.1.24 (force). Let E be an event in a coherent probability protocol.
We say Skeptic can force E if there exists a strategy P such that

Ja € R.VE € Q. lirgianP(g[O,n]) >a A VEEQ\E. lim K”(€[0,n]) = oo .

Proposition 3.1.25. Let E be an event in a coherent probability protocol. Sup-
pose that Skeptic can force E. Then Pr¢(E) = 1.

Proof. Since Skeptic can force E, there exist a strategy P and a number a € R
such that

Ve € Q. liminf K7 (£[0,n]) > ané € Q\ E. lim K7 (£[0,n]) = oo .
n—00 n—0o0
For each positive number 7 > 0, the strategy 7P /|a| satisfies that

Ve € B liminf K™/l ([0, n]) + 1 > —r + 17 = 0 = Ig 5(¢)

n—oo
and
VEEQ\ E. lirgianW”a'(f[O,n]) +7=00>Igg() .

Hence Pr&(Q\ E) < 0. By Proposition 3.1.15 and 3.1.22, 0 < Pr(Q\ E) <
Pré(Q\ F) < 0. Hence Pr¢(Q\ E) = 0. Then

Pré(E) =E[l —Igp] =1+ E[-Ipg] =1 - PréQ\ E) =1

and

Pré(E) =E[l - I\l = 1 - Ellgp] =1 - PréQ\ E) =1 .
O

The notion of replicating, and the result in Proposition 3.1.27 are presented
in [19] for finite games. We do the same for infinite games.
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Definition 3.1.26 (replicating strategy). Let = be a variable. We call a strategy
P a replicating strategy for x with the replicating initial capital o € R if

VEEQoa+ linnii(ngp(g[O,n]) = () .

Proposition 3.1.27. In a coherent symmetric protocol, if P is a replicating
strategy for x with the replicating initial capital o, then

Ex=Ezr=a .

Proof. By Definition 3.1.10 and 3.1.26, Ez < a. By symmetry, —P is a repli-
cating strategy for —x with replicating initial capital —«. Hence E[—z] < —a.
Since o > Ex, we have Ez > Ex. By Proposition 3.1.15, Ex > Ex [

By Definition 3.1.10, if there exists a replicating strategy for x with the repli-
cating initial capital « in a coherent symmetric gambling protocol, then the price
of x exists and Ex = a.

3.2 Game for DTMC

We define the game for a DTMC. This seems to be new.

Definition 3.2.1 (game for a DTMC). A protocol of the game for a DTMC
D = (S, P, tinit, AP, L) is described as follows. Here P’: ({x}US) x S — [0,1]
satisfies that

P'(s,s') = {Linit(&/) o= )
P(s,s") otherwise.
Parameter: S, P, xq = *
Protocol:
KO = 1.
FORn=1,2,...
Skeptic announces a bounded function f,: S — R.
Reality announces z,, € {s € S | P'(zp_1,s) > 0}.
Ky = Kp 1+ falzn) — ZSES fu(s)P'(xp—1,5).

The protocol of the game for a DTMC is a coherent symmetric probabilistic
protocol. In this game, Skeptic bets some money on each state and Reality
decides the next state. Then Skeptic gets the money bet on this next state and
loses the money that equal to the total expected value of bet money. If we
translate Skeptic’s move f, to f/(s) = fn(s)P'(s',s) where s’ is the predecessor
state, the meaning of this game may be more natural. In this case K,, = K,,_1 +
Ir(@n) /P (xn_1,5)—> g [n(s). Hence Skeptic gets the money that is the money
bet on the next state multiplied the odds following the transition probability, loses
the total bet money.

In the game for a DTMC D, the set Path(D) is the sample space 2 and a
prefix £ of a path £ € Path(D) is a situation. To check sanity of our definition of
games, we show that the probabilities of measurable events in terms of this game
are equal to their counterparts in terms of the measure-theoretic probability.

Proposition 3.2.2. Let D = (S, P, tinit, AP, L) be a DTMC with a state space S
and (Path(D),F) be the o-algebra associated with D. In the game for D, there
exists the probability of E and Pr®(E) = PrM(E) for each event E € F.
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Proof. Let Cyl(t) be the cylinder set of a path fragment ¢ in D and £=350...50 €
0 be a path fragment in D. We define a strategy P by

Pr(Cyl(t))
P@E)) =] PED

0 otherwise

if &5’ is a prefix of ¢

~

where P/(€) = tinit(€] [0])P(£A) It is to see that the strategy P is a replicat-
ing strategy for Iy with the replicating initial capital PrM(Cyl(t)). Hence
Pré(Cyl(t)) = PrM(Cyl(t)).

A strategy P such that P(t)(s) = 0 for each situation ¢ and state s is a
replicating strategy for Iy with the replicating initial capital 0.

Suppose that (E),)nen is a family of pairwise disjoint events E,, and that there
exists the probability of E, such that Pr®(E,) = Pr(E,) for each n € N. Since
Iy . E. = > nenlE,, there exist the probability of | J,,cy £rn and the probability

neN ="

of O\ U, eny En and

Pro(|J En) =) _Pro(E,) =Y PrM(E,) = PrY(| ] En)

neN neN neN neN
and
Pré@\ | En) =1-PrC(|J En) =1 PrY({ ] En) = Pré(Q\ | J En)
neN neN neN neN
by Proposition 3.1.18 and 3.1.23. O

By Proposition 3.2.2, Pré(E) = PrM(E) for each measurable event E in a
DTMC. Therefore the probability of a measurable event E in a DTMC is denoted
by Pr(E) = Pr¢(E) = PrM(E). The probability Pr,(E) is defined similarly.

Proposition 3.2.3. Let (D, rew) be a DTMRC. In the game for D, for each
a € R and for each set B of states, there exists the price of \.rew® (&, OB) and

~

E[N\.rew® (¢, 0B)] = aPr{¢ € Path(D) | rew(§,0B) > a}+z Linit (€]0)) P (&) rew (€)
£

where §A ranges over all path fragments so ... s, such that rew(sg...s,) < a, so
is an initial state of D, s, € B and s; ¢ B for each i < n.

Proof. Let E = {£ € Path(D) | rew(&,0B) > a} be an event. The event E is
measurable in D. By the definition of rew?,

rew® = allp + Z rew(g)ﬂcyl(g)
3

where granges over all path fragments sq...s, such that rew(sp...s,) < a, So
is the initial state of D, s,, € B and s; ¢ B for each ¢ < n. By Proposition 3.1.18
and 3.2.2, there exists the price of A{.rew®(§, OB) and
E[Nrew (&, 0B)] = aPr(E) + Y tnit (§[0]) P(E)rew (§)
3

where Eranges over all path fragments sg...s, such that rew(sp...s,) < a, so
is the initial state of D, s, € B and s; ¢ B for each i < n. ]
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Definition 3.2.4. Let D be a DTMC and let s be a state in D. The price of a
variable z in a game for D? is denoted by E4[x].

Proposition 3.2.5. Let (D, rew) be a DTMRC with a state space S and s be a
state in D. Then for each B C S,

EzpRew(s F OB) = E5[A\.rew (£, 0B)] = li_>m Es[A.rew®(&,0B)] .
Proof. By Proposition 3.2.3, for each a € R

E[X.rew® (&, 0B)] = aPrgy{§ € Path(s) | rew(§,0B) > a} + ZP(g)rew(g)
£

where granges over all path fragments s ... s, such that rew(sg...s,) < a, sp =
s, $p € B and s; ¢ B for each i < n. Since rew(&, 0B) = limg_00 rew?(§, O B) for
each path ¢ € Path(s),

Es[A.rew(&,OB)] = QILHQOES[Af.rew“(ﬁ,OB)]

> P(E)rew(€) if Pro{€ € Path(s) | rew(€, 0B) = 0o} =0
3

00 otherwise

where E ranges over all path fragments sg...s, such that sg = s, s, € B and
s; ¢ B for each i < n. Hence

EzpRew(s F OB) = Eg[A\.rew (£, OB)] = alLrgo Es[A.rew® (&,0B)] .
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Chapter 4

Results on DTMCs in Game-Theoretic
Probability

A state of a DTMC changes step by step. Therefore one transition of states in
DTMCs is regarded as one round of games. It seems to be natural that DTMCs
are expressed as games. In this chapter, we show the application of this idea by
using the game for a DTMC defined in the previous chapter.

4.1 Fairness Theorem

In this section we prove the fairness theorem for DTMCs [4]. The fairness theorem
means that an event F happens almost surely if F is such that if a certain state
is visited infinitely often, then the each successor of the state is visited infinitely
often. Since we want to check whether or not a certain state is visited, we use
states as atomic propositions in this section. That is, we assume that AP = S
and L(s) = {s} for each s € S. Then the PCTL path formula (00t denotes the
property that the state ¢ is visited infinitely often. For a set B of states, the state
formula B denotes \/,czt. In order to prove the fairness theorem, we prove the
following key lemma.

Lemma 4.1.1. Let D be a DTMC and s, u be states be in D. For any T C
Pre(u), Skeptic can force the following event:

(£ € Path(s) | € £ 00T = O0(T A Ou)} .

Proof. Take Skeptic’s strategy such that

fa(v) =

0 ifz,_1e€eTANv=u
K, 1 otherwise.

At the n-th step of the game, situations are classified into two groups.

(I) zp—1 ¢ T. In this case, K, = K.
(IT) xy,—1 € T In this case:
(i) If Reality announces x,, # u, K, = (1 + P(xp—1,u))K,—_1.
(ii) If Reality announces x,, = u,
Kn = Kn — (1 - P(a;n_l,u)))Kn_l = P(mn_l,u)Kn_l.

Hence Ky > 0 = Vn. K,, > 0. Suppose that a path ¢ € Path(s) satisfies

¢ EOOT A-OO(T AQu) .
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The situations classified as (II) happen infinitely often. Hence, along £, capital
is multiplied by P(z,—1,u) > 0 finitely often and capital is multiplied by (1 +
P(xn—1,v)) > 1 infinitely often. Hence Skeptic can force the following event:

{€ € Path(s) | £ E ~(OOT A -OO(T A Qu))} .
That is, Skeptic can force the following event:
{€ € Path(s) |  EOOT = OO(T AQu)} .
O

Lemma 4.1.2. Let D be a DTMC and s, t be states in D. For each state
u € Post*(t):
Pr(sEO0t = 0O0u) =1 .

Proof. Since u € Post*(t), there exists a path fragment sgsi ... sm4+1 € Path*(¢)
such that sg = t A ;41 = u. Then let E; := {£ € Path(s) | £ F O0s; = 00s;41}
and £ = {¢ € Path(s) | ¢ F 00t = O0u}. By Lemma 4.1.1, for each i €
{0,1,...,m}, Skeptic can force E;. That is, there exists a strategy P; such that

Ja € R.¥¢ € Q. lim inf K7i(€[0,n]) > a A VEEQ\ E;. lim KPi(€]0,n]) = 0o

for each i € {0,1,...,m}. Since (2\ E) C Uy<;c,n (2\ Ei), Skeptic (who follows
the strategy > <<, Pi) can force E. By Proposition 3.1.25,

Pr(sEO0t = 00u) =1 .

Theorem 4.1.3 (fairness theorem). For DTMC D and s, t be states in D:

Pr(sE00t)=Pr(sk A\ O0u) .
u€Post*(t)

Proof. Let

Ey :={¢ € Path(s) | £ E O0t},

By:={{ €Path(s) |[¢F /\ OOu},and
u€Post* (t)

B3 :={¢ € Path(s) [ FOOtA=( /\  DOOu)}.

u€Post*(t)

Then Ey = E2 U E3. By Lemma 4.1.2, Prg(E3) = 0. Since Prg(FEy) = Prg(FEo U
E3) = Pry(E2),
Pr(sEOOt) = Pr(sF /\ O0u) .
u€Post* (¢)

4.2 Probabilistic Simulation
Here we define a strong probabilistic simulation between two DTMCs based on

Segala’s [16]. We also prove in terms of the game-theoretic probability that this
simulation preserves which states a restricted PCTL holds in.
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Definition 4.2.1. Let X be a set. A function p: X — [0, 1] is called a distribu-

tion on X if
> () =1.
reX

Definition 4.2.2 (weight function). Let R C X X Y be a relation between two
sets X, Y, and let u and p’ be distributions on X and Y, respectively. A function
d: X XY —[0,1] is a weight function for p and @’ with respect to R if:

e for each x € X, Zyey §(z,y) = p(x),
o foreachy e Y. > _xd(x,y) = p/(y), and
e for each (z,y) € X x Y, if 6(x,y) > 0 then zRy.

Definition 4.2.3. Let R C X XY be a relation between two sets X,Y, and let p
and g’ be distributions on X and Y, respectively. Then p and y/ are in relation

Cg, written u Cg i/, if there exists a weight function for p and p/ with respect
to R.

Definition 4.2.4 (strong probabilistic simulation). Let Dy = (S1, P, i, AP, L1)
and Dy = (S, Ps, 12, AP, Ly) be DTMCs. A strong probabilistic simulation be-
tween Dy and D5 is a relation R C S7 X S5 such that

1. for each (s,s") € S1 x Sg, if sRs’ then Li(s) 2O Lo(s'), and
2. for each (s,s") € S1 x Sy, if sRs’ then At.Py(s,t) Cr M.Pa(s,t).

Definition 4.2.5. Let R be a strong probabilistic simulation between two DTMCs
Dy, Ds. Let s1 and s be states in Dy and D-, respectively. Assume that s; Rss,
E, C Path(s1) and E2 C Path(sg), we define

o 51 1R = {5 € Sy | s1Rs'},

o 53 lri={s €S |sRs),

o By 12 := {2 € Path(sy) | 3¢! € Fy.Vn € N.£![n] R¢?[n]} and
o By |3 = {€' € Path(s1) | 3¢2 € E».¥n € N.€'[n] R¢2[n]}.

For B C S7 and C C Sy, we define

Btr=|Jstrand Clr= J s'Ir .

sEB s'eC

The game-theoretic proof of Lemma 4.2.6 is a main contribution in this sec-
tion.

Lemma 4.2.6. Let R be a strong probabilistic simulation between two DTMCs
Dy,Ds. Let s1 and sy be states in Dy and Do, respectively. If s1Rso, events
E C Path(s1) and E 133 C Path(sz) satisfy that

Prg (E) < Prg,(E13) .

Proof. Let P, be a strategy in game for D5? and ¢! € Path(s;) be a path. We
shall construct a path ¢2 € Path(s), and Skeptic’s strategy P; in the game for
D7, in the following mutually inductive way. Assume that the path fragment
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£€2]0,n] has been already defined and that f72 is the function that Skeptic (who
follows P5) announces in the situation £2[0,n]. We define

ZS’GSTR 5(57 S/)szDQ (S,)
P10, n])(s) = Pi(&n], s)

0 otherwise,

if Py(¢Yn],s) >0

where § is a weight function for \t.P;(&1[n],t) and \t.Py(&2[n],t) with respect to
R (that exists due to Definition 4.2.4). Such P;(£1[0,n]) is bounded. Then fI
denotes the function fF' = P;(£1[0,n]). Then we define the element £2[n + 1] by:

€2[n+ 1] := &' such that s’ € (&[n +1]) Tg and f71 (e n 4+ 1]) > f72(s') .

Such s exists: indeed, if fF1(¢Mn + 1)) < fP2(s') for each s’ € (&'[n + 1)) 1r,
R n+ 1)) < f7H(€ n +1]). Then f7(&'n +1]) < f72(€%[n +1]) and

D PUE ] M+ 1) (s) = Y PaEPn], Eln + 1) ()

SES1 s’ €Sy
Since Vn € N. K71(£10,n]) > K72(£2(0,n]),

lim inf K71 (£1]0,n]) > liIr_l)ianfz(&’Q[O,n]) .

n—oo
Moreover if ¢! € E, then ¢ € E 132 O

The definition of fF in this proof is regarded as the simulation following
the ratio of the values of the weight function. It is also regarded as the division
of the total bet money by translating f7* and fF2 to fFi(s)/Pi(¢'[n],s) and

P2(5)/ Py(£%[n)], 5), respectively.

Lemma 4.2.7. Let R be a strong probabilistic simulation between two DTMCs
D1,Dy. Let s1 and so be states in Dy and Dsy, respectively. If siRsa, events
E C Path(sg) and E |}, C Path(sy) satisfy that

Pro(E 13}) = Pro,(E) .

Proof. Condition 1 of Definition 4.2.4 is not used in proof of Lemma 4.2.6.
The relation R~! does not satisfy Condition 1 of Definition 4.2.4 in general but
satisfies Condition 2 of Definition 4.2.4. Hence

Prs,(E) < Prg, (E TSRQ—l)

by Lemma 4.2.6. Since E 13, = E |

Pro (Ely) = Prs,(E) .
O

Theorem 4.2.8. Let R be a strong probabilistic simulation between two DTMCs
Dy, Ds. Let sy and sy be states in Dy and D3, respectively. Assume that a PTCL
state formula ® and a PTCL path formula ¢ do not contain any occurrence of —.
If s1Rso then

so € Sat?? (@) = 51 € Sat”' (@) and (Satl2(¢)) L5 C Satli(¢) .
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Proof. We proceed by induction on the structure of ® and ¢.
Case ® = P, (). If s9 € SatP2(®),

Pro,((Sat22 () = Prs,((Sat?(¢) = p -
By Lemma 4.2.7
Pry, ((Sat2(9)) 43) = Pre,((Sat22(4)) > p .

Since (Sat22(¢)) 15 C Sat2'(¢) by induction hypothesis,

Pr, (Saty) (¢)) = Pry, (Sat) (9)) = Pry, ((Satg2(6)) 1) = p -

Hence s; € SatP”1(®).
Case ® =P, (¢). Similar to the previous case.
The proofs of the other cases are obvious. O

Definition 4.2.9 (reward probabilistic simulation). Let Dy = (S, Py, k., AP, Ly)
and Dy = (S, P2, (2, AP, Ly) be DTMCs. Let rew; and rews be reward func-
tions on Dy and Ds, respectively. A strong probabilistic simulation R between
Dy and Dy is called a reward probabilistic simulation between two DTMRCs
(D1, rewy) and (Dg, rews) if it satisfies the following condition.

e For each (s,s) € S1 x S, if sRs’ then there exists a weight function ¢ for
At.Pi(s,t) and At.Py(s',t) with respect to R such that

Y pes, Ot ) rewa(s', 1)
Pl(sa t)

Vt € S1. rewy (s, t) <

Lemma 4.2.10. Let R be a reward probabilistic simulation between two DTMRCs
(D1, rewy), (Da, rews). Let s1 and sy be states in Dy and Do, respectively. If
s1Rso, a set C' C Sy of states in Dy satisfies that

EzpRew(s1 E OC) < EzpRew(s2 F O(C Tr)) .

Proof. This proof is similar to the proof of Lemma 4.2.6. By Proposition 3.2.5,
for each a € R, there exists a strategy P§ for Skeptic in the game for D3* such
that for each path &2 € Path(sz) in D32,

EoMNrew§(€,0(C 1r))] > rew (€2,0(C 1x)) — lim inf K73 ([0, n]) .

Let &' € Path(s;) be a path in D;'. We shall construct a path ¢2 € Path(s), and
Skeptic’s strategy P{ in the game for Dj', in the following mutually inductive
way. Assume that the path fragment ¢2[0,n] has been already defined and that
f,f % is the function that Skeptic who follows P§ announces in the situation of

€2]0,n]. We define

S vesty 05,8 fr2 (5)
PEEN0,n))(s) == Pi(€4n], s)

0 otherwise,

if Py(&Yn],s) >0

where § is a weight function for A\t.Py(£![n],t) and M.P»(£2[n],t) with respect
to R such that satisfies the condition of Definition 4.2.9 (that exists due to the
definition of reward probabilistic simulation). Such P¢(£1[0,n]) is bounded. Then
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ff i denotes the function ff f = PL(EH0,n]). Then we define the element £2[n +
1] :== ¢ such that

s € (€' +1]) tr and rew (€' 0], €' [+ 1) fu” (€1 n+1) < rewa(€n], )~ f* ()
if £1[i] ¢ C and for each i < n and rews(£2[0,n], O(C Lr)) < a, and
s € (€' + 1) tr and S0 (€' +1]) = S ()

otherwise. Such s exists by Definition 4.2.9 and the definition of ff %, Then we
defined rew (a, 1[0, n]) inductively by
rewy (a, £1[0,n]) ==
0 itn=0
rewy(a, €40, n — 1]) + rew1(€[n — 1], &4 n]) if n >0, Vi < n.£i] ¢ C and
rews(€2[0,n], O0(C Lr)) < a

rews (a, €40, n — 1]) otherwise.
Let rews (a, L) = limy, o rew; (a, £1[0,n]). Since

ST PE ML E I+ 1) () = S Pa€n], Eln+ 1) ()

s€S1 S'€S,
we can prove that for each ¢! € Path(s)
rews(a,€") ~ liminf K™ (1[0, n]) < rew$(&2, 0(C Lr)) — lim inf }£P% (£2[0, n])
< Es, A rew3 (€, 0(C {r))] -

Hence
Es, [A.rewi(a, §)] < Eq, [Arews(§, O(C Lr))] -
Then
alirglo Es, [X.rewq(a, )] = EzpRew(s; F OC)
and
Tim E., [\.rewd(,0(C Lr))] = BmpRew(sz = 0(C L)) -
Hence

EzpRew(s1 F OC) < ExzpRew(s2 E O(C |R)) -
O

Lemma 4.2.11. Let R be a reward probabilistic simulation between two DTMRCs
(D1, rewr), (Do, rews). Let sy and sy be states in Dy and Ds, respectively. If
s1Rss, a set C' C Sy of states in Do satisfies that

ErpRew(s1 E O(C 1r)) < ExpRew(ss = 0C) .
Proof. By Lemma 4.2.10,
ExzpRew(s1 E O(C |r)) < EzpRew(s2 F O((C Lr) Tr)) -
Since C' C (C 1) 1r,

EzpRew(s2 F O((C Lr) Tr)) < ExpRew(s2 E OC) .
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Theorem 4.2.12. Let R be a reward probabilistic simulation between two DTM-
RCs DR, DRs. Let s1 and so be states in DRy and DRs, respectively. Assume
that a PRCTL state formula ® and a PRCTL path formula ¢ do not contain any
occurrence of = and U<,. If s1Rsy then

s2 € Sat?2 (@) = s € Sat? (@) and (Sat]2(¢)) L5 C SatDi () .

Proof. We proceed by induction on the structure of ® and ¢. Since R is a
strong probabilistic simulation, the proofs of the cace ® = E<,(®’) and the cace
¢ = E_,.(P) suffice for the proof of this theorem.

Case & = E<,.(9'). If 55 € Sat?2(®),

ExzpRew(sy E O(SatPR2(d)) < r .
By Lemma 4.2.11
EzpRew(s; F O(SatDR2(<I>’) Ir)) < EzpRew(sy F O(SatDRQ(q)’)) <r.
Since Sat?#2(®') | r C Sat”F1(®’) by induction hypothesis,

ExzpRew(s; E O(SatPR1(®)) < EzpRew(s1 F O(SatPi2 (@) |g)) <7 .

Hence s; € Sat?! (®).
Case ® = E_,.(®'). Similar to the previous case. O

Theorem 4.2.13. Let R be a probabilistic simulation between two DTMRCs
D1, Dy. Let s1 and so be states in D1 and Do, respectively. Suppose that DR =
(D1, rew1) and DRy = (Dg,rewy) are DTMRCs and that sRs' A\ tRt' rew; =
(s,t) < rewa(s',t") for each s,t € Sy and for each s',t' € Sy. Assume that
a PRCTL state formula ® and a PRCTL path formula ¢ do not contain any
occurrence of —. If s1Rso then

sy € SatPf2(®) = 51 € SatP (D) and (Satlf2(¢)) L5 C SatPf1(g) .

Proof. We proceed by induction on the structure of ® and ¢. Since R is a reward
probabilistic simulation, the proof of the cace ¢ = ¢1 U<, ¢ suffices for the proof
of this theorem and it is obvious. O
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Chapter 5

Conclusions and Future Work

5.1 Conclusions

We have translated DTMCs in terms of the game-theoretic probability. In this
game, Skeptic bets some money for each state, gets the bet money multiplied by
the odds and loses the total bet money. Since the state of a DTMC changes step
by step, the translation of DTMCs to the game seems to be natural.

In this thesis, we have proved Lemma 4.1.1 in terms of the game for DTMCs
in order to prove the fairness theorem. In the proof of Lemma 4.1.1, we have
only used the simple strategy that Skeptic does not bet on the state that is not
visited infinitely often.

We have also described the probabilistic simulation based on Segala’s. In
terms of the game for DTMCs, weight functions have intuitive meaning. That is,
the ratio of the values of a weight function is regarded as the ratio of division of
bet money. Following this idea, we have defined a reward probabilistic simulation.

5.2 Future Work

In this thesis, DTMCs are translated to the games. Hence we can perhaps
translate other variations of Markov chains to games. For example, translation
of Markov decision processes (MDPs) [4] — transition systems that have both
non-deterministic and probabilistic choices — or continuous-time Markov chains
(CTMCs) [2] — whose time is expressed by real numbers — to games is included
in future work.

In this thesis, we have only focused on probabilities or expected values. We
can focus on other values in probabilistic systems, for example, variance. Future
work also includes the application of the game-theoretic probability to making
models to check properties about variance.

The game-theoretic probability may be used to model open systems or quan-
tum systems. We believe that the game-theoretic probability can be applied to
verification of open systems or quantum systems.
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