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Purpose of Ihis Work

 Automatic generation of polynomial interpolants

Def. [interpolant]
* A,B: Formulas satistying £ —(4 /\B)./

-

Interpolant is effective
at program verification

~

Disjointness of

« Formula I is an interpolant ot A and B if:

1. EA-I
2 E —|(B/\I)
3. Variables in I appear in both

NG

For polynomial interpolants,
atomic propositions are:

(Poly.) =0, (Poly.)>0, (Poly.)=0

the regions

J

Essential to
separate the
regions

J

J

Takamasa Okudono (University of Tokyo)



-xisting Work

e [Dai+, CAV'13]: generation of polynomial interpolants with
numerical optimization

« Challenge 1: Unable to generate any interpolants in “touching” cases
« Challenge 2: Incorrect and complex due to numerical errors

. ,‘

Touching "N /’ 54.1800x + 108.3601y > 0

x+2y=0



Our Contribution

e [Dai+, CAV'13]: generation of polynomial interpolants with
numerical optimization

« Challenge 1: Unable to generate any interpolants in “touching” cases
Challenge 2: Incorrect and complex due to numerical errors

.\ ,l
ing NS 54.18&1\08.36013/20

Solved! Solved!
(Contribution 1) (Contribution 2)




Challenge 1 in |Dai+]: Sharpness

e If two regions of A, B are “touching”, [Dai+, CAV'13] always
fails at generating their interpolant.

. ,'

Touching \\ )’ A=@-x>0Ay+x>0)
S /’ * B=(-y=0)



Challenge 1 in |Dai+]: Sharpness

e If two regions of A, B are “touching”, [Dai+, CAV'13] always
fails at generating their interpolant.

c A=@Wy—x>0ANy+x>0)

* B=(-y=0)

* I=(y>0)

 Thereis an interpolant, but
[Dai, CAV’13] cannot find it!




Challenge 1 in |Dai+]: Sharpness

e If two regions of 4, B are “touching”, [Dai+, CAV'13] always
fails at generating their interpolant.

Proposition 3.3 Ler T and T’ be the SAS=’s in (2). If T and T" are barely disjoint (in
~ —
the sense of Def. 3.2), there do not exist polynomials f € C (_j?. ), g e M(T. ?)

~ — =7, ~ ~ )
and h € Z(h,h'") suchthat 1 + f + g% + h = 0. [
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Challenge 1: Flow of |Dai+]

[Parrilo, Mathematical Programming’03]

\

(1) Formulas

A B

(2) Polynomial
Optimization
Problem

(6) Interpolant

|

(5) Numerical

Solution
of (2)
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(3) SDP
Problem

(4) Numerical
Solution

of (3)
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Contribution 1: Method for Sharpness

Method for Sharpness

[Parrilo, Mathematical Programming’03]

\

(1) Formulas

A B

(2) Polynomial
Optimization
Problem

(6) Interpolant

|

(5) Numerical

Solution
of (2)
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(3) SDP
Problem

(4) Numerical
Solution

of (3)
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aaContribution 1

Method for Sharpness

-xample

(1) Formulas

A B

(2) Polynomial
Optimization
Problem

A=(y—x>0,y+x>0),
B=(—y=0)

Takamasa Okudono (University of Tokyo)
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aaContribution 1: Example [Dai+, CAV'13]

c*A=(y—x>0,y+x>0),B=(—y=0)
e [Dai+, CAV'13]
« Find polynomials a4, g,, 03, 04,05 € R[X]s.1.
s li=ct o+ (V-0 F o+ 1) + 0y — 0 +x) + (7 — )2y + x)?

1
, © m—
* =5+ 05(-y)
* 04,0,,03,04 05 are sums of squares

s+ =0 ? o is a sum of squares
« (I contains only y) -

e Then I > 0is an interpolant
i 391, ., Pn € R[X];0 = @ + -+ + 2




aaContribution 1: Example [Dai+, CAV'13]

cA=(y—x>0y+x>0),B=(—-y=0)
e [Dai+, CAV'13]

« Find polynomials a4, g,, 03, 04,05 € R[X]s.1.
cl=gtot (-0 +a( 0 oy -0+ + -0y +2)?
/ 1
* I'=-+05(-y)
* 01,092,03,04,0: A€ SUMS of squares
c [+1'=0
« (I contains only y)
« ThenI > 0is an interpolant

Infeasible and unable to generate any interpolants!



aaContribution 1: Example [Dai+, CAV'13]

cA=(y—x>0y+x>0),B=(—-y=0)
e [Dai+, CAV'13]

* Find o0y, 0y,03,04,05 € R[X] s.t.
cl=St ot (=0 a0 +0) oy - 00+ + (-0 + )7

4 - TITE

* 1I'= 2+ a5(—y) " Assume the feasibility.
* 04,0,,03,0,4 0c are sums of squares 0=({+1)(0,0)

* I+1'=0 |

=1+ 0,(0,0) > 0.

e (I contains onl Lot
( yy) Contradiction.

e Then I > 0is an interpo

Infeasible and unable to generate any interpolants!




aaContribution 1: Example [Dai+, CAV'13]

cA=(y—x>0y+x>0),B=(—-y=0)

 Our method for sharpness

« Find polynomials a4, 0,, 03, 04,05 € R[X]and ry, 1,153 € Ry S.t.
=0+ 0(y—x)+tos(y+x)+o,(y—0)(y+x)+r +ny—x)+ry+x)
* I' = 05(=y)
* 04,0,,03,04,0c are sums of squares
1 +r,+1r3>0
« [+1'=0
[ contains only y

« ThenI > 0is an interpolant



aaContribution 1: Example

I' == 05(—y)
* 04,0,,03,04,0c are sums of squares
1 +r,+r3 >0
c [+1'=0
[ contains only y
« ThenI > 0is an interpolant

Feasible and able to generate an interpolant!




Contribution 1; Completeness

“touchihg”
cases

A and B s.t. = = (AAB)




(1) Formulas

A B

(6) Interpolant

|

-

Challenge 2: Numerical

(2) Polynomial
Optimization
Problem

(5) Numerical

Solution
of (2)

(3) SDP
Problem

(4) Numerical
Solution
of (3

2
Numerical

Error
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(1) Formulas

A B

(6) Interpolant

|

-

Challenge 2: Numerical

(2) Polynomial
Optimization
Problem

(5) Numerical

Solution
of (2)

2
Numerical

Error

(3) SDP
Problem

(4) Numerical
Solution
of (3

2
Numerical

Error
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Challenge 2: Numerical

N

(1) Formulas

A B

simple <\

o
Maybe ( )
spurious

Interpolant

Numerical
Error

-

(2) Polynomial
Optimization
Problem

(5) Numerical
Solution
of (2)

.y Vv
Numerical

Error

(3) SDP
Problem

(4) Numerical
Solution
of (3

S
Numerical

Error

Takamasa Okudono (University of Tokyo)

“rror in |Dai+|

<«

19MN0S S 29N

19



Challenge 2: Numerical

Less

simple A‘l

[

(1) Formulas

A B

A
.y

- A

e

“rror in |Dai+]

(2) Polynomial
= | Optimization
Problem

-

(3) SDP
Problem

The same problem occurs

@ in our method for sharpness (Contribution 1)
Maybe
y |

f (3
G
e

<«
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Challenge 2: Example

e Example:A=((x=0Ay=0),B=(x+2y <0)

e Spurious interpolant I = (54.1800x + 108.3601y > 0)
* (x,y) = (—108.3601,54.1800) satisfies both B and I

Def. [interpolant]
» A, B: Formulas satistying = (4 A B).

« Formula [ is an interpolant ot A and B if:
1. EA-1
2 E —|(B /\I)
3. Variables in I appears in both of A,B




Contribution 2: Observation

Spurious Interpolant: I = (54.1800x + 108.3601y > 0)

\/’VXZ

~~

Simplitied Interpolant: I = (x + 2y = 0)

Correct and simple interpolant of

A=(x=0Ay=0),B=(x+2y<0)




Contribution Z2: Working Assumption

« Working Assumption: Simple interpolants tend to be correct
and useful to capture the program’s nature.
e Strategy:
« Simplify the ratio that appears in the interpolant
e Find and guess simple integers



Contribution 2: Technigue

« Continued Fraction Expansion
e [nput: real number x

. Qutput: “best” approximations ﬁ,%, ..of x
1 2
« Example:
¢ 31416 = 3 + ——

16+H

e 1stapproximation: 3.1416 =~ 3

« 2"d gpproximation: 3.1416 ~ 3 +% =

. d | . - _ 1 355
39 approximation: 3.1416 =~ 3 + 4L 113

22
7




Contribution 2: Technigue

« Continued Fraction Expansion

e [nput: real number x

« Qutput: “best” approximations 2,22 ... of x

1 by

« Example:
- 31416 = 3 + ——
Simple 7+16+% (3 1)
e 1stapproximation: 3.1416 =~ 3
« 2" approximation: 3.1416 ~ 3 +% = 272 (22:7)
« 34 approximation: 3.1416 =~ 3 + 11 = 33
TR (355:113)

Faithful



Contribution 2: Simplitication of Ratio

« The simplification starts from the simplest ratio
 Make it more faithful to the original solution and less simple

iteratively.
Original 46.7375 |155.0975 |60.1733
- < 1
B O 1 3 1
“ o
N 3 10 4
3 2 31 103 40
O =
® = 97 322 125

<

467375 1550975 601733

Takamasa Okudono (University of Tokyo) 26



Challen

(1) Formulas

A B

(2) Polynomial
Optimization
Problem

Method for Sharpness

(3) SDP
Problem

0eS NOoLl SallSly

o5&

e 2: Method for Simplicityvarbe spurious:

N

>

(4) Numerical
Solution

of (3)

d:=1

\J/
(5) d-th
Simplification
of (4)

@ Validity is guaranteed! (5)lsatisfies (3) I
(8) Simple (7) Simplified (6) Simplified
and Verified | ¢ Solution Solution

Interpolant I of (2) of (3)

Method for Simp

ICity

e

uoIN|os
1epl{eA ON

FAIL



-xperiments: Geometric Examples

« A: blue regions, B: red regions, I: black hatched regions.

-~

L d
’\
N
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-xperiments: Geometric Examples

* A: blue regions, B: red regions I: black hatched regions.

/




-xperiments: Program Examples

« These examples are rather simple, but [Dai+, CAV'13] cannot
verify them because of numerical errors (Challenge 2).

Listing 1.1. Code 1.3 of [8] Listing 1.2. Constant Acceleration
1 real x,y; 1 real x,v;
2 real xa = 0; 2 (x, v) = (0, 0);
3 real ya = 0; 3 while(nondet()){
4  while(nondet()){ 4 (x, v) = (x+2%v, v+2);
5 X = Xa + 2xya; 5
6 y = —2%xa + ya; 6 assert(x >= 0);
7 X++;
8 if (nondet()){
9 y =y + X;
10 }else{
11 y =y — X;
2}
13 Xxa = X — 2xy;
14 ya = 2xX + Yy,
15 }
16 assert(xa + 2xya >= 0);

Takamasa Okudono (University of Tokyo) 30



-xperiments: Program Examples

(x, v) = (0, 0) Abstraction (X, v) =[x = 0,v = 0]
While(nondet()){ with While(nondet()){

(x,v) = (X + 2*v, v + 2): (x,v) = (X + 2*v, v + 2):
} }

Assert(x >= 0) Assert(x >= 0)

Find good predicates

by CEGAR|[Clarke+, CAV'00] and our interpolant generation




Make Formulas

-xperiments: Program

(x, v) = (0, 0)
While(nondet()){

(x,v) = (X + 2*v, v + 2);
1

Assert(x >= 0)

(x, v) = (0, 0);
Assert(x >= 0)

A=(x=0,v=0)
B=(x<0)

i

IEEEEE——

Abstraction with nothing

——

Extract the original trace

EEEE—

Generate an interpolant
Add x >0

-xamples

(x, v) = [anything]
While(nondet()){

(x,v) = (X + 2*v, v + 2):
}

Assert(x >= 0)

(x, v) = [anything];
Assert(x >= 0)

[ =(x=0)

o|dwexalaiunod pul



Make Formulas

-xperiments: Program

(x,v) = (0, 0)
While(nondet()){

(x,v) = (x + 2*%v, v + 2);
1

Assert(x >= 0)

(x, v) = (0, 0);
(x,v) = (x + 2*v, v + 2):
Assert(x >= 0)

A=(U1=O)
B=(x1=0/\l72=1]1+2
ANxy, =x1 + 201 AN xy <0)

IEEEEE——

Abstraction with x > 0

——

Extract the original trace

EEEE—

Generate an interpolant Add v > 0

-xamples

(x,v) =[x =0, v: any]
While(nondet()){

(x,v) = (X + 2*v, v + 2):
}

Assert(x >= 0)

(x, v) = [x =0, v: any];
(x,v) = (x + 2*v, v + 2):
Assert(x >= 0)

I=(v120)

o|dwexalaiunod pul



-xperiments

- Program Examples

(x,v) = (0, 0)
While(nondet()){

}
Assert(x >= 0)

(x,v) = (x + 2*v, v + 2):

EEEE——

Abstraction with
x>0andv>0

(x,v) =[x=>0,v=>0]
While(nondet()){

]
Assert(x >= 0)

(x,v) = (x + 2*v, v + 2):

Takamasa Okudono (University of Tokyo)
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Qur Challenge

« Our method works only for fairly simple examples:
« Geometric examples: at most quadratic
« Program examples: at most linear



Conclusion

« Qur Contributions: Solved some challenges in [Dai+, CAV'13]
« Challenge 1: Sharpness
e Challenge 2: Numerical Error

« Our method works only for fairly simple examples:
« Geometric examples: at most quadratic
 Program examples: at most linear



