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Overview

 Concept analysis

» Concept analysis in categories

* Dedekind—MacNellle completion

 Generalizations of Dedekind—-MacNeille completion

 Bicompletions of categories M

Limit superior and limit inferior as algebras 2 Toshiki Kataoka (UTokyo, JSPS)



Concept Analysis

(or, knowledge acquisition,
semantic indexing,
data mining)



Example: [ext Analysis

Corpus

Co-occurrence
This is a pen. Is that a pen?
\ write /
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eat
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delicious
/N
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Concept Analysis

e (Given data in a matrix
e Extract information as vectors
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Formal Concept Analysis

[Wille, 1982]

Preordered |
Concept lattice

<AB.C D EH =

<(). (PQ.RS>
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| atent Semantic Analysis
(Principal Component Analysis)

* Linear algebraic M =USVT
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Towards Unitication

e Fixed points (definition)
 Completeness (theorem)

e Minimality (theorem)

Formal Concept Analysis

* Preordered
Concept lattice

P Q R S

Aice[ v v | v |
Bob | v v

Carol v
Dan v

Eve v
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Latent Semantic Analysis
(Principal Component Analysis)

* Linear algebraic M=vEv?
w L4}
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Factorizations of Relations
? G | . minimal

complete lattice
- that factorize
the relation
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Singular Value

Decomposition
e Compact SVD: M = UZVT

 M: (given) real mxn matrix, rank r
e U: mxr matrix, UU =1,

e V:nxrmatrix, Viv=1,

e 2 diagonal rxr matrix

* with positive reals on the diagonal
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Factorizations of
Real Matrices

(Js 0 0O \
7 0 %
- 0 = least
\o 1 0 J dimension
P Q, R, 5} XY, Z} to factorize
/I\
(R R -
2 2 0 0 " N
o 0 o0 2 Tl le: o Y&z 9
o 0o o 4 0 0o Yl
0o 0o o 1 R S R?
\ 5)6_ / i & @
{A,B,C,D,E} s (XY, 2}

S
N N N

Limit superior and limit inferior as algebras 11 Toshiki Kataoka (UTokyo, JSPS)



Concept Analysis
in Categories



Components and
Functionalities

Structural components Functional modules
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—Nngineering

* Functionalities: top-down

e Components: bottom-up

V-model
e Relation:
T - Requirements| »| System
SpelelCathn analysis testing
High level Integration
esign =< > I: testing
Detailed |<e—> Unit
design testing
Implementation | e joommons wikmadia.org/
wiki/File:V-model-en.png
(under GFDL)
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Reverse-cngineering

e \Want to know e Can be observed

Components Functionalities Components Functionalities
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Reverse-cngineering

e \Want to know e Can be observed

Components Functionalities Components Functionalities
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Actions on Relations

* From super-components
®: AP x B — Set
 From sub-functionalities
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Dedekind—MacNellle
Completion



Dedekind Cuts s o

R={(LU)|Q=L1U, L,U#0,
Vie LYueU.l<u}/~
where ({< g}, {=q}) ~ ({< qf,{> q}) (¢ € Q)

L U
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Dedekind—MacNellle
Completion wueme s

e (P, <): poset

lower

$P={<L,U>‘L§P, U C P, bounds
L={le P|VuelU. Il<u},
U={ueP|VieL |I<u}

upper

(L,UY <{L'\,U"Y — LCL < UDU K&

e (Generalizes Dedekind cuts

Q={0,Qu{{=sr}NnQ{=r;NQ) |re R}U{Q,N)}
>~ {—oc0} URU {oo}
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AN Example

TP ={(L,U) | Lislower bounds of U,
U is upper bounds of L}

(Hasse diagrams)
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Categorically

e (P, <): pOSet,

o (LP, C)(resp. (TP, 2)):
the family of lower (resp. upper) sets

« IP: fixed point of P
the Galois connection % \
P 4] TS s 1P
R /
LP
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Properties

e 1P is inf- and sup-complete. (Complete lattice)

« P— IPis an inf- and sup-dense embedding.

* Thus, sup- and inf-preserving

sup (and inf)

existing in P
P g iP

Limit superior and limit inferior as algebras 23 Toshiki Kataoka (UTokyo, JSPS)

 [he minimal bicompletion



Generalizations of
Dedekind-MacNellle
Completion



Completions of Relations

e @ C PxQ:relation st x’ <x x®y, y<y = x' Py’

Factorizations of Relations
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Notations

e C:. V-enriched category,

o ||C = |[CP,V]: category of presheaves,

e C = |C,V|°P: category of postsheaves,

o V:C— ||C, A: C— 4C: Yoneda embeddings,
e A+ B denotes AP QB — V.
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Isbell Completion

+ V={0,1} (V-category = poset)

* U0C: Dedekind—-MacNeille AC
completion A/*’ ‘*\
o V =[0,00] (V-category = C \H@H/i 16
Lawvere metric space) Vo N e s
* §C: (directed) tight span
[Willerton, 2013] Isbell duality
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Quantitative Concept
ANAalYSIS puore 20

e | awvere metrized
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Bicompletions
of Categories



Question by Lambek

e Does there exist

* an inf- and sup-dense embedding to

e an inf- and sup-complete category”
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Answer by Isbell

 Any Iinf- and sup-dense embedding of
the group Z4 is not inf-complete (nor sup-complete)

Question by Lambek

 Does there exist

* an inf- and sup-dense embedding to

* an inf- and sup-complete category?
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Two Universalities

e Cannot be a single selt-dual universality
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Trouble with V = Set
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Our Proposal

B —2 B (1B)*
| O I
J —
A ——— A« (JA)®
U
o
Vo
Q —"— 19 \
Q\
P T> P &
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Supremum along
Discrete Fibration

. . =
e ImF =1limF (F:J—C, F: C%® — Set)

Yoneda
embedding
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L imit inferior
* [he supremum of lower bounds

— - .
mF:@H?

serboundsof L} 7 o ™\
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Theorems

. (UC)}7 s the free Iiﬁ—completion of C.

e C— (UC)E s jm- and lim-preserving.
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Example:
Completing Groups

i
fi

(G-Set)°P {1} Ul -G | I € Set}

e > |

GoP-Set < {1} U{G - I|I € Set})°P

U
7
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Example:
Completing Posets

. H
NP < < TP < < (M P)
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summary

* Algebras, instead of fixed points

e Factorization (future work) %\
()

* Add limits inferior B > B < (NB)
> d* (4] @, 1@‘1’
* Not always limits superior - >< Q >< _
A ——— JA (JA)®
 Minimality (future work) g
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