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Butz '04, “Saturated models of intuitionistic theories”

* Filter logics

e B— FIB
satisfies a saturation principle
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Voadels with
saturation principles

e ultrafilter construction . (classical)
Set » “ > Set
S > 11,5
 filter construction [ritts '83][Palmgren '97] (intuitionistic)
B - > FB « > Sh(FB)
e |Butz '04]
B - > FIB
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Blass '74, “Two closed categories of filters”

. Filt(B), FB
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. Filt(B), FB

Why FB has good properties?

Why not Filt(B)~
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Answer

categorical models C  fibrational models

B — FB e

. FB = Filt(B)[#*1] (localization)
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Overview

0. Introduction

1. Categories Of filters [Koubek & Reiterman '70][Blass '74]

2. Categorical logic for filters [Butz '04]

3. Categorical models vs. fibrational models
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Overview

0. Introduction

1. Qategories Of filters [Koubek & Reiterman '70][Blass '74]

2. Categorical logic for filters [Butz '04]

3. Categorical models vs. fibrational models
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Filters of a semilattice

e [L: (bounded) (meet-)semilattice

7 filter of L

£y sl upward closed subset s.t.

{- TeF
e xAVE T ifxe F andye &7

%gfgggf
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FL :={ 7 filter of L }
= SLat(L, 2)°p

Gizie); cat. of
semilattices complete
semilattices
F \
L s FL
¢ v M
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Filters on an object

o B: category with pullbacks

T filteron /e B

<déf'> 7 tilter of Subg(/)
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Filtg(/) := { & filteron I }

= F(Subg(/))

AV
I
N
ri
o
P
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Two categories of filters

[Blass, '74]
* The category of concrete filters  Filt(B)

* The category of abstract filters FB
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Cat. of concrete filters

Filt(B)

e Object (I, #) ([e B, 7: tilter on )

* Mmorphism

w: (I, F) — (J,G) in Filt(B)
u: I —J 1B
VY €e G.u~lY € F
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Fﬂt(set) Set |Blass '74]

these two filt ‘s are not isomorphic. Heuristically, an o ect of ¥ is thought of as
an “abstract” filter, where the abstraction consists of ign( ring the universe, whereas
an object in & is a “concrete” filter. (Compare the fact that .7 is almost trivially
a concrete category — it has the faithful functor U to & — with the more difficult
proof in [7] that & is concrete — the forgetful functor in [7] is far more complex

than U.) This heuristic idea can be made precise by noticing that from any object F

Lemma

Filt(B)
1%3 IS the Grothendieck construction

from the functor Filtg: B — /\-SLat.
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Cat. of abstract filters

KB

e Object (I, #) ([e B, 7: tilter on )

e morphism [v]: (I,F)— (J,G) inFB

IS defined as

F>X—>J inB

VY € G.o 'Y € F (underv—ly C X C I)
under

v] = [v'] €5 vl xn = |xr (X" C X NX')
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F(Set) [Blass '74]

It appears that most uses of filters in mathematics do not depend on the
fwailability of an ambient set; in other words the essential properties of filters are
Invariant under ¢ -isomorphism. For example, if F is a filter on A4 and fis a function
from A into a topological space, then all questions about limits or adherent points
of f with respect to F depend only on the F- germ of f (in fact most such questions
depend only on f(F)). For another example, if [f]y: F—G is a %-isomorphism
and (S,} ae4) is a family of structures indexed by A = UG, then the reduced
product (see [4]) [T S./G is isomorphic to [1S s/ F; where B = UF. (If £ is partial,

ae A P R I My S R NS I . S A A R S P
some of the factors Sy, are undefined, but they do not affect the reduced product
agywa}f; al;;nosf a}l the factors are defined, and that is all we need.) Furthermore,

Y
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of / with respect to F depend only on the F- germ of f (in fact most such qugstion1s
depend only on f(F)). For another example, if [f];: F—G is a @-isomorphism
and (S,} ae4) is a family of structures indexed by 4 = UG, then the reduced
product (see [4]) [] S,/G is isomorphic to [ § s/ where B = UF. (If £ is partial,

aEA - D SO =Sl S S i L - e S F - S AN N A PO < S A A
some of the factors S, are undefined, but they do not affect the reduced product
anywa).r; almos.t all the factors are defined, and that is all we need .) Furthermore,

b

— Colm B(X, — . B — Set
H]—“ X(')El.;-"n( y ) ¢

s called the reduced product

K. 7]

[T , FB — (Set®)°": fully faithful
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Overview

0. Introduction

1. Categories Of filters [Koubek & Reiterman '70][Blass '74]

2. Cateqgorical logic for filters [Butz '04]

3. Categorical models vs. fibrational models
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First-order logic ano
ts fragments

terms te= x| f(tr,.... ¢ )
formulas @ == R(l1,...,tR)) | t1 =t

‘left exact logic”

regular logic
coherent [0giC kmemesmcmmesmmm
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Categorical models

o B: category with finite products
e Interpretation in B
. types [O] € B
e function symbols  [f] € B([ol1 x ... x [OTj)

o relation symbols  [R] € Subg([o]s x ... x [O]R|)

Kataoka (UTokyo)
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o B: left exact category = B models left exact logics
(has finite limits)

 B: regular category = B models regular logics

(lex. & has p.b.-stable
coequalizers of kernel pairs)

 B: coherent category = B models coherent logics

(reg. & has
p.b.-stable finite unions)

o B: Heyting category = B models first-order
0gICS
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~ilter 10gICS e

 FB models filter logics

te= x| f(t1,.... ¢ )
QY = R(tl,...,t|R|)|t1:t2

[ Tleines| N\ ¢

‘left exact filter logic”
regular filter logic

coherent filter logic |
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~ilter 10gICS e

Yo foreachp e ®
Nocao # F w0 v Npea ¥

(3o A A, foreach {pr,..., 00} C® )

In.
R

saturation

/\@E@(w N 90) - w Vv /\gpe@ ¥
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Characterization of FB

Subgg(l, 7) = { U, &) | &< F}

. complete (meet-)semilattice

A: filtered meet lex category

def,
< A lex category,

Sub,. AP — /\—SLat

Kataoka (UTokyo)

[Blass '74]

[Butz '04]
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Btz 04

A: filtered meet lex category

def,
< A lex category,

Sub,. AP — /\-SLat

e
eorem
F _ , filt Lex: category of
Lex == /\ -Lex lex categories
B | s FB A"-Lex: category of
filtered meet
A < A

lex categories
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Flltered meet vs.
arbitrary meet

arbitrary meets = finite meets + filtered meets

/\x — /\ (331/\"'/\£En)

rcX {xl,...,$n}gX
fin.
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Fr.p(x) A () B (Fr.p(x)) A (Fe.ap(z))

X

arbitrary meets

N @

re X
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X A
finite meets + filtered meets
/\ (X1 A Axp)
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Butz 04

a filtered meet regular (resp. coherent) category
IS a regular (resp. coherent) category
with filtered meets s.t.

3 (and v) distributes over filtered meets

e

F filt |
Lex 7 1 /\ _Lex restricts to

AN Y

Z
\

-

Reg

N
I_
ANV

filt F filt
/\ -Reg and Coh = -Coh

A 2
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~ilter 10gICS e

Yo foreachp e ®
Nocao # F w0 v Npea ¥

[ p 3z oy /\---/\gon for each {gol,...,gpn} C <I>

fin. ’.
Y3 N peo ¢

/\@Eq)(w V)V /\gpecj[) ¥

distributive laws
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Overview

0. Introduction
1. Categories Of filters [Koubek & Reiterman '70][Blass '74]
2. Categorical logic for filters [Butz '04]

3. Cateqgorical models vs. fibrational models
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Fibrational moaels

E
’ Iép:fibration, B has finite products

* [R] € Ero1, x ... x 101,

« (Generalization of categorical model B
(subobject model)
Sub(B)

1%3 for B: lex category

[R] € (Sub(B))

[o1]x--x[o|r]

Kataoka (UTokyo)

— SUb[Bg(IIO'l]] X oeoee
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-ipered completion

. Filt(B) Sub(B)
1%% s the fibered completion of 1%%

/ -

B >, SLat =, /\-SLat

Kataoka (UTokyo)
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Given

B: categorical model of
a (lex/regular/coherent) logic

[Butz '04]
 FB is the “free” (categorical) model of its filter logic

[K.]
Filt(B)

1%3 s the “free” tibrational model its ftilter logic

Kataoka (UTokyo)
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-iprations vs. categories

(General preicates vs. subobjects)

Sub(B) Filt(B) ----- > Sub(FB)
L1
B : B ---------- FB
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Coproducts over ?If ‘ G?X
MONOMOrpnNISMS L
Sub(B)

' has

B

Im 4 m* for each monomorphism m in [B}
satistying the Beck-Chevalley condition

and the Frobenius reciprocity Jm: coproduct
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Coproducts over
MONOMOrpnNISMS

. emma

K
Sub(B) ( H) Sub(A)
( 1%3 —y 4 . morphism of fibrations

A preserving (1, x, T, A)

K

H) preserves dm for m: mono

K=Sub(H) & (
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| eft exact fibrations

A left exact fibration

E
IS a fibered poset _ﬁp S.1.
e B has finite limits

* p has fibered finite meets

* p has coproducts over monomorphisms
satistying Frobenius

Kataoka (UTokyo)
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N A

AN

Sub(A)
A s
A
I
R
B < | 1%

where W ={(X —- (3m)X |m: I — J, X € E

Kataoka (UTokyo)
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|_ocalization of a category

e Ow. E = E[W]is universal among
F:E = Ds.t Flw): isom. forwe W

Kataoka (UTokyo)
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Proof of the theorem )

H: A — B: lex
" Sub(A) E
( ) : J — | £ ]: mor. of lex fibrations
H A 13

K(A") == (3i)T 4 for A’ € Suby(A)

where i: A" — A
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Proof of the theorem (2

o E Sub(A)
( ) 4] = leod | mor. of lex fibrations
H 3 A

H: EW-1] — A: lex

where W ={(X — (3m)X |m: I — J X € E;}

M’ := (E 5 Sub(A) 5" A)
M' induces M by the universality

e Forwe W, M'wisisom. (because
Kw is opCartesian lifting, t00)
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Proof of the theorem ()

HZ 43[W_1] — A: |eX where W ={(X — (3m)X |m: [ — J, X € E;}

1% E Sub(A)
<H> 3 ]ﬁ — X - mor. of lex fibrations

Lex ——— LexFib

M= (B Ew-1 4 A
H(I):=M'(T;)forI B
K(X):=M'X € Subg(H(I)) for X € E;

S = ‘;
EEE 2T EH
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B

Kataoka (UTokyo)

LexFib

fibered
coytion

filt

" /\ -LexFib

N Y

| [Butz '04]

Filt(BB)

1
B

~

Cor. [K.]

filt

/\ -Lex

FIB
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Technical condition (*)

L SUbE[W—l] (TI)

Condition (*)

The embedding Is an isomorphism

Subgg(l, 7) ={ (I, &) | &< F}

: complete (meet-)semilattice

Kataoka (UTokyo)
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!

Lex & 1 . LexFib restricts to

filt L filt

/\ Lex . /\ -LexFib

defined on filtered meet lex fibrations satistying (*)

|_

filt
LexFib _ = /\ _LexFib

\
Lex . L : /\ -Lex
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* Define reqular fibrations and coherent fibrations
as usual (e.g. [Jacobs '99])

but we require base categories B have finite limits
(not only finite products)

!

L restricts to | /\ﬁlt—](Reg/Coh)Fib — | /\ﬁlt—](Reg/Coh)

defined on fibrations satisfying (*)

R restricts to (Reg/Coh)Fib —(Reg/Coh)
defined on fibrations satistying (*)
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Related work (1)

* FRel(p): category of functional relations
FRel: RegFib — Reg

e Objects Xe E e apar(leB, XekE)

e« morphisms R € Exxs S.t. “functional relation”

* [he tripos-topos construction [pitts '81]

« Objects (/e B, X e Exx;: “partial equivalence”)

Kataoka (UTokyo)
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Related work (2

* [ogical characterization of subobject fibrations

(e.g. [Jacobs '99])
* Eg-fibration with strong equality
* has full subset types

* has unigue-choice

Kataoka (UTokyo)
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summary

catego

B

FBNL(
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L
rical models —— fibrational models
"R
Sub(B) Filt(B)
— FB oo 4
[Butz '04] B B

Filt(B)
]%% ., which is a localization of Filt(B)
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